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«Mosa nwbo6v — Yrkpauna u mamemamura». dmu cao6a
Muxauna Pununnosuva Kpasuyra (1892—-1942) ewviepasupo-
6GHbL HA ZPDAHUMHOM NOCMaAMeHme NAMAMHUKA YUeHOMY.

MbL Haldeemcs, wmo amo nAMPUOMUYLECKOe BblCKA3bLEAHUE
gvl0alouezocs YKPAUHCK0zZ0 mamemamuxka cmanem 028 8ac
HAOeHHbLM MASAKOM HA NYmu K npo@eccuoHaiu3my.

®dop3ay 2

CBoncTBa KOPHS N- CTENEHN

26+1[ 2pi1 .
] a' =a, ,\L/Ez\/; ofifa =la
W2k =|a| b iy

tfab =4a - 4b (va) =4/a* gk =g

CBolicTBa cTeneHu

a?al=alP?

af :aq? = qP ¢

(ap)? = ar1 (ab)? = arb®
Tabnuua nponsBogHbIX
ro1
c)=0 (Vx) =—= sin x)' =cos x
() o (sin x)
(x)' =1 (1) = —iz (cos x)' =—sin x
ey X
' 1 .1
(x") =nx"! (4x) =—— (tg ) =—
n¥Y ™" cos” x
MpaBuna HaxoXXAeHUSA NMPON3BOAHBIX

(fe)=1-g+g'-f

Mpaduku TpuroHoMeTprn4ecknx PyHKLNN

y = sin x Yy =cosx y=tgx
y
Yy
n?% 3n —z 1 n
N I\ T | N\ x TN\ s
N 5 NS | TN o | A 5 /o
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OT ABTOPOB

Ll,opome AeCATUKIIaCCHUKU N AeCATUKNaCcCHULbI!

Ceromusa HeT TaKo# obJyiacTu HAyKHU, IOe He MPUMEHSAJIUCH ObI IO-
CTU)KeHUs MaTeMaTuKu. B pusrnKe u XUMUU, aCTPOHOMUU U OMOJIOTUH,
reorpauu 1 9KOHOMUKE, Ha’Ke B INHTBUCTUKE U UCTOPUU MIPUMEHSIOT
«MaTeMaTUUYeCKUl MHCTPYMEHT» .

Hageemcs, uTo moiayuuTs riiyboKMe MaTeMaTHUUYeCcKUe 3HAHUS BaM
TIOMOKEeT YUeOHUK, KOTOPBIH BhI JePIKUTE B PyKax. OH COCTOUT U3 ABYX
pasmesioB: TepPBBIN IMOCBAINEH ajrebpe M HavajaM aHajausa (IyHK-
TeI 1-26), BTOpOii — reoMerpuu (IyHKTHI 27—43).

Anredpa ¥ Hayajla aHaJIM3a — IIOJI€3HBIA U OYE€Hb MHTEPECHBIN
yuebubIil mpeagmer. OH pa3BUBaeT aHAJUTUYECKOE U JIOTUUECKOe MBIIII-
JIeHUe, UCCJIefoBaTeIbCKIe HAaBBIKM, MaTeMaTUUYECKYI0 KYJIbTYpPy, CO-
00pasuTesLHOCTh. B 9TOM rofy BhI HAUMHAaETe 3HAKOMCTBO C dJIeMeHTa-
MU MaTeMaTUYeCKOTO aHaIu3a; BaM IPEACTOUT PaCCMAaTPUBATH HOBHIE
KJiacchl (DYHKIIUI, U3yYaTh UX CBOMCTBA, OCBAMBATH METOIBI MCCJIEIO-
BaHUA QYHKIIUH.

Paspnen reomerpun, B KOTOPOM U3yUaioT (GUTYPHI B IIPOCTPAHCTBE U UX
CBOIiCTBa, HA3bIBAIOT cTepeoMeTpueii. VIMeHHO 3TOT pasies reoMeTpUu
BbI Oymere mayuaTth B 10 u 11 xaaccax. C/I0BO «CcTepeoMeTpusi» IIPOC-
XOJIUT OT TPEUECKUX CJIOB «CTEPEOC» — «00BEMHBIN», «IIPOCTPAHCTBEH-
HBIM» U «METPeo» — «U3MepATh». SHATH CTEPEOMETPUIO UPE3BBIYAITHO
Ba’KHO. Be3 mpoCcTpaHCTBEHHOTO0 BOOOpaKEeHUA U TJIYOOKUX reoMeTpuye-
CKUX 3HAHUI HEeBO3MOYKHO OCBOUTH WHKEHEPHbIe TPO(ECCUN, CTPOUTEIb-
HOEe WJIN apXUTEeKTypHOe [Aesio, paboTaTh B 00JaCTU KOMIIBLIOTEDPHOI
rpaduKu, Au3aiiHa, MOJEJINPOBAHUA OfEK bl 1 00yBU u T.A. U 3T0 110-
HATHO, BeIb OOJILIIIMHCTBO OKPYKAIOIINX HAC 00HEKTOB, CO3MaHHBIX KaK
YeJI0BEeKOM, TaK W IIPUPOMOH, He ABJISIOTCA miaocKkuMu (puc. 1).

KornokosnbHa
Kneso- YKpanHckmin camonet «Mpis» — Bua 3emnum
Meyepckon cambli HonbLIOW camoneT B Mupe 13 KOCMOCa
J1aBpbl

Puc. 1
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4 OT aBTOpOB

VueGHUK pasjiesieH HA OYHKTHI. V3yuas TeopeTUUYeCKUil MaTepuas
OyHKTa, 0ocoboe BHMMaHMe oOpalaiiTe Ha TEKCT, HalleUaTaHHBIN SKUP-
HBIM HPUGTOM, HUPHBLM KYPCUBOM W KYPCUBOM; TaK B KHUTE
BBIJIEJIEHBI OIpPeJieIeHns, MPABUJIa U BayKHeHIIne MaTeMaThudecKue
yrBepkaeHrns. OGBIUHO U3JI0KEeHNe TeOPEeTUUECKOr0 MaTepraja 3aBep-
1raeTcsd MpPUMepaMu PeIleHus 3ajad. OTU 3alKCh MOYKHO paccMaTpH-
BaTh KaK ONUH U3 BO3MOXKHBIX 00pas3iioB O)OPMJIIEHUS PEIeHU.

B 1011 KHUTE BBl 03HAKOMUTECH C PAAOM BaKHBIX TeopeM. Hekoro-
pble W3 HUX IPUBEIEHBI C JOKasaTeJbCcTBaAMU. B Tex cayyadx, Koraa
JIOKA3aTeJIbCTBA BHIXOAAT 3a MPeesibl PacCMaTPUBAaeMOro Kypca, B yueo-
HUKe IPUBeJeHbl TOJbKO (DOPMYJIUPOBKYU TEOPEM.

K ramgomMy OyHKTY MOAOOpaHbBI 3aJaHUs A CAMOCTOSATEJIHLHOTO
peIleHns, MPUCTYIaTh K KOTOPBIM MBI COBETYEM TOJIBKO IIOCJIEe U3yUe-
HUs TeopermyecKoro marepuasia. Cpeau 3afaHUil €CTh KaK IIPOCTHIE
U CpefHUe II0 CJIOKHOCTH, TaK U TPYAHBIE, 0COOEHHO OTMEeUYeHHbIE 3BEe3-
nouroit (¥).

Kemaem ycmexal

YCNOBHbIE OBO3HAYEHNA

n 3aJlaHusA, COOTBETCTBYIOIIEe HAYAJIbHOMY U CPEHEMY YPOB-
HAM Y4eOHBIX JOCTUIKEHUI;
L]
n 3alaHs, COOTBETCTBYIOIIME JOCTATOUYHOMY YPOBHIO yueo-
HBIX JTOCTHKEHUI;
L1
n 3aJlaHNUsI, COOTBETCTBYIOI[ME BLICOKOMY YPOBHIO YUEOHBIX
ITOCTUMKEHUH;
*
n 3aaun IJId MaTeMaTUYeCKUX KPY/KKOB U (haKyJIbTATHBOB;
< OKOHUAHHNE J0Ka3aTeJIbCTBA TEOPEMbl, PeIleHUs 3agaun;

o KJIIOUeBble 3amadyu, pe3yJbTaT KOTOPBIX MOMKET OBITH
HCIIOJIB30BAH IIPU PEeIIeHnM APYIruXx 3agad.

3eJIeHBIM I[BETOM OTMEUYEHBI HOMEpa 3a1ad, PEKOMEHIYeMBIX IJIs
IOMAIITHEH padoThl, CHHNM I[BETOM — HOMEpa 3a1a4, PEKOMEHIYEeMbIX
IJISI PEIleHUsI YCTHO.
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dYHKLUUWN,
NX CBOUCTBA § 1
N TPADUKU

B 3ToM naparpache Bbl MOBTOPUTE OCHOBHbIE CBEAEHNS O (DYHKLIN; y3HAETe,
YTO Ha3bIBAIOT HAMOOMBLIMM 1 HAVMEHBLUIMM 3HaYeHUAMU YHKLMN Ha
MHOXEeCTBe, Kakie yHKLMMN Ha3bIBAIOT YETHBIMM, @ Kakne — HEeYeTHbIMU;
03HaKOMMTECh CO CBOWCTBAMM rPacMKOB YETHbIX U HEYETHBIX (DYHKLMM.

Bbl y3HaeTe, Kakytlo yHKUMIO Ha3bIBaIOT CTENeHHON yHKLMEN C LefbiM
nokasaTeniem, KakMMu CBOMCTBaMM 00naaaeT 31a yHKLMSA; YTO Ha3bIBAIOT
KOPHeM 71-11 CTeneHn, KakMm CBOMCTBaMM 001afiaeT KOpeHb - cTene-
HW; 4TO Ha3bIBaIOT CTeneHbIo C PaLMoHanbHbIM NOKa3aTeleM 1 KakoBbl ee
CBOWCTBA; Kakue ypaBHEHWS Ha3blBaIOT MPPaLMOHANbHBIMU.

Bbl Hay4MTeCh M3BNeKaTb KOPHW 7~ CTEMEHW; BbIMOJHATL BO3BEAEHME
B CTeneHb C paLMoHabHbIM MokKasaTtenem; npeobpa3oBbiBaTh Bbipake-
HUS, Coflep>Kallie CTeneHn C pauMoHanbHbIMX MOKa3aTeNsiMmn 1 KOPHM
n-1 CTeneHu; pellaTb MppPaLMOHasbHbIe YPaBHEHNS.

1. HanGonbluee U HanMmeHbLLEee 3HaYeHUS
PyHKLUUN. YeTHbIe N HeYeTHble pYyHKLUUN

Ilepen u3yueHHEeM 3TOrO IIyHKTA PEKOMEHIYeM BBINOJIHUTD YIIPAJK-
Henusa 1.24—1.28.

B 7 xkyiacce BbI OBHAKOMUJINICH C IIOHATHEM (QDYHKIIUU U IPU U3yUe-
HUU MHOTHX paslesioB Kypca ajredbpbl HEOJHOKPATHO oOpaIliaanch
K 9TOMY HOHATHIO. TaKy Ba)KHYIO POJIb QYHKIIUA UTPAET He cIaydai-
HO: BeJb MaTeMaTHU4YeCKUMU MOOEJIAMU MHOTUX PeaJIbHBIX IIPOI[ECCOB

CIIy»KaT UMEHHO (PpyHKIUU.
\ ys I Bam 3makKoOMBI TakMe IIOHATUSA, KaK 00-
\ I aacmos onpedeseHus, 061acCmMb 3HAYEHUIL,
HYJAU, NPOMEHYMKU 3HAKONOCMOAHCMEQ,
NpoMeNYymrKu 603PACMAHUSL U YObLEAHUS
QYHKUUU.
/ Hanpumep, ana GysEKnum y= x>+ 2x,
rpad®uK KOTOPOI M300pasKeH Ha PUCYH-
ke 1.1, umeem:
e obJuacTk oupeznesnerud: D (y) = (—o0; +00);
e obsacth 3HaueHuii: E(y)=[-1;+0);

—

[
[\

K=}
-
Ry

[y

Puc. 1.1 e mysu: yucaa —2 u 0;
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1. Havborbliee 1 HavMeHblLee 3HAaYeHUA PYHKLMN. YeTHbIe 1 HeYeTHble yHKumMn 7

® IIPOMEKYTKU 3HAKOIIOCTOAHCTBA: (DYHKIIUA IPUHUMAET IOJOKUTEb-
Hble 3HAUYEHUS Ha KaKJIOM M3 MPOMEXKYTKOB (—oco; —2) u (0; +0),
a oTpuIlaTeJbHbIe 3HaUEHUsI — Ha npomMexkyTike (—2; 0);

° TIPOMEKYTKU BO3pACTaHUS 1 yObIBAaHUS: (DYHKIINA yObBIBAEeT Ha IPO-
MeKyTKe (—o0; —1] u Bo3pacTaeT Ha IPOMeKyTKe [—1; +o0).
IIpuBeneHHbII BRIIIE IIEPeUYCHDb JaJIeKO He MCUEPIILIBAET Te CBOMCTBA,

KOTOphIe IIeJecoo0pas3Ho M3ydaTh IIPU HCCIemoBaHnMU (PYHKIuu. Pac-

CMOTPUM HOBBIE IIOHATHS, IIOMOTaloIye 6oJjiee IOJHO 0XapaKTepu30BaTh

(PYHKIIHIO.

Onpenenenne. Yncmo f(x,) Ha3pIBAOT HAMOONBIIMM 3HAYE-

HueMm ¢yaruunnu f Ha mHOKecTBe M C D(f), eciu cymecTByer Takoe
YHCIO0 X € M, uro gas Bcex x € M BBINOJHAETCA HEPaBEHCTBO

(%)= f ().
O6o3HaYaIOT: max f(x)="1(x,).
Onpenenenune. Yueao f(x,)) HAZBIBAIOT HAMMEHBIINM 3HAYeE-

Huem ¢pysruun fHa maHoxkectBe M — D(f), ecau cymecTByer Takoe
YHCIO X, € M, uto gaa Bcex x € M BBINOJHAETCA HEPABEHCTBO

[ (x0) < f(x).

06o3HaYaIOT: m]&n f(x)="1(x,).

PaccmoTpuM HECKOJIBKO IPUMEPOB.

Hnsa pyaxmun f(x) = Jx u mHOMEcTBA M = [0; 4] umeem (puc. 1.2):
1[1314111 f(x)=1(0)=0, max fx)=r14)=2.

Ina @yexnun f(x)=|x| m wmuOKecTBa M =[-1; 2] HMeem
(pue. 1.3): P_ﬂllg} f(x)=7(0)=0, max f(x)=7(2)=2.

Y yh / Yy
\)
\
yA \ /
1 ~— \ 1
1 p
0| 1 1 % ol 12 | | x of «x
Puc. 1.2 Puc. 1.3 Puc. 1.4

He rapasa QyHKIMA HA 3aJaHHOM MHOJKECTBE MMeeT HauMeHbIIlee
nau Haubosbllee 3HadeHme. Tak, Aasa GyHKOuU f(x)= x> uMeeM:
min f(x) = 0. Haubosbiiero 3HaueHUA Ha MHOYKECTBE NENCTBUTEIBHBIX

R

yuces sra GQyHKIuA He umeet (puc. 1.4).
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8 § 1. OyHKUMK, MX CBOWCTBA U rpacbukm

1
dyurmus f(x)=— Ha mHO:KecTBe (0;+°0) He MMeeT HU HAUOOJb-
X

ero, HU HaUMeHbIlero 3Havenuut (puc. 1.5).

Onpenenenne. @yHKIUIO f HA3BIBAIOT Y€ THO ii, €CJIHU IJIT JII000-
ro X U3 00JIaCTH OIIPeaeieHusI BBIMOJHsIETCA paBeHCTBO [(—x) = f(x).

Onpenenenne. @yHKIUIO [ HA3BIBAIOT HEUYETHO, €CAN AT
JA000TO0 X M3 00JACTH OomMpeaesieHHS BBHIMOJHAETCA PAaBEHCTBO
f(=x) =—f(x).

Hampumep, dyakmud f(x) = x> — ueTHad, a QYHK-
s g(x) = x* — neuernas. JeiicTBurensuo, D(f) = R,
D(g)=R. [na aoboro x € R BBHIOJHAIOTCA PaBeH-
crBa f(—x)=(-x)"=x*=f(x) u g(-x) =(-x)° =
=—x*=—g(x).

AN BrimonueHnme paBenctsa f(—x) = f(x) uau paBeH-
Y crBa f(—x)=—f(x) gna moboro x € D(f) o3nauaer,
' YyTO 00JIacTh OIpenesieHnsa QYHKINYU [ CUMMeTpUY-
Puc. 1.5 Ha OTHOCHUTEJbHO Hadaja KOOpAWHAT, TO €CTh 00-
JlafiaeT CJIeNyIOLUM CBOWCTBOM: €CIH X, € D(f),

T0 —x, € D(f).

W3 mpuBemeHHBIX OMIPeeJIeHnl ClIenyeT, UTO ecjau 00JIacTh ompee-
JeHus GYHKIUU He CUMMETPUYHA OTHOCHUTEJHLHO Havajia KOOpAWHAT,
TO 9Ta (QYHKIUSI He MOKeT OLITh HU UETHOM, HU HEUeTHOI.

1
!
1
’
s
=
]y

1
Hanpumep, 061acThio ompeneseHus QYyHKIUU Y = 1 ABISAETCA
x—

MHOKecTBO (—o0; 1)U (1; +00), KOTOpoe He CUMMETPUUYHO OTHOCUTEJIbHO
Havasa KoopauHar. [TosTomy mamHas QyHKIUS He SBJISETCS HU YeTHOM,
HU HEUETHOM.

3amaua. Jlokaxure, uTo GyHKIHA f(x) = x° — X ABIAETCA HEUETHOI.

Pewenue. Ilockonsky D(f) =R, To obsacTs ompeneneHus GyHK-
Uy f CMMMeTpUYHA OTHOCUTEJHHO Hauajia KOOPAWHAT.

Ina moboro x € D(f) umeem: f(—x) = (—x)> — (—x)=—x° + x = —f (x).

CrnemoBarenbHO, pyHKIUA [ HeueTHass. <«

Teopema 1.1. Ocv opdunam agnaemcsa 0CvbI0 CumMMmMempuu 2pa-
dura wemnol pynryuu.

Teopema 1.2. Hauwano koopdunam aénsemcsa yeHmpom cumme-
mpuu zpagukra HewemHoU PYHKYUU.

YrBep:xaenusa TeopeM 1.1 m 1.2 mpomaIOCTPUPOBAHBI HA PUCYH-
Kax 1.6 u 1.7.

Mpago ans i iapy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



1. Hanborbluee 1 HaMeHbLLee 3HaYeHNst PYHKLMW. YeTHble 1 HeveTHble yHKUMn 9

yA
b
M, M
-a 0 a x
Puc. 1.6 Puc. 1.7
’I) T

L 1. Kakoe 41cio Ha3biBaloT HaMBOMbLLUNM (HaVMEHbLLIMM) 3Ha4YeHneM QyHKLUM
Ha MHOXecTBe?
2. Kak 0603Ha4atoT HamborbLliee (HavMeHbliee) 3Ha4eHne hyHKUMKN f Ha MHO-
xectse M?
3. Kakyto hyHKLMIO Ha3bIBAIOT YETHOM (HeYeTHOW)?
4. KakvM CBOWMCTBOM 0bnafaeT rpacmk YeTHOM (HeveTHom) hyHKLMN?

~—T7/ YMNMPAXKHEH/S I

1.1.° Ha pucynke 1.8 usobpasken rpadpur byHrmuu y = f(x), oupexue-
JeHHOU Ha npomekyTke [—4; 5]. Iloapaysch rpad@urom, HaiiguTe
HamboJbIllee U HaUMeHbIllee 3HAUeHUA (DYHKIIUY HA IPOMEKYTKe:

1) [1; 2]; 2) [-2,5; 1]; 3) [-2,5; 3,5].
[Y]

2
D)

DO

[

T——
| "1

|
P
|
|
N
|
=
N
L
1248
sY

-

[\

(VY]

Puc. 1.8
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10 § 1. DyHKUMM, VX CBOCTBA M rpachnkn

1.2.° Ha pucynke 1.9 uszobpakeH rpaduk GyHKIuu y = g(x), ompene-
JieHHOII Ha mpoMe:xyTKe [—4; 4]. Ilonbsysack rpadurom, HalguTe
HaubOoJIbIlIee W HAUMEHbIIee 3HaAUeHUA (QPYHKIIUU Ha IPOMEKYTKe:

1) [-3; —2]; 2) [-3; —1]; 3) [-3; 1].

7]
3
YN
2
AP A
/ \
-4 -3\ -2/-1 |0 2 /3 x
1
Puc. 1.9

1.3.° UssectHo, uto f(7)=-16. Haiigure f(-7), ecin pyHKIUA [ AB-
asercsa: 1) ueTHO#; 2) HEUETHOM.

1.4.° UsBecTHO, uTo f(—3) = 8. Haiinure f(3), eciu QyuKIius f ABiasercs:
1) yeTHOIi; 2) HEUETHOM.

1.5.° ®yukiua f yerHasa. MoKeT i BHIMOJHATHCS PABEHCTBO:

) f@2)-f2)=1; 2) £(5) f(-5)=-2?
1.6.° @yuknusa f HeueTHass. MOKeT JIX BBIMIOJHATHCA PABEHCTBO:
DfM+fEH=1; 2) f(2) f(-2)=3?

1.7.° SIBnserca mu 4eTHOH (DYHKIUA, 3a7aHHAsA GOPMYJIOi y = x°, ecn
ee 00J1aCThb OIIPeeJIeHNsI — MHOMKECTBO:
1) [-9; 9]; 2) (=09 =3)U(3; +00); 3) [-65 6);  4) (—oo; 4]?
1.8.° YeTHoIi MU HEUETHOUN ABIAETCA PYHKIIUA, TPapUK KOTOPOI 130-
OpaskeH Ha pucyHke 1.10?

Puc. 1.10

Mpago ans i iApy B Mepexi IHTepHeT mae
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1. Havborbliee 1 HaMeHbliiee 3Ha4eHUs YHKLMMW. YeTHble 1 HeveTHble dyHkumun 11

1.9." Ha npomesxyTke [2; 5] HaiinuTe HaubOIbIIee U HaMeHbIIIee 3HA-
yeHUA QDYHKIIUN:

10 20
1) f(x)=——; 2) f(x)=—.
X X
1.10." Haiigure:
1) max (-x* +6x);  3) max(—x*+6x).
;2] [4:5]

. 2 .
2) 1[111141]1 (—x° +6x);

1.11." Haiizure HamboJbllee W HaNMeHbIIee 3HAUEHUA (PYHKIUH
2
y=x"+ 2x — 8 Ha IPOMEXKYTKE:

1) [-5; -2]; 2) [-5; 1]; 3) [0; 3].
1.12." [TokaskuTe, 4TO ABJIAETCA quHoﬁ GyHRIMIA:
Y R
1.13." Joxaskure, 9TO ABIAETCA UETHON (DYHKIMA:
1) f(x) =% 2) f(x)=~5-x°.
1.14." Joxaskure, 9TO ABIAETCA HEUETHON (DYHKITHA:
1) f(x)=4x"; 2) f(x)=2x — 3x°.

1.15." TokaskuTe, UYTO ABJIAETCA HEUETHOH (PYHKIIMA:
1
1) f(JC)=x—;; 2) f(x) = (x° + x) (x* - x7).

1.16.” Cymma aByx umces pasHa 8. Haiinure:
1) mawmboJsblriee 3HaUEHME, KOTOPOE MOYKET IPUHUMATE IIPOU3BEIeHIIE
ATUX UYWCEJI;
2) HauMeHbIllee 3HAUEHWE, KOTOPOEe MOJKeT MPUHUMATh CyMMa KBa-
JIPATOB 3TUX UYUCEJI.

1.17.” YuacToK 3eMJIM IPAMOYTOJILHOH (DOPMBI OTOPOAUIM 3a60pOM
naunaoit 200 m. Kaxkyro HamOOJBIIIYIO ILJIOIIAAL MOYKET UMETh DTOT
y4yacTok?

1.18.” UccrenyiiTe Ha 4eTHOCTH (PYHKIIIIO:
4
1) f(0) =’ -1 3) Fx)="5—
2) f(x)=vx—-1-vx+1;

1.19.” UccnenyiiTe Ha YeTHOCTb (PYHKIIUIO:
1) f(x)=x*+2x — 4; 3) f(x)—1

3

- 1+x'

2) f(x)=

_9’

Mpago ans i iapy B Mepexi IHTepHeT mae
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12

§ 1. OyHKUMK, MX CBOWCTBA U rpacbukm

1.20.” Ha pucysnke 1.11 uzobpakeHa uacTb rpadpura GyHKnun y = f(x),

ompeneneHHO Ha mpoMekyTKe [—H; 5]. IHoctpoiiTe rpaduk sTOi
GYHKIIUU, ecau OHa ABJAAETCS: 1) yueTHOIi; 2) HEUEeTHOI.

YA
YA
1 2
> 1
-5 01 X -
o 12 dx
//
a 0

Puc. 1.11

1.21.” Jlomamaa ABCD, taoe A (0; 0), B(2; -2), C(3; 4), D(6; 1),
ABJAETCA UYacThio rpadmra QyHKRIuuM y = f(x), oupeneseHHON Ha

mpoMme:kyTKe [—6; 6]. IlocTpoiiTe rpaduk 9TOM GYHKIUU, €CAU OHA
ABaserca: 1) ueTHOIT; 2) HEUETHOM.

1.22." dyarnua f ABIAeTCA YETHOH U 1[11113111 f(x)=2, n%a:ﬁ{ f(x)=5.
Hatigure min f(x), max f(x).
[-3;-1] [-3;-1]
1.23." ®yuknusa f gBiasgeTcs HeUeTHOH U Ilgigllf(x) =1, I%%?f(x) =3.

Ha#imure min f(x), max f(x).
[-5;-2] [-5;-2]

MHPA)KHEHMH AN MOBTOPEH/S IS
1.24. ®yuxnua 3agasa popmyoii f(x) = —3x> + 2x.
1
1) Haiigure: f(1); 7(0); f(gj; f(=2).

2) Haitinure sHaueHne apryMeHTa, IIPU KOTOPOM 3HaueHre GyHKIUN f
pasuo: 0; —1; —56.

1.25. Vraxure Ha pucyHke 1.12 ¢purypy, KoTopas He MOKET CJIYKUTh
rpaduKoM (PYHKIIUU.

Mpago ans i i
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2. CreneHHas GyHKLMS C HaTypasnbHbIM NMokasaTenem 13

Yy Yy Yy Yy
0 e X 0 x x
a 0 8 2

Puc. 1.12

1.26. Haiimute 06sacThb onpeneneHns QYyHKITUNI:

1) f(x) = 94; 5) f(x)=a® +6x—7;

X+

2) f(x)="T'6; 6) f(x) = — 15 ;

X —oX

3) f(x)=Vx-T; 7) f(x)=vx +V1-x;
4) f(x)= %; 8) F(x)= Vxx_‘ll.

1.27. Haligure Hyu QyHKIIUN:

2 —_
1) (x) = 0,4x — 8; 2) f(x)=L+53O-

1.28. Haiigure o6sacTh 3HAUEHUN DYHKIIUN:

1) f(x)=x+2; 2) f(x)=7-x% 3) f(x) = —6.

2. CreneHHasa pyHKUMNS
C HaTypanbHbIM NoKa3aTtenem

CBoiicTBa U Tpad@UKy QYHKIUII J = X U i = X” XOPOIIIO 3HAKOMBI BaM
13 KYPCOB MaTeMaTUKHU MPEABIAYIINX KJIACCOB. OTU (DYHKIIUU SABJIAIOT-
Csl YACTHBIMHU ciaydasamMu QyHKiuu y=x", n €N, KOTOPYI0 Ha3bIBAIOT
creneHHO# (PyHKI[Meil ¢ HATYPaJbHBIM IOKA3aTeJIeM.

ITockoabKy BeIpaskeHue x", n € N, mMeeT CMBICI IIPXA JIOOOM X, TO
obacmyvio onpedesieHus CmeneHHoll QYHKYUL ¢ HAMYpaibHuli NOKA-
3amenem asasemcs mHoxcecmao R.

OueBuHO, UTO paccMaTpuBaeMas QYHKYUS umeem e0UHCMEEeHHbLiL
Hyab x = 0.

ManbHeiiliee uccaeqoBanre CBOMCTB QyHKIMU ¥y =x", n €N, mpo-
BeleM IJIs ABYX CJAyYaeB: N — UYeTHOEe HAaTypajJbHOE UHCJIO U N — He-
YeTHOe HaTypaJIbHOEe UHCJIO.

Mpago ans i iapy B Mepexi IHTepHeT mae
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14 § 1. DyHKUMM, X CBOWCTBA M rpadyviKm

o IlepsBsrii cayuai: n =2k, k € N.
OtmeruM, uTo npu k = 1 mosyuaeM GyHKIHIO y = X°, CBOICTBA U I'pa-

(UK KOTOpOI OBLIN PACCMOTPEHHBI B Kypce aiare6psl 8 KJjacca.
IToCKOMBKY IIPH JTIOGOM X BBIpasKeHHe X' IPHHMMAaeT TOJBKO He-

oTpuIlaTeJbHbIEe 3HAUEHUA, TO 00JIaCTh 3HAUEHUII paccMaTPUBAEMOM

(GYHKIIUU He CONEePIKUT HU OJHOTO OTPUIATEIHHOTO YUCJIA.

MoskHO TOKas3aTh, uTo JJid Jo6oro a >0 cyiecTByeT TaKkoe 3HaUe-

HUe apryMeHTa X, 4To X = a.

& CrasaHHOe 03HAUAET, UTO 00.LACMbI0O 3HAYUCHUL QYHKUUL § = X", 20e
n — yemHoe HAMYPAibHOE YUCO0, A8asemcs mHoxcecmao [0;+00).
Ecau x = 0, To x2 > 0.

& CraemoBarenbHo, npomexcymru (—o0;0) u (0;+00) asasiomes npo-
MeHYymramu 3HAKONOCMOAHCMEa QYHKYUU i = X", 20e n — wemHoe
HaAmMypanbHoe YUCJTLO.

Y Qyukyua y=x", 20e n — wemHoe HAMYPALLHOE YUCILO, ABLACMCA
yemmnoit. JleficTBUTENBHO, MJs JII0OO0T0 X M3 00JIacTH OnpeneaeHUs
BBITIOJIHAETCA paBeHCTBO (—x)* = x*,

PaccmoTpuM npousBOJIbHBIE UKCTIA X, U X, TaKHUe, 4To X, € (—oo; 0],

x, € (=;0] m x, <x,. Torga —x, >—x, >0. BocnonbzoBaBmucs CBO¥i-

CTBOM YHCJIOBBIX HepaBeHCTB, moxyuaem: (—x)* > (-x,). Orcoga

x> a2k

& CruemoBaTenbHO, QUHKUUA Y =X", 20e n — uemHOe HAMYPALbHOE
wucno, yovieaem Ha npomexncymre (—oo; 0]. AHATIOTMIHO MOXKHO II0-
KasaTb, UTO 9Ta GYHKIUA go3pacmaem Ha npomexcymre [0;+00).
Ilory4yeHHBIE CBOIICTBA IIO3BOJAIOT CXeMaTUYECKN N300PasuTh I'pa-

bur pyurmum y=x", rme n — YeTHOe HATypaIbHOEe umcyo (puc. 2.1).

B wacTHOCTH, rpaduK GYHKINU y = X' M306pakeH Ha puUCyHKe 2.2.

\
y=x", Y
n — 4YeTHOe y=x"
HaTypaJbHOE
YMCIIO |
W
1
x -1 101 x

Puc. 2.1 Puc. 2.2

Mpago ans i \apy
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2. CreneHHas GyHKLMS C HaTypasnbHbIM NMokasaTenem 15

e Bropoii cayuait: n=2k+1, ke Nuan k=0

Ormetum, uto ipu k=0 moaydaem pyHKIIUIO y = X, CBOMICTBA U I'pa-
(UK KOTOpOI OBLIM PACCMOTPEHBI B Kypce aiare6phl 7 KJjacca.

Tenepp mycTs k € N.

MosxHO mOKasaTh, YTO AJIS JIOOOT0 @ CYIIEeCTBYEeT TaKoe 3HaUeHUe
aprymesnra x, uro x> "' =a.

% CxrasaHHOe 03HAUAET, UTO 001ACMbI0 3HAYCHUIL PYHKYUU Y = X", 20e
n — Hewemmuoe HAMYPALbHOE LUCTO, ABLACMCA MHONcecmeo R.
Ecam x <0, ro x**' < 0; eciu x > 0, To %71 > 0.

% CraemosarenbHo, npomexcymru (—o0;0) u (0;+00) asagiomes npo-
MeHCYMKAMU 3HAKONOCMOAHCMBA PYHKUUL i = X", 20e n — Heuem-
HOe HamypaabHoe LUCLO.

Y Pyukyua y=x", 20e n — HeuemmHoe HAMYPALLHOE YUCLO, ABLACTCA
HeuemHoll. JleficTBUTENIBbHO, IJIA JTI000r0 X U3 00JIaCTH OTIpeeeHU
BBIIIOJIHAETCH paBeHCTBO (—x)2 ™! =—x? "1,

PaccmoTpuM ponsBOJIbHBIE YNCIA X, U X, TAKWE, UYTO X, < X,. Boc-
II0JIb30BABIIINCH CBOMCTBOM UMCJIOBBIX HEPABEHCTB, IIOJyUaeM:

x12k+1 < x§k+1.

L CremoBarenbHO, QUHKUUAL Y= X", 20e . — HeuemHOe HAMYPALbHOEe
wucsno, aeasemcsa eozpacmarnuieil.

ITosnyueHnuble cBoOiicTBa MO3BOJIAIOT CXeMAaTUUYECKN M300PasUTh Ipa-
bur pyurnum y=x", rme n — HeUYeTHOe HATypaJbHOe Yumcjo, n > 1
(puc. 2.3). B uacTHOCTH, rpaduK GYHKINK y=X° n300pakeH Ha DU-
cyuke 2.4.

yA
|
y “ y = xn, I
n — HeYeTHOoe / 3
[y=x
HaTypaJabHOE 1
L — YKCJIO, 101 |
n>1 =1 3?

»
-

-1 0 1 x

—
T—

Puc. 2.3 Puc. 2.4

Mpago ans i iApy B Mepexi IHTepHeT mae
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16 § 1. DyHKUMM, X CBOWCTBA 1 rpadvikm

B Tabauiie npuBeseHbl cBolicTBa QyHKIMU y=x", n € N, ycTaHOB-
JIeHHbIe B 3TOM ITYHKTE.

. n — YyeTHoe Nn — He4yeTHoe
CBoWNCTBO
HaTyparbHOe Y1Cro HaTyparbHOe Y1Ccno
06J1acTb
R R

onpeneieHuA
O6.JacTb

. [0; +0) R
3HaYeHUN
Hynn

x=0 x=0

QYyHKIIUNA

IIpomesxyTKHU >
p Y y > 0 na xaxzom y <0 Ha mpome:kyTKe (—0; 0),

3HAKOIIOCTO- U3 IPOMEKYTKOB
y > 0 Ha mpomexyTKe (0; +0)
SIHCTBA (=03 0) u (0; +0)
YeTHOCTH YerHasa Heuernas
YonIiBaeT Ha mpome-
Bospacra-
myTKe (—0; 0],
HUe / yObIBa- Bospacraromasa
e BO3pacTaeT Ha IIPO-
mexkyTKe [0; +0)
.p -
L 1. Kakyto hyHKUMIO Ha3bIBAOT CTENEHHOM (DYHKLUMEN C HaTypasbHbIM MOKa3a-
Tenem?

2. CchopmMynmpyiTe CBOMNCTBA DyHKLMN I = X
3. M306pasmTe cxemaTnHeckm rpadrk yHKUMm y = x".

v

ﬂ—!‘?‘/YHPA)KHEHVIFI EE

2.1.° Yepes KaKue U3 JAHHBIX TOUEK IPOXOJUT TPadUK QYHKINY I = X
1) A (-1; 1); 2) B (2; 32); 3) C (—3; —243)?
2.2.° Yepes Kakue U3 JAHHBIX TOUEK IPOXOJUT IPaduK QYHKINM J = X

1) A (2; 16); 2) B(—% é), 3) C (0,5; —0,0625)?
2.3.° dyuknusa sagana dopmyaoii f(x)=x". CpaBHuTE:

1) f(1,4) n £(1,8); 3) /(=6,9) u 1(6,9);

2) f(=7,6) u f(=8,5); 4) 1(0,2) m f(-12).
2.4.° dyuknus sagana dopmyaoi f(x) = x°°. CpaBHUTE:

1) 7(9,2) u 1(8,5); 3) f(19) u f(-19);

2) f(-1,1) u £(-1,2); 4) f(=7) u (9).

Mpago ans i iapy B Mepexi IHTepHeT mae
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3. CreneHHas yHKLMA C LeNbIM Noka3aTtenem 17

2.5." PacmosoxuTe BBIpAYKEHUA B IOPALKEe YOBIBAHNA WX 3HAUEHUH:

5 5 5 5
-2 (=a) () (=)
4 3 3 5
2.6." PacmosioskuTe BEIpAXKeHHUA B IOPANKe BO3PACTAHNA UX 3HAUEHUIH:
(1,06)*, (-0,48)*, (-2,12)*, (-3,25)".

2.7." Haiinure Han6oblee 1 HauMeHbIllee 3HaUeHNA QyHKIuH f(x) = x°

Ha IPOMEXKYTKe:

1) [0; 2]; 2) [-2; -1} 3) [-1; 1]; 4) (—o0-2].
2.8." Haiizure HanboIbIIee 1 HaMeHbIIee 3HAUeHNA QyHKIUHT f(x) = x°

HA IPOMEXKYTKE:

D) [-3; 8] 2) [-2; 0F; 3) [1;+00).
2.9.” Onpegennre rpaduuecKy KOJTUUeCTBO KOPHeH ypaBHeHUS:
1) x®=x+1; 2) x> =3 - 2x; 3) x*=0,5x — 2.
2.10.” Ompezenure TpadUUecKy KOJIMYECTBO PEIleHUIl CHCTEMBI YPaB-
HeHUit {y =,
2x—-y-3=0.
2.11." CKOJIBKO KOpHEil B 3aBICHMOCTH OT 3HAUEHNUA d UMeeT YpaBHEHNe:
1) x*=a - 6; 2) x**=a’+ Ta - 8?

, rOTOBUMCS K U3YYEHMIO HOBO TEMb| [

2.12. BriunciuTe 3HaUeHUE BBIPAKEHUS:

-1
1)3'-471 3) (%) +(-2,3°-5% 5)0,5%-47";
2)27%4+67% 4) 9-0,17"; 6) 2'-8"-16)".

2.13. IIpencraBbTe B BuAe APOOU BhIPAMKEHUE:
1)a?+a? 2) mn "t + m 'n; 3)(c'—dH(c-d) 2

3. CreneHHasa pyHKUUS
C uenbiM Nnoka3sarenem

DYHKINIO, KOTOPYI0 MOXKHO 3aaaTh Gopmyaoi y=x", roe neZ,
HAa3bIBAIOT CTEMEeHHON (DyHKIHEH ¢ IeJIbIM MOKAa3aTeJIieM.

CaoiicTBa 3TO¥ PYHKIINY OJIA HATYPAJTbLHOTO TTOKas3aTess ObLIN pac-
CMOTPEHBI B IIpeAbIAYIIEM IIYHKTE. 3,[[601: MBI paCCMOTpUM cCJy4au,
KOT[a IOKAas3aTesb 7 SBJSEeTCS IIeJBIM OTPHUIIATEJNbHBIM YUCJIOM WU
HYyJIEM.

Mpago ans i iapy B Mepexi IHTepHeT mae
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18 § 1. DyHKUMM, X CBOWCTBA M rpadvikm

O6JacThIO OIpefeNeHns (GYHKIUU Y =X SABIAETCA MHOMKECTBO
(—o0; 0)U(0; +0), obsiacThbi0 3HAUEHUH — OMSHOIJEMEHTHOEe MHOMKe-
crBo {1}. T'paduk sToii GpyHKIMN N300pakeH HA pUCYHKe 3.1.

Paccmorpum dyurmuio y=x ", rae n € N,

C yacTHBIM cJaydyaeM 5TOU (PYHKIINU, KOTaa

y 1

n=1, To ecTb ¢ QyHKIIMENH Yy = —, BBl BHAKOMBI
1] yv=x x

u3 Kypca ajarebpsl 8 KJjacca.

3anuitem GYHKIUIO y=x " B BUjge y=—-.
g X

O| x Torpa craHOBHTCA HOHATHO, YTO 004ACMbIO

onpedenenus pynkyuu y=x ", n € N, aeasemes
Puc. 3.1

muoxHcecmao (—oo; 0) U (0; +00).

OueBuAHO, UTO 3Ta PYHKIUA HyJIell He MMeeT.

HanbHeiilliee mccienoBanue CBOMCTB GyHKIuM y=x ", rae neN,
IpOBeIeM IJIs ABYX CIyYaeB: N — UYETHOe HATYpPaJbHOE YMCJO U I —
HEUEeTHOe HATypPaJbHOE YKCJIO.

e Ilepesiii cayuaii: n =2k, k € N.

_ 1
Umeem: x 2 =——. Tax Kak BBIpAKeHUe

o IIpmHUMAaeT TOJIBKO
X

xW

OJIOKUTEJIbHBIE 3BHAUEHU I, TO B 00JIACTh 3HAUEHUN paccMaTpPpUBaeMOii

GYHKIINM He BXOAAT OTPUIIATEIbHBIE UHMCJA, a TaKkKe uucio 0.
Mo:xHO mOKasaTh, UTO AJd Joboro a > 0 cyliecTByeT Takoe 3Haue-

HUe apryMeHTa X, 94TO X ' =q.

& CkasaHHOe 03HAYAET, UTO 00/LACMbI0 3HAYCHUI PYHKUUU Y =X ", 20e
n — uemHoe HAMYPAJLbHOE YUCNO, A8asemcs mHoxcecmao (0;+o0).

1
% IIoCKOMBKY AJa M060T0 X # 0 BBIIOJHAETCA HEPABEHCTBO — - > 0,
X

To npomexcymru (—o0;0) u (0;+00) sgeagomes npomexcymramu
3HAKONOCMOAHCMEA QYHKYUUL Y =X ", 20e N — uemHoe HAaMmypPaibHoe
wucao.

Y Dynkyus y=x", 2de n — yemHoe HAMYPALbHOE YUCLO, ABAACMCA
yemnoil. JeficTBUTENBHO, AJSA JI0O00TO X U3 00JACTH OIpeIeaeHus

2k _ 1 _ 1 -2k
BBINIOJIHAETCA PABEHCTBO (—X) " = ———=——=x .
(—x) x
PaccmoTpuM npousBOJIbHBIE YKCTIA X, U X, TaKue, 4To X, € (0; +00),
x, €(0;+) n X, < x,. BOCIIOJIb30BABIINCEH CBOWCTBOM YMCJIOBBIX He-
2k 2k

1 1 1 1 _ _
paBeHCTB, moaydaem: — > — >0. Orciona | — | >|— | ; 2 >x,%.

X X Xy Xy
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MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



3. CreneHHas yHKLMA C LieNbIM Noka3aTtenem 19

% CremoBarenbHO, QUHKUUA Y=X ", 20e I — UemHOe HAMYPALbHOE
yucno, yovieaem nHa npomexcymre (0;+0).
% MoskHO TakKe IOKasaTh, UYTO QUHKUUAL Y=X ", 20e n — uemuoe

HamypaavHoe YucJno, o3pacmaem Ha npomexcymre (—oo;0).

BaMeTI/IM, YTO C yBeJIMUEHHEM MOAYJIA X 3HAUEHUA BbIPAKEeHUA T
X

k € N, craHOBATCA BCE MEHBIIIUMU ¥ MEHBIITNMU. HOBTOMy paccTodHue

—, keN, mo ocu abcuucc ymeHb-

1
oT TOYKM rpadpuxa GyHKUIUUA Y = —-
x
IIaeTCs ¢ YBeJMUEHNEM MOIYJIA aOCIIMCChI TOUYKU M MOJYKET CTaTh CKOJIb
YTOAHO MaJIbIM, HO HUKOT/A He OyAeT paBHBIM HYJIIO.

Takoke MOKHO YCTAHOBUTD, UTO C YBeJIUUYEHUEM MOAYJIA OPAUHATHI

paccTodgHUe OT TOUYKM I'paduka QyHKIUN Y = ke N, mo ocu opau-

F,
HAT YMEHBIIAETCS W MOYKET CTAaTh CKOJIb YTrOJHO MaJIbIM, HO HUKOTIAa
He OyZeT paBHBIM HYJIIO.

ITonyuenHbIe cBOMCTBA MO3BOJAIT CXeMaTUUYECKU M300pasuTh I'pa-
bur GyHKIMM y =x ", TIe n — YeTHOe HaTypaJIbHOe umcio (puc. 3.2).

1
B wactrOCTH, rpaduK QyHKNMM y = — u300pakeH Ha PUCYHKe 3.3.
X

YAy y=xr, |yA
n — 4erHoe |
HATypaJabHOE | \ y = 1’
/ \ x
1
O TN~— g .
-10 1 X =110 1 X
Puc. 3.2 Puc. 3.3

e Bropoii cayuaii: n=2k — 1, k € N.
MosxHO mOKasaTh, 4TO AJd Joboro a # 0 cyIiecTByeT Takoe 3HaUe-
HHUe apryMeHTa X, uro x ¥ V=g,
% CkasaHHOe 03HAUYAET, UTO 00.1ACMbI0 3HAYCHULL PYHKYUL Y =X ", 20e
n — HeyemHoe HAMypaabHoe YUC0, A8Jssemcs MHoxcecmao (—oo; 0) U

U (05 +0).

1 1
Ecmn x <0, To —,— <0; eciu x >0, To m>0.
X

2k
x
L CraemosarenbHO, npomexcymru (—o0;0) u (0;+00) asagomes npo-
MEHYMKAMU 3HAKONOCMOAHCMEA PYHKUUU Yy=Xx ", 20e n — He-
uemHnoe HamMypaibHoe YUCJLO.
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20 § 1. DyHKUMM, X CBOWCTBA M rpadviKm

Y Dyukuyus y=x", 20e n — HeuemHOe HAMYPALbHOE LUCLO, ABAACT-
csa HeyemHuoil. JleficTBUTENBHO, AJISA JIIO0OOTO X 13 00JIACTU OIpeLe-
JIEH!S BBIMIOJIHAETCS PABEHCTBO

—2k- 1 1 2k
) @D I

(—x == -
()t gl

% MosKHO TIOKasaTh, YTO PYHKYUL Yy =X ", 20e n — HewemHoe HAmy-
panvHoe uucno, yovieaem Ha Kaxcoom u3 npomedxcymros (—oo;0)
u (0; +00).
ITonyuenubie cBOiCTBaA IIO3BOJAIOT CXeMaTUUYECKH M300pPa3uTh rpa-
buk QyHKIMET y = X ", TIe n — HeueTHOe HATypaJbHOe Yucio (puc. 3.4).

1
B uwactrocTH, rpaduk GQyHKOMEM y = — u300pakeH Ha PUCyHKe 3.5.
X

7y \ y=x", y“
n — HeYeTHoe
HATypaJbHOEe Y= |
1 \
-1 .
- 0 ; 1 x
1 x =
-1
Puc. 3.4 Puc. 3.5

B Tabauiie nmpuBeneHbl cBoMcTBA GyHKIMM y =X ', n € N, usyuen-
HBIe B 3TOM IIYHKTe.

. n — 4yeTHoE n — He4yeTHoe
CBoWicTBO
HaTyparbHoe YACIo HaTyparbHOe YnNCro

O6sacThb (=03 0) U (0; +0) (=005 0) U (0; +0)
onpeneseHn S
O6sacthb (0; +0) (=03 0) U (0; +0)
3HAYEHUH
Hynu dyrarmun — _
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3. CreneHHas yHKLUMA C LeNbIM Noka3aTtenem 21

. n — 4yeTHoe n — He4yeTHoe
Csoncreo
HaTyparbHoe YUCIo HaTyparbHOe YACIO
y > 0 ma KaKIOM y<0
IIpomesxkyTKU
U3 IIPOMEKYTKOB Ha mpoMe:KyTKe (—oo;0),
3HAKOIIOCTOAH- (=003 0) 1 (0;+c0) >0
cTBa ’ ’ y
Ha mpoMekyTKe (0;+00)
YeTHOCTH YerHasa Heuernasa
Boaspacraet Ha VY6bIBaeT Ha KaKA0M
Bospacrauue / npomexkyTke (—oo; 0), U3 IIPOMEKYTKOB
yObIBaHME yObIBaeT Ha (=2, 0) u (0; +°)
npome:kyTKe (0; +0)
‘l) - T

1 1. Kakyto hyHKLMIO Ha3bIBAKOT CTENEHHOW yHKLMEN C LeNbIM NMoKasaTtenem?
2. Kakaa durypa asnsetcs rpadukom dyHKUmMn iy = x°?
3. ChopmynupyiTte ceoncTea dhyHkumm y =x *, n € N.
4. //1306pasute cxematdeckm rpaduk dyHkumm y =x ", n € N.

vd

ﬂ—!‘?/ YMPAXKHEH/S I

3.1.° IIpoxoaut Ju rpaduk GYHKIUN J =X ' Uepe3 TOUKY:
1) A(Z;ij; 2) B(—Z;l); 3) 0(1;81); 4) D(\/E;—l)?
16 8 3 4
3.2.° TIpoxoaut su rpaduk GYHKINN I = X ° depe3 TOUKY:
1) A (0; 0); 2) B (-1; -1); 3) C(%;SZ); 4) D(—3;—ij?

243
3.3." Mana Qyuxmusa f(x)=x °. CpaBuure:

1) /(1,6) u f(2); 3) f(=9,6) u f(9,6);
2) f(=5,6) u f(-6,5); 4) f(0,1) u f(-10).
3.4." dynknusa sagana dopmyoii f(x)=x *°. CpaBHure:
1) /(6,2) u [(5,5); 3) (24) u f(-24);
2)1(-1,6) u f(-1,7); 4) f(=8) u f(6).
3.5." Haiigure 06sacTh oIpefieleHNs QyHKITHAN:
Dy=x"" 2)y=((x-2)*"

3.6." HaiiguTe HanGoblee 1 HAMeHbIIIee 3HAUeHUA GyHKIuH f(x) = x °

HaA IPOMEKYTKe:

1) E;l} 2) [—n—ﬂ; 3) [1; +oo).
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22 § 1. DyHKUMM, X CBOWCTBA 1 rpadviKm

3.7." HaiinuTe HanGoIblee U HAMeHbIIIee 3HAUeHUA QyHKIHH f(x) = x°

Ha MIPOMEKYTKeE:

1) E;z} 2) [-2; ~1J; 3) (~e0; ~3].
3.8.” TlocTpoiite rpaduk PyHKIUU:

1) y=(x—-2)% 2) y=(x*—4x +3)°.
3.9.” TlocTpoiiTe rpadUK ypaBHEHUA:

Dy+2)°’=x-2; 2) (y - 2)° = (x + 1)°.

, rOTOBUMCS K U3YYEHUIO HOBOW TEMbI I

3.10. HaiiguTe 3HaUeHNEe BLIPAYKEHUA:
1) 54 —25; 2) % 0,09 - 2; 3) (vi3) -3-(v8)".
3.11. CpaBHure umncia:

1)\/§n\g; 2) V33 u 6; 3) V30 u 24/7.

4. OnpepeneHve KOPHSA n-n cTeneHun

BrbI 3HaeTe, UTO KOpHEM BTOPOil cTeneHM (KBAaAPATHBIM KOPHEM) U3
YKcJia @ HA3bIBAIOT TAKOe YMCJIO, BTOPAas CTeleHb KOTOPOro paBHA &.
AHaJOrnuyHO HAIOT OIpelesieHre KOPHSA n-ii CTeleH’ W3 Yucja a, Tie
neN, n>1.

Onpenenenne. Kopuem n-ii crenmenu w3 yucia a, rae n € N,
n > 1, Ha3bpIBAIOT TaKOE€ YUCJIO, N-51 CTEIleHh KOTOPOr0 PaBHA d.

Hampumep, KopHEM MIATOI CTEeHU U3 Yuca 32 ABIAETCA YUCIOo 2,
tTak Kak 2°=32; KOpHeM TpeTbeil CTelmeHM u3 umcia —64 gBIAercA
yucao —4, tak Kak (—4)° = —64; KOPHAMU UeTBEPTOH CTeIeHU U3 UHC-
na 81 aBnsiorcsa uncaa 3 u —3, rak kak 3' =81 u (-3)" =81.

Ecnm n — HeueTHOe HaTypaJibHOE YMCJIO, TO rpaduku (GyHKIIUI
y=x"u y=a upu a000M a IepeceKamTcsa B ogHON Touke (puc. 4.1).
ITO 03HAUAET, UTO yPaBHEHNE X" = @ NUMeeT eJUHCTBeHHBI KOPEeHb IIPHU
go0om a. Torga MOMKHO cHesaTh CIAeAVIOIINIT BHIBO:

ecau n — HeuemHoe HaMYpaibHoe Lucno, 6onvuiee 1, mo u3 nto-
6020 uucna cywecmeyem KOpeHs n-ii cmenenu, npuiem moaibko 00uH.

Kopenns mHeuerHoii cremeHu n, n > 1, us uncjaa a 0003HAUAIOT TaK:

Ya (UuTaoT: «KOpeHb n-i cremeHum u3 a»). Hampumep, Y32 =2,

Y-64=-4, Yo =o0.
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4. OnpepeneHve KOpHA n-in cTenexn 23

YA \ yA /

=x" = > =x"
y=a,a>0 y y=a.a>0 y
0 x y=a,a=0
-x, 0 x
y=a,a<0 y=a,a<00
n — HeYeTHOe HATypaJIbHOE YKCJIO, n — YeTHOe HaTypaJbHOEe
n>1 YH1CJTIO
Puc. 4.1 Puc. 4.2

Buax & HasbBaOT 3HAKOM KOPHS n-# CTeINeHU UJIU PATUKAJIOM.
Bripaskenue, cToslimee Iof PagUKaioM, HAa3bIBAIOT MOAKOPEHHBIM BbI-
paskeHuem.

Kopenp TpeThell cTeneHu NMPUHATO HA3BIBATH TaKyKe KyOMUECKHM
xopHeMm. HampuMep, 3amuch 42 UHMTAOT: «KyOHMYecKHUil KOpeHbL U3
qucaa 2».

IToguepKHEM, UTO BBIpAKEHIIE 2k +\1/E , ke N, omnpenemeHo mpu JII000M a.

W3 onpeneneHus KOPHSA n-ii CTENEHU CJIEAYeT, UTO npu Ar000M a
6bLNONHAEMCA PAEEHCME0

(2k+\1/;)2k+1 —a

3 7

Hanpuwmep, (3/5) =2, (7 —0,1) =-0,1.

PaccmoTpum ypaBHeHMe X" = @, I'ie 1 — YeTHOe HATypaJIbHOE ULCJIO.

W3 pucynka 4.2 Bugno: ecau a <0, To rpadpuru QyHKIui y=x"
U Y = a He UMeIOT 00Iux Touek; ecau a =0, To paccmMaTpuBaeMble Ipa-
GUKM UMEIOT OAHY OOINyI0 TOUKY; ecam a > (0, To oOIIMX TOUYEK IBe,
mpuUeM X abCIUCChl — IPOTUBOIOJOMKHBIE Uncaa. Torma MOXKHO ce-
JaTh CJEAYIONINI BBIBOJ:

eciu n — uemHoe HamMypanvroe wucno, mo npu a <0 kopenv n-i
cmenenu u3 wucna a He cywecmeyem; npu a =0 Kopend n-ii cmenenu u3
wucaa a pasen 0; npu a > 0 cyuyecmeyrom 06a nPoOMuUEONONLOHCHBLX HUC-
na, kKaxcdoe u3 KOMopwvLx A6AAemca KOPHeM N-i cmeneHu u3 Yucia d.

Brbl 3Haere, uTo apu(pMeTUUYECKUM KBAAPATHBIM KOPHEM U3 HEOT-
pHUIlaTeIbHOTO UYMCcJIa @ Ha3bIBAIOT TaKoe HeOTPUIlaTeIbHOe UYHCJIIO,
BTOpasi CTEeHb KOTOPOTO paBHA a. AHaJOTUYHO TAIOT OIpeaesieHIe
apuMeTHUUYECKOro KOpPHA n-M CTemeHu.
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24 § 1. DyHKUMM, X CBOWCTBA M rpadviKm

Onpenenenue. ApudpMmeruuyecKUM KOPHEM n-i CTemeHH
M3 HEOTPHUIATEJIbHOTO YuciIa a, rme n €N, n > 1, Ha3BIBAIOT TaKoe
HeOTPUIATeJbHOE YUCJIIO, N-sI CTeIeHh KOTOPOTro PaBHA d.

Apudpmernueckuiit KOpeHb n-M CTEIEeHW U3 HEOTPUIATEIHLHOTO UMC-
7a a oBozHauaoT Tak: Ya.

Hampumep, 481 =3, nockomsry 3>0 u 3'=81;

Q/a =2, mockoJbKy 220 u 26 =64;

W0 =0, mockomery 0>0 u 0'°=0.

Boob6rme, ecim b>0 ub"=a, tme neN, n>1, to Ya =b.

C momoIbi0 3HAKa KOPHA N-M CTeIeH! MOYKHO 3aIlChIBATh KOPHU
ypaBHeHusa x"=a, rme neN, n> 1.

Hampumep, KOpHEM yPaBHEHHA X° = 7 ABIAETCA eIUHCTBEHHOE UIC-

{7; xopHaME ypaBHeHUs X' =5 SBISIOTCA ABa YMCIA: —4/5 u ‘3/5

W3 ompenenenusa apudMeTUUECKOTO KOPHS N-H CTEIeHHU CJIemyeT,
uTO:

1) ¥a >0, rme a >0 (zampumep, %/7>0;
2) (K‘/E)n =a, roae a>0 (Hampumep, (2/5)6 =5);
3) 2hel =_2k+\1/; (aampumep, Q/__=_§/§)_

BerIrmie 6bLJIO YCTAHOBJIEHO, UTO KOPEHb HEUETHOM CTEeIleHU U3 JII000-
T'0 4ncJjia CyIIeCTBYeT M IIPDUNHNMAaET €TMHCTBEHHOE 3HAUYEHUE. HOQTOMY
Ka)KIOMY HeHCTBUTEILHOMY UHCIY X MOYKHO IIOCTaBUTH B COOTBETCTBUE

eIMHCTBEHHOE UNCJIO J TaKOe, UTO Y = *Yx. Yraszannoe IPaBUJIO 3a-
maer Gyurmuio f(x)= 2’”\1/;, rae ke N, ¢ obaacTeio oupenenenus R.
T'padur sToit pyHKIUMN n3obpakeH Ha pucyHke 4.3. Ha pucynke 4.4
nsobpakeH rpaduK QyHKIUU Y = 3/7 .

AmnasoruuyHo ompeneasaioT QyHKIHO f(x)= 2{1/;, k € N. O6macTnio
ompefesieHUs 9TOU QYHKIIUU ABJIAETCA IIPOMEXKYTOK [0; +0).

yl\ 3x
1 T |
1 R
0 x

Puc. 4.3 Puc. 4.4
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4. OnpepeneHuie KOPHS n-11 CTeneHu

25

Ha pucysxe 4.5 nzobpasken rpadpux ¢yexmun f(x)=%x, a ma

pucynke 4.6 — rpapur ¢pyurmunu f(x) = Y.

yl\

y="x

UA

I
25
et

ey

(=)
Uy IO

Puc. 4.5

Ry
(=)

2l 4

Puc. 4.6

B Tabauiie npuBemeHbl CBOMCTBA QYHKIIUU Y = Y.

n — He4yeTHoe

n — 4eTHoe

CBoOICTBO HaTyparnbHoe Y1cro,
HaTyparbHOe Y1cno
n>1
Ob6sacTb
R [0; +20)
ompeeIeHUus
O6nacTs 3HaUEHUH R [0; +00)
Hynu pyHRIIIN x=0 x=0
y<0
Ha IPOMEKYyTKe
IIpoMesxyTKHI (=003 0), y>0
3HAKOIIOCTOAHCTBA y>0 Ha npoMme:kyTKe (0;+0)
Ha IPOMEKYTKe
(0; +o0)
He aBaserca
YeTHOCTH Heuernas HU YeTHOM,
HU HEUYeTHON
Bospacrauue /
Bospacrawmiaa Bospacrarrmaa

yObIBaHTE

3anmaua. Pemrure HepaBeHcTBO: 1) Yx < 2; 2) Yx-2<1.
Pewenue. 1) [JanHOe HepaBeHCTBO IIEPENUINIEM CJIEAYIOIUM 00-
pasom: Yx < 8. Ilockonbry GyHKIUA Y = Yx sasnserca BO3pacTalo-
miei, TO MOYKHO CIejiaTh BBIBOI, UTO X < 8.

Omeem: (—0; 8).
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26 § 1. DyHKUMM, X CBOWCTBA M rpadvikm

2) Unmeem: Yx -2 < ‘\‘/I . ITockonbky pyHKIIUA Y = i‘/; ABJISIETCS BO3-
pacrarolneit u onpegeseHa Ha MHOMKecTBe [0; +00), To JaHHOe HepaBeH-

CTBO PABHOCHJIBHO CHCTeMeE

x—-2<1,
{x—2>0.
Orcroma 2<x < 3.
Omeem: [2; 3). <
'I) -

® 1. Y70 Ha3bIBAIOT KOPHEM I-1 CTeneHn U3 vucna a, roe n € N, n > 1?

2. lNpwn KaKm1x 3Ha4YeHUAX @ MEET CMbICI BbIpaXkeHue 2’”\1/5, ke N?

3. 470 Ha3bIBalOT apUMOMETUHECKMM KOPHEM 71-1 CTEMNEHW M3 HEOTPULLATENbHOIO
yucnaa,roe ne N, n>1?

4. [pK KaKMX 3HAYEHUAX @ MMEET CMbIC/ BblpakeHue 2{*/;, ke N?

5. CchopmynumpynTe cBOMCTBA PYHKLUMN Y = 2]”\1/;, k € N, nunzobpasute cxe-
MaTU4ecKn ee rpaduk.

6. CchopmynumpymnTe CBOMCTBA (DYHKUUN Y = 2{“/;, k € N, nunsobpasnte cxema-
TUYeCKkn ee rpaduk.

Lf!';'/ YMPAXKHEH/S I

4.1.° IMeeT I CMBICJ 3aIlIUCh:
1) ¥2; 2) ¥-2; 3) ¥2; 1) ¥o; 5) ¥-1?
4.2.° BepHo Jiu paBeHCTBO (OTBET 000CHYIITE):
1) ¥27 =3; 2) 4343 =-3?
4.3.° Jokaxxure, 4To:
1) umcio 2 aBAseTcsa apu@METUYECKUM KYyOWYECKUM KOPHEM U3
ypcJa 8;
2) uywmcyao 3 ABaAeTcA apuGMeTHUECKUM KOPHEM UeTBEPTOI CTEIIeHU
u3 yucJaa 81;
3) umcio —3 He ABJAdAETCA apuGMETUYECKUM KOPHEM UYeTBEePTOU
crenenu u3 ymcia 81.

4.4.° Haligure 3HAUeHNEe BBIPAMKEHU:

1) ¥216; 2) #0,0016; 3) 3~0,00001; 4)3—%; 5)%2/—243.

4.5.° Yemy paBHO 3HaUeHNE BBLIPAKEHUA:

1) ¥3843; 2) 0,5%-64; 3) —¥-1024?
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4. OnpepeneHve KOpHA n-in cTenexn 27

4.6.° Beruuciaure:

1) (¥5); 2) () 3 (42); o (-2¢5).
4.7.° HatiguTe 3HaYeHNE BbIPAYKEHMS:

1) (¥18)’; 2) (-49)’; 3) (-411); 9 [%%/R) .

4.8.° Pemure ypaBHeHUE:

1) x*=27; 4) x*=16; 7) 27x*—1=0;

2) x°=9; 5) x° = 5; 8) (x — 2)*=125;

3) x'=-2; 6) x*=-81; 9) (x + 5)*=10 000.
4.9.° Pemmure ypaBHeHUE:

1) x°=1; 3) x¥=0; 5) 64x° + 2 =0;

2) x=1; 4) x° = -64; 6) (x — 3)*=1729.

4.10.° PemuTe ypaBHeHUe:

D =3 3) ¥x = -6; 5) Y2x+7=0;
2) Yx =3; 4) Yx =-2; 6) ¥2x+7=0.

4.11.° Permute ypaBHeHUIE:
1) 8x =-2; 3) Yx =-2; 5) ¥3x-2=0;
2) 4x =-2; 4) 3x-2=0; 6) 3x-2=2.
4.12." Berancomre: 0,3 41000 — 54256 +6 - (<96 .

4.13." Boramemnre: 200 §0,001 — 3/~0,00032 — (—4+/2)
4.14." Haiigure 0671acTh ompegeaeHns (QyHKIAN:
1) y=3Yx-1; 2) y=Yx+1; 3) y=Vx*-x-2.

4.15." Haiigure 06IacTh OIpeeIeHNd (DYHKIIM:

1
1) y=42-x; 2) y=3"" 3) y=x’ —dx+3.

2

4.16." MeXAy KaKUMHU IBYMSA IIOCJIEJOBATEJIHHBIMH IEIBIMU UMCIAMU
HaXOOUTCSA HA KOOPAMHATHON IPSIMOM UHCJIIO:

1) ¥3; 2) ¥21; 3) £100; 4) -¥81?
4.17." Mexay KaKUMH ABYMS ITOCJIELOBATEIbHBIME IIEJIBIMHU UHCJIAMHI
HaXOAUTCA HA KOOPAWHATHON IMPSAMON YMCJIIO:

1) $18; 2) 4139; 3) -2129
4.18." PemnTe HepaBeHCTBO:
1) Yx >3 2) Yx-8<2; 3) Yx+1>1.

4.19.” TIocTpoiiTe rpaduK QYHKIUNI:

1) y=(¥x); 2) y=(¥x)".
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28 § 1. DyHKUMM, X CBOWCTBA M rpadyviKm

4.20." Pemure ypaBHeHHe:

1) (2-4)Yx+1=0; 2) (x-1)Yx*-2x-3=0.
4.21." Pemure ypaBHeHHE (X + Z)M =0.
4.22." TlocTpoiite rpaduk GYHKIUHE Y = ((‘/Er +(41- x)4 +1.
4.23." TlocTpoiite rpaduK GYHKIUHT Y = (M)s + (6 2- x)ﬁ.

, roTOBUMCS K U3YYEHMIO HOBOM TEMb|

4.24. BuiuncinuTe 3HaUeHNe BBIPAMKEHUS:

1) /0,64 - 36; 2) /6% -3%; 3)

4.25. HatiguTe 3HaUueHUe BBIPAKEHUS:

1) V32 -42; 2) 2°-3-2°-3%; 3) %

5. CBOMNCTBA KOPHS -1 CTeNeHn

PaccvoTpuM TeopeMbl, BhIPasKAaIoIe CBOMCTBA KOPHS - CTeIeHN.

Teopema 5.1 (mepBasd TeopemMa 0 KOpHe U3 cTeneHu). Jas
1106020 a € R u ke N gvinonnaomes pasencmeéa:

2k+1¢a2k+1 —a
— W,
2kla2k — | a |.

2k+1
oxaszameavcmeo. UTobsl g0oKasaTb PaBEHCTBO Jx =y, mo-

CTATOYHO IIOKa3aTh, 4To y** ' = x. J[J1A mepBOro JOKA3HIBAEMOTO PABEH-

crBa x = @' u y = a. Orcioga paserncTBo ¥y "' = x oueBmgHO.

Y706l MOKA3aTh PABEHCTBO /X =y, JOCTATOYHO IOKA3aTh, YTO

y>0 u y** = x. Jlns Broporo 10KaspIBaeMOTro paBeHCTBa uMeeM: | a |>0
2k 2k

u (| al)? =a”.

Teopema 5.2 (kopeHs u3 npoussenenusn). Ecau a>0, b>0,
neN, n>1, mo

ab =%a - %b.

Horxaszamenvcmeo. [Ijs Toro 4To0BI JOKA3aTh PABEHCTBO VX = Y,

rae x>0, MOCTATOYHO MOKasaTh, uto y=>0 u y" = x.

Nwmeem: Ya>0 u Yb>0. Torna Ya -Yb>0
Kpowme Toro, (Q/E . (’/3)” = ({‘/a_)n ({‘/I;)" =ab. <
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5. CBOWCTBA KOPHSA -1 CTeneHu 29

Teopema 5.3 (kopens u3 uactuoro). Ecau a>0,b>0, neN,
n>1, mo

:%,

Teopema 5.4 (ctremens kKopHa). Ecau a>0, neN, keN,
n>1, mo
k
(n/a) :nak.
Hoxasameavecmeo. Eciu k=1, To fokaspiBaeMoe PaBEHCTBO

OUYEeBUHO.
IlycTe k£ > 1. Nmeem:

((‘/a_)k=¥/E-¥/E-...-¥/E=na-a-...‘a=”ak. <

k mHOMUTENEH k MHOMKHUTeIEH

Teopema 5.5 (kopeus u3 rkopus:a). Ecau a>20, neN, keN,
n>1,k>1, mo

¥a =a.

Hoxasamenvcmeo. Umeem: ¥4 a >0.

Kpowme Toro, (" %)nk = ((” %)n)k = (f/;)k =a. <

Teopema 5.6 (BTopasa TeopemMa 0 KopHe u3 crenenu). Ecau
20, neN, keN, n>1, mo

nklak — n[a
Hoxasameavecmeo. Eciu k=1, To foKaspiBaeMoe PaBEHCTBO
OUEeBUIHO.

IIycts k> 1. UMeem: ”Wz\"/'{/(?k =1a. <

3amaua 1. Haiimure 3HaueHUe BLIPAXKEHU:

1 473" 2) §1,2%; 3) ¥16-%2;  4) ;\/3%‘

Pewenue. 1) Bociosib3oBaBIuch TeopeMoii 5.1, MOKHO 3aIKUCATH:

Y(-7,3)" =|-7,3|="7,8.
2) §1,2'2 =1,22 =1,44.

3) 3aMeHUB NpouM3BeleHNE KOPHEH KOPHEM W3 MPOU3BEIEHUs, II0-

JIyIUM:
16-3Y2=3516-2=%32=2.
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30 § 1. DyHKUMM, X CBOWCTBA M rpadvikm

4) 3aMeHUB YacTHOEe KOPHEH KOPHEM M3 YACTHOTO, IOJYyUNM:

o _ \/E _ \/E 2
3375 V315 N125 5°
3amgaua 2. YupocTuTe BbIpasKeHUe:
1) 4a*®; 2) 644", ecnm a<0; 3) Wa®; 4) Ya’.
Pewenue. 1) Ilpumenus Teopemy 5.1, moayumm:
2) Umeem: 64a'® =2| a® | ITockoabpKy mo yciaoBuio a<O0, To
a®<0. Torma Y64a® = 2| a® |=—2a3.
3) ¥a® = {¥a® = 4.
4) W:W:ﬂﬂ. <

3amaua 3. BolHecuTe MHOKHUTeNb U3-TI0f 3HAKa KopHA: 1) ¥250;
2) ¥b*s.
Pewenue. 1) IlpeacraBuM UYMCIIO, CTOSINEE IOJA 3HAKOM KOPHSI,

B BHU/e IIPOMU3BENEHUS ABYX UKCEJ, OTHO U3 KOTOPBIX SABJISETCS KyOOM
PaIMOHAJIBHOTO UKCJIA, U BbIHECEM MHOMKUTEIb W3-IOJ 3HAKA KOPHS:

3/250 = 3[125-2 = 5 3/2.

2) s ycimoBusa ciaexyer, uro b>0. Torga

o = b =|v* |¥p® =6°Yp*. «
3amaua 4. BHecuTe MHOMKUTEJNDb II0] 3HAK KOPHS:
1) —293;  2) Y.
Pewenue. 1) 283 =-864 -3 =-4192.
2) U3 ycimoBusa ciuexyer, uro c = 0.

Torma ¢’ =e e =", <«
N

3amaua 5. Cokparure gpobp —————

Ja—24ab ++b’

Peuwernue. Pa3no:XuB YUCIUTEIb I 3HaMEeHATEJIb JaHHOU Apobu Ha
MHOMKHUTEJN, IIOJYUaeM:

Va-bo _ (Ya-Yo)(Ya+¥o) Ya+io
Va—24ab +b (Ya - 4o) Ya-Yo
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5. CBOWCTBA KOPHSA -1 CTeneHu 31

p B

e, CchopMynmpynTe NepByio TeEOPEMY O KOPHE 13 CTENEHW.
2. ChopmynumpymTe TeOpeMy O KOPHE 113 MPOM3BeaeHNS.
3. ChopmynumpymTte TeOpeMy O KOPHE 13 HaCTHOTO.
4. CchopmynmpymnTe TeopeMy O CTeMeHM KOPHSI.
5. ChopmynupymTe TeopemMy O KOPHE 113 KOPHS.
6. CchopmMynmpymnTe BTOPYIO TeEOPEMY O KOPHE 13 CTENeHMU.

v

3—!‘7/ YMPAXKHEH/S I

5.1.° HaiiguTe 3HaueHUe BBIPAYKEHUA:
312 . 114
. 10 m5,
1) 364 -125; 2) 32 -7 3) 4@.
5.2.° BeluucauTe 3HAUEHNE BLIPAXKEHU:

1) 30,064 - 343; 2) ,sfi- 3) 323"
5 5 210 ’ 16 *

5

5.3.° HaiiguTe 3HaueHNe BbIPAYKEHUS:

1) 42 - 4s; 3) jl% 5) 3/6+/3+10 - ¥6-/3 - 10;

8[930 . 712

2) /0,054 - ¥/4; 4) — 6) 4343427 -4 9.

2.7t

5.4.° YupocTure BBIpaKeHUE:

1) ¥25-5;  8) Y2757 -{2° -5, 5) {2417 +10- 2417 —10;
480. " 6310,102. 6) %%/8_1
5 g3t (P
5.5.° YmpocTuTre BhIpakeHme:

1) V¥a; 2) {f¥x; 3) Wet; 4) Wa'p*.
5.6.° YpocTuTe BhIpasKeHUe:

1) {Vax; 2) \/ﬁ; 3) Wa’; 4) Wa'v".
5.7." BoIHecHuTe MHOMKUTEIH U3-II0] 3HAKA KOPHA:

1) ¥16;  2) 4162;  3) ¥250;  4) Y40a®;  5) Y-d".
5.8." BelHeCHTe MHOMKUTEIb U3-II0J 3HAKA KODHA:

1) 4/80; 2) 3/432; 3) ¥54y°.

2)
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32 § 1. DyHKUMM, MX CBOWCTBA M rpadyviKm

5.9." BHecuTe MHOKUTEJb IOJ 3HAK KOPHH:
1) 243;  2) 435;  3) 530,04x;  4) bY3?;  5) ci/Ez'
c

5.10." BEecruTe MHOKHUTEb IIOf 3HAK KOPHM:
1 3
1) Y3205 2) 24/7; 3) 544a; 4) 2x3,5/%.
5.11." Bamenure BhIpaskeHume 4625 —3/320-%135+%40 ma Toxge-

CTBEHHO paBHO€ eMYy.

5.12." Yupocrure Brpakenue 354 — 3316 + 53128 +2000.
5.13." YopocTure BBIpasKeHUE:

1) y243; 2) Ya¥la; 3) {24242,
5.14." YopocTuTe BhIpaskeHUe:

1) §343; 2) Yfo4b; 3) Yaifaila.
5.15." YmpocTuTe BhIpasKeHIUe:

1) (1+¥a +¥a*) (1-¥a); 2) (1+va)(1+4a)(1-¥a).
5.16." Ynpocrure soipaxenue (Ya —Yab +3b)(Ya +Yb).
5.17." IIpu KaKWX BHAUEHHUAX @ BHIIOJHAETCH PABEHCTBO:

1) Ya* = a; 3) Ya* = a;

2) Ya* = -a; 4) Ya* =-a?

5.18." Ilpy KaKUX 3HAUEHUAX @ BHIIOJHSAETCH PABEHCTBO:

1) Ya® =a’ 3) Ya' = (¥a)’;

2) Ya® = -a’; 1) Ya* =(¢a)"2

5.19.” IIpu KaKWX 3HAYEHUAX @ U b BBHIOJHAETCA PABEHCTBO:

1) Yab = Y-a - ¥-b; 3) Yab =¥ - Yb;

2) Y-ab =Ya - Y-b; 4) Yab =¥Y-a - Y-b?
5.20." TIp1 KaKUX 3HAUEHUAX X BBIIOJIHAETCA PABEHCTBO:

1) Vx> -4 =4x-2 -Yx+2;

2) 3(x-6)(x-10) =Yx -6 -x-10?
5.21." YopoctuTre BEIpaXkeHMe:

1) W, ecau m = 0; 4) ‘{‘/cﬂ;

2) Yn*, ecm n<0; 5) 40,250, ecau b<O0;

3) Y256k, ecau E<O0; 6) Y81x%y*, ecim y>0.
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5. CBOWCTBa KOPHSA n-11 CTeneHn

33

5.22." YopocTuTe BBIpasKeHLe:
1) V625a*; 3) Wp*q¢*, eciu p>0.
2) —5v4x?, ecau x<0;

5.23." Coxparure apo0b:
plah, o A e

Ya+4b Ya -4 b+
J_ 9 \/> +4¥x +16

2) - s —
I +3 x—64 a- [
5.24." Coxparure npo0Ob:

1))

2) 3)

\/_—1, Ymn

Ya o’ Jab
5.25.” Pemure ypaBHeHUe:

1) Y(x+4) =x+4; 2) Y1 -3x)* =(1-3x)".

5.26.” YopocTure BhIpasKeHUe:

1) §(V6-2)’; 2) {(1-+2); 3) {(v2-+3).

5.27." YopocTuTe BBIpayKeHNe:

1) J(V5-2); 2) Y(Va-5); 3 §(V7-3).

5.28." BelHecuTe MHOMKHUTEIH U3-II0] 3HAKA KOPHA:

1) Y-m’; 2) Va®b'®, ecau a > 0.

5.29.” BeIHecuTe MHOKHUTENb U3-I0J 3HAKA KOPHH:

1) Y32a®, ecn a<0; 2) V-625a°.

5.30." BHecuTe MHOKHUTED IIOJ 3HAK KODPHH:
1) ¢¥/3, ecu ¢<O0; 2) b¥6; 3) a¥-a.

5.31." BHecuTe MHOXKUTEJb IO 3HAK KOPHS:
1) a¥a; 2) ai-a’.

5.32.% Pemure ypaBHeHIe %/(x -3)' + 9/(5 -x)® =2.

, rOTOBMMCS K U3YYEHUIO HOBOW TEMb|

5.33. IIpencraBbTe B BUE CTEIEeHN C OCHOBAHWEM @ BBIpa’KeHUe:
@)° - a*

1) T; 3) a75 'alo .a—lz; 5) alZ 'a720 :aig;

2) a’-a’®; 4)a?:al 6) (a )"
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34 § 1. DyHKUMM, X CBOWCTBA M rpadviKm

5.34. HatinuTe 3HaueHNe BBIPAYKEHUA:
5

147 7" ((3)®
1) 2°.27%.27%% 3 ; 5 (2_) (_j ;
) ) 75 ) 9 5
-3 6 o8
2 22% .2
2 33-(—) ; 4) 97*.27%; 6) ——.
) 3 ) ) 447 -11°

6. OnpepeneHne n cBONCTBA CTeNeHn
C pauuoHanbHbIM NoKa3aTtenem

B 7 kiacce BBl y3HaJIM, 4TO CTEIIEHb C HATYPAJILHLIM IIOKAa3aTeIeM
obJsiagaer CJIe,Z[YIOH.II/IMI/I CBOMCTBAMMU:

1) am . _ am+n

2)a"‘:a:a "a#0,m>n;

4) (ab)"=a"b";

5) [3) -2 p=o.
b b"

ITos:ke BBI O3HAKOMMJINCH C OIIPEAENeHUAMU CTEIeHHN C HYJIeBBIM
OKa3aTejeM M CTeIeHH’ C OTPUIATENbLHBIM IIeJLIM IOKA3aTeIeM:
=1, a#0;

a" :in, a=0, neN.
a
9THU ompeneieHNs BeChbMa YAAUHBI: IPU TAKOM IIOAXOI€e BCE IIATh
CBOMCTB CTEIEHU C HATYPAJbLHBIM IIOKA3aTeJieM OCTAIOTCS CIIPABEIJIN-
BBIMU U AJIS CTEIIEHU C IeJIBIM IIOKAa3aTejIeM.
BBemem moHATHE CTEIEHU C IPOOHBLIM IIOKA3aTeJIeM, TO €CTh CTeIe-
HU a’, IOKAa3aTeJb KOTOPOUN SBJIAETCA PAIMOHAJBHBIM YHCJIOM BHIA

m
r=—, roe meZ, neN, n>1. KemareibHo caejaTh 3TO TaK, YTOOLI
n

CTeIleHb C ,ZIpOﬁHBIM IIOKa3aTeJyIieM OGJIa,I[aJIa BCEMHU CBOWICTBAMMU CTEIIEHU
C IIeJIBIM IIOKa3aTeJIEM. IToackaskoii a1 TAKOTO oIIpegeJieHus MOJMKeET

CJIY?KUTH CJIEAYIOIUNA mpuMep.
2 2
O6o3HauMM uepes X NCKOMOe 3HaueHune crernenu 23, To ectb x = 23,

3
2
VuursiBas coitctso (a™)" = ™", MoskeM sammcaTh: x° = (23) =2°. Cue-
o 3
ZIOBATEIBHO, X — 9TO KyOUUIeCKIil KOpeHb 13 uncia 22, To ects x = 322,

2

Taxkum obpasom, 23 = 3/2_2
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6. Onpe,u,eneHl/le 11 CBOWCTBA CTEMneHu C PaurOHaNbHbIM MNMOKa3aTenem 35

AT COO6pa?KeHI/I§I IIOACKa3bIBAlOT, YTO I_IeJIeCOO6paSHO IIPUHATDH
CIeayriIiee ompenejeHue.

Onpenmenenue. CTemeHbI0 MOJOKUTEJIHHOI0 YHCIA @

m
C pamMmoHAJBHBIM IMOKa3aTeJeM r, IpeacTaBJJ€eHHBIM B BUJIe —
n

rie meZ, neN, n>1, Ha3sIBalOT Yyncao V&", TO eCTh

Hanpuwmep, 57—\/573 35—35 =337, 0403_0410_101043

3aMeTuM, 4TO 3HAUEHHNE CTEIIeHU a', I'e I' — PalOHAJbHOE YMCJIO,
HE 3aBHCUT OT TOI'0, B BUJE KAaKOH npoGH IpenCcTaBJIeHO YUCJO I'. ITO

mk

MOJKHO ITOKa3aTh, UCIIOJIb3Y s PABEHCTBA a” = \/_’” uam = W \/_

CremneHb C OCHOBAHUEM, PAaBHBIM HYJIO, OIPEAENAIOT TOJIbKO IJIs
TIOJIOKUTEJHHOTO PAIIMOHATBHOTO ITOKAa3aTess.

m
Onpenenenune. 0" =0, tne me N, neN.
1
Ob0paTuM BHUMaHUE, UTO, HAIpuUMep, 3anuck 0 2 He mMeeT cMbICTA.
IToguepKkHEM, UTO B JAHHBIX OIPEAEJIEHUAX HEe UAET PEUb O CTEIIeHU

m 1

a™ mas a <0, mHanmpumep, Bbipaskenue (—2)% ocraercsa HeOIpeIeseH-

HBIM. BMmecTe ¢ Tem BeIpakeHmMe {—2 mMeeT cMEbIca. BosHMKaeT ecte-
1

CTBeHHBIH BOIIPOC: ToYeMy ObI He CUMTATh, uTo ¥—2 = (=2)3 ? ITokaskeM,
YTO TaKas JOTOBOPEHHOCTH IMPHUBeJa Obl K MPOTUBOPEUHIO:

1 2
Y2 = (-2)° = (-2)° = §(-2)* = V4.
IMony4yuan, 4YTO OTPULATETHHOE UNUCIO0 3—2 «PABHO» IOJIOKUTEIb-

HOMY YUCIY Q/Z
DYHKIUIO, KOTOPYIO MOYKHO 3amaThb (Gopmysoit y=x", reQ, Ha-
3BIBAIOT CTENMEeHHON (DYyHKI[Me#l ¢ palMOHAJbHBIM IIOKa3aTeJeM.
m
Ecnu Hecoxkpatumas npods —, me Z, n€ N, n > 1, aBadercsa duc-
n
m
JIOM IIOJIOKUTEJBHBIM, TO OOJIACTBIO OIpeAeseHUA (QYHKIUU Y = X"
ABJIdAETCA MPOMeEXKYToK [0; +90); a ecau sTa APOOL — OTPHUIIATEHHOE
YuCJa0, TO IpoMeskyToK (0; +00).
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36 § 1. DyHKUMM, X CBOWCTBA M rpadvikm

1 1
Ha pucynke 6.1 uzobpakensl rpaburu GyHKuuit y =x2, y=x3,
1

y=x*.
A
Y 1
=Hx2 "1
L/ X /T_
= —|+3
= Y =X
///’/—'— g —
o — =
. y=x*
1
0 1 x
Puc. 6.1

ITokasxeM, UTO CBOMCTBA CTEIIEHU C IEJBIM II0OKA3aTeJeM OCTAIOTCS
CIIPaBeJIMBBIMU U [JIS CTEIIEHUN C IPOUSBOJIBHBIM PAI[MOHAIBHBIM IIO-
KasaTejeM.

Teopema 6.1 (npoussenenue creneneii). Jasa nw6ozo a >0
U 11066LX PAYUOHALLHBLX HUCEN P U ¢ BbLILOLHACMCA PAGEHCME0

af -a? =a?t

,ZI oKaszameJabcmao. 3amuliineM panyuoHaJIbHBbIE UKCJIa P 1 ¢ B BUJe

. m k
Ipobeii ¢ OMMHAKOBBIMU 3HAMEHATeIAMU: p=—, ¢=—, TAe melmz,
n

keZ, neN n>1 Nmeem:
m+k m k
m.k
a® - aq_an an_l l _n}a [ _an =qn n:ap+q.<
Cunencreue. Jasa n1060z0 a > 0 u 1106020 payuoHaLbHOZ0 LUCLA D
6bLNONHAEMCA PAGEHCME0

Hoxasamenvcmeo. Ilpumenas Teopemy 6.1, sanumem: a * -a” =
-p+p Y -p 1
=a =a =1. Orcroza a =—.
a

Teopema 6.2 (uacTtHOe cremneneii). Jaa no6ozo a > 0 u 1106vLx
PAYUOHALbHBLX HUCeN P U ¢ BbLILONLHACMCA PABEHCME0
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6. Onpe,u,eneHl/le 11 CBOWCTBA CTEMneHu C PaurOHaNbHbIM MNMOKa3aTenem 37

Horxazameanwvcmao. [lpumenss Teopemy 6.1, sanuiiem: a? -a”~ 7 =
=a’""" " =a’. Orcioma @’ "=a" : a’. 4

Teopema 6.3 (ctenens crenenu). Jasa nrw6ozo a > 0 u nr06vLx
POUUOHANLLHBLX WUCEL D U ¢ 6LLNOAHAEMCA PAGEHCME0

m s
Hokasameavcmeo. Illyctb p=—, meZ, neN, n>1,u q=;,

n
seZ, ke N, k>1. HNmeem:

(ap)q_ , , 1/ \/_ akn —a%%:am.q

TeopeMa 6.4 (CTeHe}IL NpouM3BeJeHUA U CTENMEeHb YacCT-
HOoTr0). Ana nwooésvix a>0 u b>0 u 1106020 payuonarbHozo Lucaa p
6bLNONHAIOMCA PDABEHCMEA

(ab)’ = a’b”
a\ a?
) =%

I[orcaﬁm're 9Ty TeopeMy CaMOCTOATEJIbHO.

3amaua 1. YopocTuTe BbhIpasKeHUe
(3a0’3 " bo,z) (ao,s _ 4b0’2) _ (a0’3 " 2b0’2) (ao,s _ 2b0’2).
Pewenue. PackpoeM CKOOKH, WCIIOJb3ys MPABUJJIO YMHOMKEHUS
MHOT'OYJIEHOB U ()OPMYJy PA3HOCTU KBaAPATOB, a 3aTeM IIPUBEAEeM II0-
IOOHBIE cilaraemble:
(3a0‘3 " bo,z) (ao,s _ 4b0’2) _ (a0’3 " 2b0’2) (a0’3 _ 2b0’2) _
6 —12a”%"? + a*%™? - 4b°’4 a®®+ 4b° *=2a"% - 11a%"%. «

1

1
x3+2 x3-2 16
3amava 2. YOpocTuTe BEIDAYKEHHE — i -

x3 -2 x342 «x%-4
Pewenue. Boimonuum 3ameny x° =y. Torga manmoe BhIpaKeHUe
y+2 y-2 16
-2 y+2 -4

ATO BBIpAYKEHUE JIETKO YIIPOCTUTH. 3aBEPIITUTE PeIlleHre CaMOCTOA-
TEJBHO.

IIPUHUMAaET BUL

8
Omeem: ——. <
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38 § 1. DyHKUMM, X CBOWCTBA 1 rpadviKm

9 -
m

® 1. Y70 Ha3BLIBAIOT CTEMeHbIO MONOXUTENLHOMO YMCNa @ C NoKasaTeNeM —, rae
n

meZ, neN, n>1?

m
2. Y70 Ha3bIBAIOT CTeneHbio Yncna O c nokasatenem —, rae me N, n e N?
n

3. Kakyto yHKUMIO Ha3bIBaOT CTeNeHHOW yHKLMEN C paLMOHabHbIM NoKa3a-
Tenem?
4. ChopMynmpymnTe CBOWCTBA CTEMEHM C PaLLMOHaNbHbIM NOKa3aTeneMm.

i—!‘?‘/ YMPAXHEH/S I

6.1.° HpeI[CTaBBTe CTEIIEHb C I[pO6HBIM IIOKa3aTejyieM B BUJ€ KOPHA:

1 1 4
1) 5%; 2) b 7; 3) (ab)".

6.2.° IIpeacraBbTe CTEEeHDb C APOOHBIM IIOKasaTejleM B BHUIEe KOPHS:
6

1) 3’%; 2) % 3) x7.
6.3.° IIpencraBbTe BhIpasKeHNe B BUJIe CTEIIeHU C JPOOHBIM ITOKAa3aTeIeM:
1) Ja; 2) U6°; 3) V22
6.4.° IIpencraBbTe BhIpasKeHUE B BUJIe CTEIEHU ¢ JPOOHBIM ITIOKa3aTeIeM:
1) Ya®; 2) Wm*; 3) V5a°.

6.5.° HailiguTe 3HAUeHUe BbIPAKEHUS:

1 1 4
1) 42 3) 3-64 3; 5) 273;
1 _3
2) 25 2; 4) -5-0,01 2; 6) 32702,
6.6.° Yemy paBHO 3HAUEeHINE BLIPAIKEHUA:
1 1 _2
1) 83 2) 10000%; 3) 0,125 37?
6.7.° HaliguTe 3HAUeHUE BbIPAKEHUS:
2\1 5\
1) 3%.32%%.3%%, 3) (253) ; 5) (E) -1,2%%
1,5 1
0 2
2) (575" 4 (ij ; 6) -

6.8.° Uemy paBHO 3HAUeHNE BBIPAYKEHU:

1\ 81?
1) 53,4 '5—1,8 _5—2,6; 2) (7*0,7)8 . 7*7,6; 3) (_) : 4) _?

Mpago ans i iApy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



6. Onpe,u,eneHl/le 11 CBOWCTBA CTEMneHu C PaurOHaNbHbIM MNMOKa3aTenem

39

6.9.° PackpoliTe CKOOKM:

1 1 1

1) 2a2 (a2 —4)+8a2; 4) (™' +3)* - 6™
2 3\ 2 3 1 2 1

2) (3173 —cz)(3b3 +02); 5) ( )(c3 +c? +1)
11y 1o\ 2 s

3) (a3+b3) ; 6) (a3+a2)(a3—a6+a).

6.10.° PackpoiiTe CKOOKM:

1 1 1
1) (5a”* + b%%)(3a™* — 4b™?); 4) (x6 + 2) (x3 —2x6 + 4);

2) (m®® + n®%) (m®® — n®%; 5) (y"° — 4y°)* + 8y%
1o1)? 1 1 1
3) (m2 —n2) ; 6) ( )(a“ +1)(a8 +1).
6.11." BeruncauTe 3HAUEHUE BBHIPAMKEHIA:
3 2
1 2 1 - 2
L2 1 1Y+ (1)
1) 123 -62 -(0,5)3; 3 (—) +(—) -(0,81) %%
) (0,5) ) T s (0,81)
15
2) 25 4+ (0,25) "% — 8175, 4) 168 -8 6 -4,
6.12." HaiiguTe 3HAUeHNe BBIPAKEHU:
4
Loy 3 1 2
1) | 3432 (4—9) ; 3) 0,0016 *-0,04 2 +0,216 3;
1 11 2
2) 104 - 404 - 52; 4) 6257% .25 . 1258,
6.13." Coxparure apobs:
1
a-5a? a-b a+b
D= ) i O T
a? -5 ab? +a?b a® +b?
11 1 1
a—4b a+2a?b? +b m? —n?
2) a0’5 N 2b0'5; 4) 1 l ; 6) § § M
a? +b? m? —n?
6.14." CoxparuTe Apobh:
1
a+2a® a-b a®® —p%°
1) 5/ 3) T ) —;
< a-b
a® +2 a-a?b
5 1 15
m*n* —m*n* a-b a—-125
9 P oy 6
min* a® +a’b® +b3 a® -25
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1,5 1,5
o a->b a” -b
6.15. YmpocTuTe BBIpasKeHHE — == .
a’ -b" a-b
oo m-—-n m+n
6.16. YmpocTutre BBIpasKeHHE — TR -
m3 —n® m3+nd
o a® +2 a” -2 a”’ 2
6.17. Toka:KuTe TOKIECTBO o i3 = .
a+2a"+1 a-1 a’+1 a-1
. m? +n® m+n \ m _ o 2
6.18. [lokasKuTe TOXKIECTBO 3 R T |r—=n*-m?2.
> 2l n

m?2+mn? m?2+n

rOTOBUMCS K U3YYEHUIO HOBOW TEMbI I

6.19. Pemture ypaBHEHUE:

1) V3x-T7=0; 3) Vx® —64 =6; 5) \/;+\/x—2=0;
2) NJ4x -1 =6; 4) V1+43+x =4; 6) (x—-2)Jx+2=0.

7. UppauunoHanbHble ypaBHeHUA

IIpu perieHMU ypaBHEHUI WHOTAA BO3HUKAET HEOOXOAUMOCTH BO3-
BecTu o0Oe UacTU ypaBHEHUS B ONHY U Ty K€ CTeleHb. BBIACHUM, KaK
aTO mpeo6pa3oBaHUeE BJIUSAET HA MHOXKECTBO KODHeIH JaHHOTO ypaB-
HeHUs.

Teopema 7.1. Ecnu o6e wacmu ypasneHus 6036ecmu 6 HewemHyio
cmenenbv, Mo NOLYLUM YypasHenue, pAa6HOCULbHOEe OAHHOMY.

Bamaua 1. Pemure ypasmenue Yx’ —2 = Ux.

Pewenue. Bo3Bemem obe UacTu MaHHOTO YPaBHEHUS B CENbMYIO
CTeIIeHb. HOJIy'—II/IM PaBHOCHUJIBHOE YpaBHEHUE

7
(=) = (3R]
OTCIouaxZ—Z:x; x2-x-2=0; xlz—l, x2:2.
Omsem: —1; 2. 4

VpaBHeHUe, pacCMOTPEeHHOE B 3a7jaue 1, COIEPIKUT TePeMeHHYIO IO
3HAKOM KOpH#A. Takue ypaBHEHUS HA3BIBAIOT MPPAIMOHAJIHHBIMU.

Bor e1rie mpuMepsl UpparuoOHAJIbHBIX YPaBHEHUMN:

Vx—3=2;
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7. VippaupoHanbHble ypaBHeHWs 41

Jx—24x +1=0;
V8-x=%2+x.

ITpu pemrenun 3agaun 1 HaM NPUIILIOCH IPEOOPA30BLIBATEL ypaBHE-

HUe, colep:Kallilee KOPHU HEUETHOH cTeleHu. PaccMoTpuUM ypaBHEHUs,
coepsKaIue KOPHU YeTHOM CTeIleHu.

3amaua 2. Pemure ypaBHeHUE (\/3x+4)2 :( x—2)2. (1)

Pewenue. Ilpumenas hopmyry (\/; )2 =a, 3aMeHUM JaHHOe ypaB-

HEeHUe TaKuM:
3x+4=x-2. 2)

Orcroma x =—3.

OpHAaKO MpOBepKa MOKA3bIBaeT, UTO UMCJIO —3 He ABJAETCA KOPHEM
WCXOMHOTO ypaBHEHU. ['OBOPAT, UTO UMCJIO —3 ABJIAETCS MOCTOPOHHUM
KopHeM ypaBHeHuA (1).

CrnemoBaTrenbHO, ypaBHeHUE (1) He mMeeT KOpHeTi.

Omeem: KopHeilt HeT. <«

IIpuunHa NOABJIEHNUA ITOCTOPOHHETO KOPHA IPU PEIIeHNN 3amauu 2

2
3aKJI0YaeTCAd B TOM, UTO, IPUMEHUB (hOPMYIIY (\/a_ ) =a, Mbl HEe YUJIU
orpaunnuenue a>=>0. I[Tosromy ypaBHeHme (2) 0Ka3aioch He PAaBHOCUJIb-
HbIM ypaBHeHUIO (1).
Onpenenenne. Ecau MHOMECTBO KOpHEei# ypaBHeHuH [, (x) = g,(x)

COJIEPIKUT MHOKECTBO KOpHel ypasHenus f, (x) = g, (x), To ypaBHeHHe
f,(x) = g,(x) HaspIBarOT caexcrBuem ypasHenud f (x) =g, (x).

Hanpumep, ypaBHeHue x° =25 ABIAETCH CIEACTBHEM YPaBHEHUS

1
x? -

=25

5 5 y6enm‘ec1> B 9TOM CaMOCTOATEJIbHO.
- X - X

1
Taxixe rOBOPAT, UYTO M3 YPABHEHUA X° — = 25—5— ciaemyer
- X

- X

ypaBHeHHe x° = 25.

Ha pucynke 7.1 ompenesieHue ypas-
HEHUA-CJIEeACTBUA IPOUJIIOCTPUPOBAHO
C IIOMOIIIBIO AuarpaMMbl Jiaepa.

Erre ogHO# IpuymHOM TOABIEHUA TIO-
CTOPOHHUX KODPHEH SABJIAETCA TO, UTO U3
paBeHcTBa X = x." He 00s3aTENBHO CJIe-

yeT paBeHCTBO X, = x,. Hampuwmep, (— 2)' =
=2* mo -2 # 2. B TO K€ BpeMsd 13 paBeH-
CTBa X, = X, CJIEAyeT PaBEHCTBO =t Puc. 7.1

M=uosKecTBO KOpHEH
YDPaBHEHUS-CIIE[CTBUSA

MHoKecTBO!
KOpHeit
YpaBHEHUST

Mpago ans i iapy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



42 § 1. DyHKUMM, VX CBOWCTBA M rpadvikm

CHpaBe,HJII/IBa caeayrimnada Teopema.

Teopema 7.2. I[Ipu 6036edenuu obeux wacmeil YypaéheHus 6 wem-
HYI0 cmeneHb NOAYLeHHOe YpaéHeHUe Aéniemca caredcmeuem Oan-
HO20.

3amaua 3. Pemure ypaBaHenue 4+ 3x = x.

Pewenue. Bo3Benem obe uacTu ypaBHeHMs B KBaapar. Ilomyunm
ypaBHeHNre, KOTOPoe SABJISAETCS CIEeACTBUEM NAHHOIO:
4+3x=x"
Orcroma x* — 3x — 4 =0; x, =-1, x2:4.
IIpoBepKa MOKAa3LIBAET, UTO YMCIO —1 — IIOCTOPOHHUI KOPEHb,
a uncyao 4 yaoBJIETBOPsSET JaHHOMY YPaBHEHUIO.
Omesem: 4. 4

3amaua 4. Pemmure ypaBHeHue +2x —3 ++/4x+1 =4.
Pewenue. Bo3egem o0e yacTy JAHHOTO YPAaBHEHUS B KBaJpar:

2x—3+2V2x -3 -VJ4x+1+4x+1=16.
Orcroza V2x—3 -vJ4x+1 =9-3x.

Ilepexonsi K ypaBHEHUIO-CIEACTBUIO, IIOJYyUYaeM:
8x* — 10x — 3 =81 — 54x + 9x%
—44x + 84 =0; x1:42, x2:2.
IIpoBepKa moxasbIBAET, UTO YKUCJIO0 42 ABIAETCS IIOCTOPOHHUM KOP-

HEeM, a YHCJIO 2 YAOBJIETBOPAET JaHHOMY YPaBHEHUIO.
Omesem: 2. 4

Bamaua 5. Permure ypasmenue Ja® +1+24x*+1-3=0.

Pewenue. IIycts vVx® +1 =t. Torga vx® +1 = t?. Temepsb ucxomgHOE
ypaBHeHUEe IPUHUMAaET BU]
t*+2t-3=0.
Orcroga t=—3 unu t=1.
B cayuae, xorga t=—3, moaydaeM ypaBHeHHe vx° +1=-3, He
uMeoIlee perreHni.

B caiyuae, Korga t = 1, moayuaem ypaBHeHme vx° +1=1.
3aBepIiuTe perieHne caMOCTOATEIbHO.
Omeem: 0. 4

HamomMHuM, 4TO ¢ METOAOM, WMCIIOJb30BAHHBIM IIPUA PEIIeHUU II0-
cJelHero ypaBHeHUus, BBl 3HAKOMBI eIlle U3 Kypca aaredpsl 8—9 KJjaccos.
IATOT MeToH Ha3bIBAIOT MemoOoM 3aAMEHbL NePeMeHHOlL.
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p B

1 1. Kakoe ypaBHeHVe Ha3bIBAlOT MPPaLMOHaTbHBIM?
2. Obe YacTV ypaBHEHWS BO3BENN B HEYETHYIO CTeneHb. Obs3aTeNbHO N UCXOL-
HOe 1 nosny4eHHoe ypaBHeHWs OyayT paBHOCUbHBIMA?
3. Obe YacTV ypaBHeHMs BO3BENM B HeTHYIO cTeneHb. Oba3aTensHO N cxofHoe
1 NONy4eHHoe ypaBHeHVs OyayT PaBHOCUNbHbBIMA?
4. Kak MOXHO BbISIBUTb MOCTOPOHHME KOPHW YpaBHEHMA?

v

ﬂ—!‘?/ YMNMPAXKHEH/S I

7.1.° O6bsacHUTE, IIOUEMY He UMeeT KOpPHell ypaBHEeHUe:

1) Vx—-2+1=0; 3) Vx—-4+J1-x =5
2) Yx+8¥x-1=-2; 4) Yx-6+/6-x =1.
7.2.° Pertture ypaBHEHUe:

1) Y2x-2=2 3) Yx—6=-3;

2) Yx-4a=2 4) Yx* -2x+3 =x.
7.3.° Perture ypaBHEHUE:

1) Yx-3=4 2) ¥8x* —x—-15=2x; 3) Y25+x>+3 =3.
7.4." PemuTe ypaBHeHUe:

1) Y2x—1=3-x; 3) V2x-1=+x-3;

2) V2x -1 =+1-2x; 4) Jx* -386 =/2x 1.
7.5." PemmTe ypaBHEHUE:

1) Yx+3=%2x-3; 2) Vax-5=1-x.
7.6." Pemute ypaBHeHUE:

1) V2-x = x; 4) \2x® —3x-10 = x;

2) Jx+l=x-1; 5) 2Jx+5=x+2;

3) V3x -2 =ux; 6) V15-3x —1=x.

7.7." PemmuTe ypaBHEHUE:

1) V10 -3x = —x; 3) 3Jx+10-11=2x;
2) x=+x+5+1; 4) x—/8x" -11x-20 = 5.

7.8." PemmTe ypaBHeHUe:

1) JCx+3)(x—4) =x—4; 2) J(x-2)(2x-5)+2=x.

7.9." Pemnre ypaBHeHHE +/(3x —1)(4x+3) =3x—1.
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7.10." Pemnte ypaBHeHHe, UCIOJb3Ys MeTOJ 3aMeHbI IepeMeHHOIt:

3
1) Yx+23¥x*-3=0; 4) 2Jx+1-5= ;

Vx+1
2) Vx + 4fx —6 = 0; 1 L

x+1

x+5

3) 2x—T/x —-15=0; 6)

x+5

7.11." Pemure ypaBHeHUe, UCIOJIb3YSI MeTo,u 3aMeHbI IePEeMeHHOM:
1) x-Jx-12=0; 3) Vx+5-34x+5+2=0;

2) :3/?4_8:93/;; 1) {3x+2 /2x 3
3x+2

7.12.” Pemure ypaBHeHHUe:

1) V1+xvVx®+24 =x+1; 2) J1+xvx?-24 =x-1.
7.13." Pemure ypaBHeHHUe:

1) V22-x -/10-x =2; 3) V2x+3-Jx+1=1;

2) Jx+2-2x-3=1; 4) 2J2—x —JT-x =1.
7.14."” Pemure ypaBHeHUe:

1) V2x+5-/8x-5=2; 2) V3x+1-Jx+1=2.
7.15.” Pemure ypaBHeHUe:

1) Jx-5+J10-x = 3; 3) VI—x+V1+x=1;

2) Vx—T+Jx—1=4; 4) 13- 4x +Jx+3 =5.
7.16.” Pemure ypaBHEHHe:

1) VA—-x+Jx+5=38; 2) N2x+3+x+5 =

7.17.” Pemure ypaBHeHNe, UCIOIL3YS METOJ 3aMeHBI IIepeMeHHO:

1) 2* —5x+16-3x* —5x+20=0;
2) 2’ +4-5Jx* —2=0;
3) Vx’ —8x+5+x% =3x+T;
4) 32 —9x—26 =12+ 3x — x%.
7.18." PemmuTe ypaBHeHNUe, HCIOIb3YA METOJ 3aMeHbI TepeMeHHOH:
1) x* —4x-3Jx* —4x+20+10=0;
2) 2% —3x+11 =4+ 3x — x%;

3) 5x® +10x +x* +2x —15 =123.
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7.19." Pemure ypaBHeHHe \/x—1—2\/x—2 +\/x+7—6\/x—2 =6.
7.20." Pemure ypaBHeHMe \/x+2\/x—1 +\/x—2\/x— =6.

/YI'IPA)KHEHI/IFI AN NOBTOPEHUS I

2
—-x“+1l,ecimx <1,
7.21. IToctpoiite rpadpuk dyuriun f(x) = ITonnsy-
x—1, ecmux=>1.
sICh IIOCTPOEHHBIM I'PaUKOM, OIIPefeIUTEe MPOMEKYTKY BO3PACTAHUS
¥ yObIBaHUSA JAHHOIN (GYHKIIWU.
7.22. 3apgaiite dopmysoit auHelHyI0 GyHKIUio f, ecau f(—2)=35,

f(2)=-3.

@ JIbBOBCKAA MATEMATUYECKAS LLIKOJIA Il

Bl usyuaere pasmen «Ajrebpa M Hauaja aHajamsa». B HasBaHUU
TOABUJIIOCH HOBOE CJI0BOCOUETAHNE — «Havajia aHaan3a». UTo ke CKPBHI-
BaeTcsa 3a 3TuM HasBaHueMmM? OTBeT OUeHb IPOCT — MaTeMaTHUYECKUI
ananus3 usyvaeT Gpyukiuu. C 3Toro roja Bbl HaUMHAETEe 3HAKOMCTBO
c sJIeMeHTaMU aHaJIM3a: BaM IPUAETCSI PacCMaTPUBATh BCe HOBBIE W HO-
BbIe KJiacChl (DYHKITMII, M3y4aTh MX CBOICTBa, OBJaJeBaTh METOJaMU
uccJyenoBaHuAa (YHKITUH.

B niepBoii momoBuHe XX BeKa M3yueHHE HEKOTOPHIX KJAacCOB (DyHK-
WA TIPUBEJIO K IOABJIEHUIO0 HOBOM MaTeMaTUUYEeCKON MUCITUIIUHBI —
GyHKIIMOHAJIBHOTO aHa u3a. Ba)KHyI0, ()aKTHUUECKU TJIaBHYIO, POJIb
B CO3JaHUU 9TOM AUCIIUILINHBI CHITPAIN yueHbIe JIbBOBCKOII MaTeMa-
TUUYECKOM IITKOJIBI.

B 20—-30 rr. XX Beka ropoj JIbBOB ObLT HACTOSAIIEll MaTeMaTHYeCKOHi
cTosuIleii Mupa. B To BpeMsa B ero yupeskIeHUSX paboTaau Takue Je-
TeHIapHble MaTeMaTuku, kKak Kasumup Kypatosckwuii, Cramucaas
Magyp, Bmagucnas Opanu, Bangas Cepnunckuii, CranuciaB ¥iam,
IOnuit laynep, 'yro lreitarays m mHOorue apyrue. KBamuburamnms
yueHbIX JIbBOBaA ObljIa CTOJIb BHICOKA, UTO BCEMHPHO M3BECTHBIM MaTe-
MaTHK, aBTOP BAXKHEHNIIINX TeOpPEeM MaTeMaTHUUECKOUN JJOTUKU U TeOPUN
MHOKecTB Anbdpen Tapckuii He MpoIesa IO KOHKYPCY Ha BaKaHTHYIO
IOJIKHOCTE ITpodeccopa JILBOBCKOTO YHUBEPCUTETA.

Marematuku JIbBoBa co3asiu CUJIbHBIA HAYUYHBIN KOJIJIEKTUB, W3-
BeCTHBIN Kak JIbBOBCKasA MaTeMaTuuecKas ITKoJia. Ee pyKoBoauTeIeM
cunTaT reHnaabHoro marematuka Crepana Bamaxa.
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E
-
1 o~
CredaH BaHax Yuye6Huk BaHaxa BpyueHue rycs
(1892-1945) «Kypc dyHKuMOHanNbHOro

aHanu3a»

Ceromus C. Banaxa BoO BceM MUpe II0 MPaBy CUMTAIOT OCHOBATEJIEeM
dyHKIUMOHAIbHOTO aHanmu3a. OOUH M3 MePBLIX B MUPE YUEOHUKOB IIO
aToM mucuumanHe Hanucaa uMmenHo C. Bamax. Muorme pesyJabTaThl
Banaxa u BBeJleHHbIe UM HOHATUS CTAIN Kaaccuueckumu. Hampumep,
uccaef0oBaHHbIE UM MHOKECTBA IOJYUYNJIN HasBaHUe «0aHAXOBBI IIPO-
CTpaHCTBa» U ceifiuac BKJIIOUEHBI B HEOOXOAMMBI MUHUMYM 3HAHUI
BCeX, KTO 00yJaeTcs B BhICIIIEM yueOHOM 3aBeJeHUU M0 CHenaJlbHOCTHU
MaTeMaTuKa, pu3nKa, KubepHeTukKa u T. M.

PacckasbeIBaioT, YTO MHOTHE TEOpeMbl JIbBOBCKME MaTeMATHUKU J0-
Kasaju... B Kodeiine. C. Banax ¢ yuenukamu obJrroboBanu «IlloTramm-
CKYI0 KOelHIO», T/le Ha CTOJHUKAX ObLIO MPaMOPHOE MOKPBITHE — OUYEHb
ymoOHOe IJId 3alliCy MaTeMaTUuYecKUX (popMyJs 1 TeopeM. XO3AUH KO-
¢eliHu OBIT HEZOBOJIEH TAKMM CBOEBOJIMEM YUYEHBIX, HO CUTYAI[HIO
crmacja JKeHa BaHaxa, KynuB GOJIBINYIO TeTpanb AJA samuceii. Tak
mosBujach sHamenuras «llloT/amackas KHUra» — COOPHUK MaTeMa-
TUYECKUX IIPobJeM, Haa KoTopbiMu paborasa rpynmna C. Banaxa. B ka-
yecTBe Harpaabl 3a pellleHle CJIOKHBIX 3a7a4 aBTOPhI C IOMOPOM IIPe/I-
Jarajam To KPYKKM IHUBa, TO YXKUH B pecTopaHe. Hampumep, ogHa us
mpobJieM, 3a KOTOPYIO aBTOp Iooberras »kuBoro ryca (1936 r.), oniia
petrena Juiib B 1972 roxy, Torga ke m Oblja BpydeHa Harpaza.

IIpo6aemsbl, mocraBiaenubie B «IIloTmaHaCKON KHUTE», HACTOJIBKO
BajsKHbI U CJIOKHBI, UTO KAMKABIN, KOMY YIA€TCS PEIIUTh XOTA Obl OTHY
U3 HUX, cpady moayuaeT MupoBoe nmpusHaume. Cama ke «IlloTianackas
KHUTa» ABJSETCA ONHOW M3 MB3BECTHEMINNX W IeHHEUINX PeJIuKBUI
MUDPOBOH HAyKU.
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' FMABHOE B NAPATPAO®E 1 B
[

Haumenbiiiee 1 Hanboablliee 3HaAYEHUA QYHKITUA

Ecnu nna Bcex x € M BrINOJIHAeTCA HepaBeHCTBO f(x,)<f(x), rme
x,€ M, To uncyo f(x,) HA3bIBAIOT HAMMEHBIIUM 3HAYEHUEM (DYHK-
nuu f Ha MHOXKecTBe M ¥ 3aIMCHIBAIOT: mj\}n f(x)=1f(x,).

Ecnu nna Bcex x € M BeInoJIHAeTCA HepaBeHCTBO f(x,)=>f(x), rxme

x,€ M, To uucio f (xo) Ha3LIBAIOT HAaMOOJIBIINM 3HAUeHWeM (PyHK-
uuu [ Ha MHOYKecTBe M U 3alUCHIBAIOT: max f(x)="7(x,).

YerHada u HeyeTHad pyHKIUN
Dyurnuio f HA3BIBAIOT YETHOU, ecJau AJA Jio00oro X m3 obJjacTtu
OIIpe/ieIeHNA BBITIOJIHAETCA PaBeHCTBO f(—x) = f(x).

DyuKnuio f Ha3LIBAIOT HEUETHOM, ecau IJsa Joboro x m3 objacTu
ompeeJieHUs BBITTOJHAETCS paBeHCTBO f(—x) = —f(x).

Och opauHAT ABJIAETCA OCHI0 CUMMETPUY IrpadmKa YeTHON (PyHKITUU.

Hauasmo xoopauHAT ABJIAETCA IIEHTPOM CHMMeTpuUH rpaduxa He-
4yeTHOU (pyHKIIUU.

Kopens n-ii crenenu
KopuewMm n-ii crennenu us uucaa a, rae n € N, n> 1, HagpIBalOT TaKoe
YUCJI0, N-5 CTEIIeHb KOTOPOI'0 PaBHA d.

ApudmerrnuecKuM KOPHEM n-Ii CTeIIeHU 13 HeOTPUIlaTeJIbHOr0 YKC-
Ja a, roe n€ N, n> 1, Ha3LEIBAIOT TaKOe HEOTPHUIIATEeIbHOE UICJIO,

n-A CTelleHb KOTOPOTO PaBHA d.
2k+1
2k
Hnsa mio6oro a u k€ N BBITIOJHAIOTCSA pPaBeHCTBA: ( +\/01) =a,

2k+1 2k
/a2k+1 - a, la2k =| a|.
o 2k
Insa mo6oro a>0 u ke N BIIOJHAETCA PABEHCTBO (\/a) =a.

Ecau a>0, b>20, neN, n>1, to Q/E=¥/E-(‘/l;.

Ecmn a>0, >0, neN, n>1, 10 n£=\/;

b o
Eciu a>0, neN, keN, n>1, o (Q/E)kz'\‘/a_k, ”W:%.

Ecmu a>0, neN, keN, n>1,k>1, ro Y4a =

Mpago ans i iapy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



48 § 1. DyHKUMM, X CBOWCTBA M FrpadviKm

CremeHs ¢ PAaIIMOHAJBHBIM ITIOKa3aTeJeM

m
CTeleHbI0 MOJIOMKUTEILHOTO YKCIa a ¢ IIoKasaTejieM —, rjae m € 7,
n

m

neN, n>1, HazplBaOT yucjao vVa™", To ecTb a” =3a™;
m
0" =0, rme meN, neNlN.
DYHKINIO, KOTOPYIO MOKHO 3a1aTh (popmysoit y=x", reQ, Ha-
3BIBAIOT CTEIIEHHOM (hYHKIIMEeH ¢ palnoHaJbHBIM IIOKA3aTeJeM.

s no6oro a > 0 u JI00BIX PAIMOHATBHBIX YKUCEJ P U ¢ BHIIOJIHSA-
7 1 -
oTca pase"ersa: a’ -a’ =a’'?, a’f = — a’:a’=d"" % (@) = a".
a
Hasa aio6b1x a >0 u b > 0 u a1000T0 PAIMOHAJIBHOTO YHNCJIA P BBI-

P p
a a
moJIHAIOTCS paBeHcrsa: (ab) = a’t’, (;) =

WppanuonajabHble YypPaBHEHU S

VpaBHeHUs, comeprkalue IIepeMeHHY0 M0 3HAKOM KOPHS, Has3bl-
BAIOT MPPAIMOHAIbLHBIMHU.

Ecnu o6e yacTu ypaBHEHUA BO3BECTH B HEUETHYIO CTEIIEHBb, TO IIO-
JYYUM ypaBHeHUEe, PABHOCUJIbHOE HAaHHOMY.

ITpu Bo3Bemenuu obenx uyacTelli ypaBHEHUS B UETHYIO CTeII€Hb IIO-
JIyYeHHOE YPaBHEHUE SBJISETCS CJENCTBUEM IAHHOTO.
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TPUrOHOMETPUYECKUE § 2
dYHKUNWN

M3yyas MaTepuan atoro naparpada, Bbl pacLUMpUTe CBOW 3HAHWS O TPUTO-
HOMeTpUYecKmX OYHKLIMSIX 1 UX CBOMCTBAX, Y3HAETe, YTO Takoe pafmaHHas
Mepa yrna, Kakme hyHKLMN Ha3blBAIOT NEPUOLNYECKUMMU.

O3HakoMuTech C CbOpMyJ'IaMVI, CBA3bIBAOLWMMK PA3JINYHbIE TOUTOHOMET-
pn4yeckmne beHKLI,I/IVI, Hay4nTeCb NPUMEHATb NX N4 BbIMONHEHNA BblHNCTIE-
HWW, ynpouleHna Bblpa)KeHl/II;I, OOKa3aTeslbCTBa TOXOECTB.

Y3HaeTe, Kakuie ypaBHeHWNs Ha3bIBAIOT NPOCTENLLIMMU TPUFOHOMETPUYEC-
KMMW ypaBHEHWSAMMW; 03HAKOMUTECH C (hOPMYIaMu KOPHeN NMPOoCTemLLNX
TPUFOHOMETPUHECKNX YPABHEHWIA.

8. PagpnaHHasi mepa yrnos

Ho cux mop IJigd u3MepeHUs YTrJIOB BbI MCIIOJIb30BAJIU T'PANyChl MU
YacTU Ipagyca — MUHYTHI U CEKYHIBI.

Bo MHOrmx ciaydasax ymoOHO IOJIb30BATHCA APYTOM eOUHUIENH u3-
MepeHUs yriioB. Ee HasbIBalOT pagmuaHOM.

Onpenenenue. YriaomM B OAUH paJguaH HA3KIBAIOT IEHTPAIb-
HBIH YyToJI OKPYKHOCTH, ONMPAIOUIUIICA HA AYTY, JJMHA KOTOPOH paBHA
paguycy OKpYsKHOCTH.

Ha pucynke 8.1 usobpakeH meHTpaabHbIA yroa AOB, onuparoImni-
ca Ha ayry AB, mjinHA KOTOPOII paBHA Paguycy OKPYsKHOCTH. Beiu-
yuHa yriaa AOB paBHa ogHOMY pammaHy. 3anucbiBaioT: LZAOB =1 paz.
Takke roBOpsAT, YTO paguaHHas Mepa nyru AB paBHA OMHOMY pauaHy.
3anuceiBaoT: UAB =1 panm.

Paguamnas mepa yria (Iyru) He 3aBUCUT OT Paguyca OKPYIKHOCTHU.
ATO yTBEePKIeHNEe IPOUIIIOCTPUPOBAHO Ha PUCYHKe 8.2.

& (X

Puc. 8.1 Puc. 8.2

os]
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50 § 2. TpuroHoMeTpuyeckme hyHKLUM

Ha pucyuke 8.3 m300pakeHBI OKPYIK-

M
HOCTh pagmyca R u nyra MN, ninHa KOTO-
3
poit paBua —R. Torga paguanHas Mepa yrJja
Q S B 2
3
MON (nyru MN) paBHa 3 paxn. Boobie,
N

€eCJIM IEHTPAJbHBIA YroJ OKPYKHOCTH pa-
nuyca R onupaerca Ha Ayry, AJNHA KOTOPOI
Puc. 8.3 paBHa OLR, TO TOBOPAT, YTO pagMaHHASI Mepa

STOTO IEHTPAJLHOIO yIJjIa PaBHA O, paj.
Hanua moayoxkpyskHOCTH paBHa TR. CiemoBaTesnbHO, paguaHHasd
Mepa IIoJYOKPYKHOCTH PaBHA T pan. I'pamycHas Mepa HOJIyOKPYKHOCTH
cocrasaser 180°. CkasaHHOe II03BOJISET YCTAHOBUTL CBSA3b MEXKAY pa-

IUAHHOI 1 rpaayCcHOl MepaMu, a IMEHHO:

| oo

1 pax = 180°. (1)
Orcroza
1pax = (180)
T

Pasgenus 180 ua 3,14 (HamoMHUM, 4TO T ~ 3,14), MOXKHO yCTaHO-
BUTH: 1 paxg ~ 57°.
Ecnu o6e uactu paBencTBa (1) pasmenuts Ha 180, To mosyumm:

1°= " pa an 2
180p )

W3 sToro paBeHCTBa JIETKO YyCTaHOBUTH, YTO, HAIIPMMED,

b b
15°=15-—— =—pazx, 90°=90-— = —pan,
180p'u pll 180paﬂ zpll

3n
135° =135+ — paxg = — pagz.
180 P 4 P
OOBIYHO IIPM 3allMCH PASUAHHONM Mephl yrjia o0O3HAUEHME «Pal»
3
omyckator. Hanpumep, sanuceiBaior: 135° = o

B Ta6JII/II_Ie IIPUBEAEHBI I'PaAyCHBIEC 1 PagaHHbIe MePbI 4aCTO BCTPEe-
Jamwimxcda yrijiosn:

rpaﬂinHaﬂ o [e] [e] o o o o [e] [e]
Mepa yrma 0 30 45 60 90 120° | 135° | 150° | 180
PapgunaHHas 0 T T n T 2_1: 3_1t 5_11:

mMepa yrna 6 4 3 9 3 4 s
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8. PagmaHHas mepa yrios 51

Hcnonp3ysa paguaHHYI0 Mepy yrJja, MOYKHO IOJYYUTH YAOOHYIO
dopMyay Is BRIYMCICHUA OJUHBI IYTH OKPYKHOCTH.

ITockoNBKY IIeHTPaJBHBIN yroa B 1 paj onupaercd Ha AyTy, AJUHA
KOTOpPOIi paBHA paauycy R, To yros B 0. pajJ onupaeTcsa Ha AyTY, AJUHA
KoTopoi paBHa o.R. Eciu piumy gyru, comepskalieit o pas, 06003HAUUTH

qyepes [, TO MOKHO 3ammcaTh:

Ha KoopauHATHON ILIOCKOCTH PACCMOTPUM OKPYKHOCTH eIUHUYHO-
ro pagmyca C IIeHTPOM B Haudaje KoopauHaTr. Takyio OKPYsKHOCTH Ha-
3bIBAIOT €XUHUYHOM.

IIycts Touka P, HauuHAs ABUKEHUE OT TOUKU P0 (1; 0), mepewme-
mjaeTcs M0 eIUHUYHON OKPYKHOCTH IIPOTUB YacOBOM CTpeaKu. B He-
ROTopmﬁ MOMEHT BPEMEHH! OHa 3aiiMeT HOJIOMKeHNe, IIPU KOTOPOM

ZP,OP = 3 =120° (puc. 8.4). Bymem roBopuTh, 4TO TOUKa P moxayue-
Ha B pesyjbTaTe IIOBOPOTa TOYKH P BOKPYr Havaja KOOPAMHAT Ha

2
yroJa ?n (ma yroa 120°).

Puc. 8.4 Puc. 8.5

Ilycts Temepsr Touka P mepeMecTujach MO E€IWHUYHON OKPYIK-
HOCTH IIO qacosoﬁ CTpesiKe U 3aHsjga I[IOJOMKeHHe, IPU KOTOPOM

ZPOPF, = 3 =120° (puc. 8.5). Bygem ropopursb, uTo TOUKa P moayue-

Ha B pegyJbTaTe IOBOPOTA TOYKM P | BOKPYr Hauaja KOOPAWHAT HA YroJ
2

—?n (ma yroax —120°).

Boob1rie, Korga paccMaTpUBAIOT ABUIKEHHE TOUKU 110 OKPYIKHOCTHU
IpPOTUB uYacoBoi crtpenku (puc. 8.4), TO yros ImMOBOPOTa CUUTAIOT
MMOJIOKUTEJIBbHBIM, a KOTZa II0 YacoBoOil cTpeske (puc. 8.5) — To oTpu-
aTeJbHBIM.
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52 § 2. TpuroHoMeTpuyeckme hyHKLUM

PaccmoTpuM errie HECKOJIbKO mpuMepoB. O6paTuMcesa K PUCYHKY 8.6.
MoskHO CKa3aTh, YTO TOUKA A MOJIyYeHa B Pe3yJIbTaTe IOBOPOTa TOUKHU P

T
BOKDPYI' HaYaJla KOOpAMHAT Ha YI'OJI E (Ha

3
yroa 90°) uau Ha yroJ _?n (ma yroa —270°).
B B Touxka B mosyueHa B pe3yJbTaTe IOBOPOTAa
o 1x Touxu P Ha yroa 7t (Ha yron 180°) wiu Ha yrox
-1 (aa yronx —180°). Touxka C moaydueHa B pe-
3n

C 3yJbTaTe MOBOPOTA TOUKU P Ha yroJ o (ua

Puc. 8.6 yroa 270°) uiu Ha yrosa —g (za yroa —90°).

Ecnu Touka P, 1BUTasICh 10 €AUHUYHON OKPYsKHOCTH, CAEJIaeT OAUH
TMOJIHBIH 000POT, TO MOKHO CKasaTb, UTO YIoJ IIOBOPOTA paBeH 2T
(to ects 360°) i —271 (To ectb —360°).

Ecau Touka P caenaet mojsitopa o60poTa IPOTUB YacOBOI CTPEIKU,
TO €CTECTBEHHO CUUTATh, UYTO YIoJ IToBopoTa paBeH 31 (To ecTth 540°),
ecJIii II0 YacoBOIi cTpesike — To —37 (To ecTb —540°).

Beauyuua yezaa nogopoma kak 8 paduanax, maxk u 8 zpadycax mo-
JHeem 8blpaxcamsbcs Jaoblm deilcmeumebHblM YUCLOM.

YroJ T0BOPOTa OJHO3HAYHO OIIpeaesIsieT
TOJIO}KeHe TOUKYU P Ha e TUHUYHOU OKPYIK- yh
"HocTu. OZHAKO JIFOOOMY IIOJIOYKEHUIO TOY-
K1 P Ha OKPY’KHOCTU COOTBETCTBYeT Oec-
KOHEYHO MHOTO YIJIOB IToBopoTa. Hampumep,

Touke P (puc. 8.7) COOTBETCTBYIOT TaKue b

TN T i
yIJabel IoBOpoTa: —, —+2mn, —+4n, —+6mn
4 4 4 4

T T T
U T.O., a TakKe ——2n, ——4mw, ——67
4 4 4

nT.no. SaMeTI/IM, 4YTO BC€ 9THU YIJVIBI MOKHO

TOJIYYUTH C IIOMOIIBI0 (DOPMYJIBI Puc. 8.7

a=§+2nk,keZ.

p |

® 1. 410 Ha3bIBAIOT YrNIOM B OAWH paanaH?
2. KakoBa pafmaHHas Mepa yrna, pasHoro 1°7
3. Yemy paBHa AnrHa Oyrv oKpy>KHOCTU paaunyca R, conepxallen o paa?
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8. PagmaHHas mepa yrios 53

v

i!'?/ YMPAXKHEH/S I

8.1.° Haiigure paguaHHy0 Mepy yIja, PaBHOTO:
1) 25°; 2) 40°; 3) 100°; 4) 160°; 5) 210°; 6) 300°.
8.2.° Haﬁ,zm're rpajycHyIoO Mepy yIJjia, pajgraHHas Mepa KOTOPOTro paBHA:

2n b4

1) — 2) —; 3) —; 4) 1,2m; 5) 3m; 6) 2,5m.

) — 0 ) 5 ) 9 ) ) )
8.3.° BamonHuTe TAGIUITY:
rpa'quHa;I o [e] o ] ]
Mepa yrma 12° | 36 105°(225 240
PagnanHas T 4_1t 3_11:
Mepa yrna 18 9 5 4m | 1,8m

8.4.° Yemy paBHaA IJuHA OYTHM OKPY:KHOCTH, PaAUyC KOTOPOIl pa-
BeH 12 cM, ecsiu paguaHHas Mepa AYTU COCTABJIAET:

T 51
1) —; 2) 2; 3) —; 4) 2n?
) 5 ) ) 5 )
8.5.° BeluncauTe JINHY OYTHA OKPYsKHOCTH, €CJIM M3BECTHBI €e ParaH-
Has Mepa o U paguyc R OKPYKHOCTH’:
3
1) a=3, R=5cm; 2)a=f,R=6cm; 3) 0.=0,4m, R=2 cm.

8.6.° OT™MeThTE HA EUHUYHON OKPYIKHOCTU TOUKY, KOTOPAas IOJTyJYaeTCs
B pesysbTare nosopora touku P (1; 0) Ha yrox:

1) g; 2) 150%  3) %"; 4) -45°;  5)-120°%  6) —450°.
8.7.° OTMeTbTe Ha eJUHUYHOI OKPYKHOCTH TOUKY, KOTOPad IIOJIydaeTCa

B pesynbrare nosopora touxku P (1; 0) ua yrox:

1) —60°; 2) g; 3) 320°; 4) 420°; 5) %n; 6) —56—n.
8.8.° B xaxoii KOOPAUHATHON UEeTBEPTHU HAXOAUTCS TOUKA eJUHNUYHON

OKPYJKHOCTH, IIOJIy4YeHHAsA B pea3yJjbTaTe IIOBOPOTA TOUKM P0 (1; 0)

Ha yToJI:

1) 127°; 4) 400°; 7) —470°; 10) 2,4m;

2) 89°; 5) 600°; 8) g; 11) 3;

3) 276°; 6) —400°; 9) —%"; 12) —22
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54 § 2. TpuroHoMeTpuyeckme hyHKLUM

8.9.° B xaKo#f KOOPAMHATHOMN YeTBEPTU HAXOAUTCA TOUKA eTUHUUHON
OKPY’KHOCTH, IIOJIyUYeHHas B pesdysbraTe mosopora touxku P (1; 0)
Ha yTroJI:

1) 94°; 4) —100°; 7 2 10) -5
4 6
3m

2) 176°; 5) —380°; 8) - 11) 1;

n
3) 200°; 6) 700°; 9 -3 12) -3?

8.10.° Haiigure KOOPAUHATHI TOUKN €UHUIHON OKPYIKHOCTH, TOJTyUeH-
HOH B pesysbTare mosopora touku P (1; 0) Ha yroua:

1) g; 2) m; 3) —90°; 4) —180°; 5) —3?75; 6) —2m.

8.11.° Kakue KoOpAMHATHI UMEET TOUKAa €JUHUYHON OKPYKHOCTHU, IIO-
Jy4eHHas B pesyJbTare nosopora touku P (1; 0) ma yrou:

1) 3?“; 2) 3m; 3) —g; 4) 180°?

8.12." VkKaKkuTe HAUMEHBIINIH IIOJOKHUTEJNbHBIH M HAMOOJBIINI OT-
PUILIATEJIbHBINA YTJbI, HA KOTOPbIe HALO MOBEepHYTH Touky P (1; 0),
4TOOBI ITOJYYUTh TOUKY C KOOPAUHATAMU:

1) (05 1); 2) (-1; 0).

8.13." YkaxkuTe HaMMEHBIINI IIOJOKUTEIbHBIH M HAWOOJIBIIHH OT-
pULIaTeJbHBIN YIVIbl, HA KOTOPble Ha/0 MOBEepHYTh Touky P (1; 0),
9TOOBI IIOJYUYUTh TOUKY C KOOPAUHATAMU:

1) (0; -1); 2) (1; 0).

8.14.” Haiimure Bce yrIubl, Ha KOTOPBIE HY’KHO IIOBEPHYTH TOU-
Ky P (1; 0), 4TO0BI IONYyYUTH TOUKY:

3 1]

1) P, (0; 1); 2) P,(-1; 0); 3) Pg,[?;—g .
8.15.” Haiimure Bce yIJbI, Ha KOTOPBIE HYKHO IIOBEPHYTH TOU-
Ky P (1; 0), 4TO0BI IONYyYUTH TOUKY:
1.3 f 2
1) P_(0; —1); ZP(——j 3P[ j
) P ( ) ) > 5 ) PR
8.16.” Haiiure KOOPAMHATHI TOUEK eIMHUYHON OKPYKHOCTH, IOTYIeH-
HBIX B peayJbTare nosopora touku P (1; 0) Ha yrus:

1)g+2ﬂ:k,keZ; 3)g+nk,keZ;

2) —g+4nk,keZ; 4) nk, ke 7.
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9. TpuroHomeTpuyeckne yHKLMM YACTIOBOrO apryMeHTa 55

8.17.” HaiiguTre KOOPAMHATHI TOUEK eAMHUYHON OKPYKHOCTH, IOJIyIeH-
HBIX B pedyJibTare mosopora touku P (1; 0) Ha yrisr:

1)%"+2nk,kez; 2) —§+nk,keZ.

O—w 8.18." [loka)kuTe, 4TO ILIOMIALb CEKTOPA, COLEPIKAILEr0 AYTY
2

B O, pajJ, MOXHO BBIUHCJIUTE IO popmysie S = , rme R — paguyc

OKPYKHOCTH.

MI’IPA)KHEHI/IFI AJ11 NOBTOPEHUS I

8.19. Pemnre ypaBHeHue:

2
6 x 3x -1 4 10 -9x
1) = ; 2) - == .
x-3 x-3 x x—-2 x"-2x
8.20. B mexoropom ropoze 88 200 xureneii. CKOJIBKO KUTEJEH OBIIO
B 9TOM T'OPO/ie [[Ba rojia Ha3a, eCJIU eKerOqHbIN MPUPOCT HACEJIeHU S

cocTaBasaa 5 % ?

9. TpuroHomeTpuyeckue pyHKLNN
YUCJIOBOro aprymeHTta

B 9 kiacce, BBOAA ompeeeHNUs TPUTOHOMETPUUYECKUX (PYHKIUI
yruioB ot 0° mo 180°, MbI IOJIB30BAINCH EAUHUYHON IIOJYOKPYKHOCTBIO.
00600IIM 5T OIpeaeJeHU IS IIPOU3BOJLHOTO yIJja IOBOpPOTa .

Paccmorpum emmHUYHYIO OKPY*KHOCTD (puc. 9.1).

A
Yl
o
cos o /| B
(0] 1 x
P sin o
Puc. 9.1

Onpenmenenne. KocuHycoM M cHHYyCOM yIjla MOBOPOTa O Ha-
3BIBAIOT COOTBETCTBEHHO abcumuccy x M opamHATy y Touku P (x; y)
€TUHUYHOH OKPYSKHOCTH, IIOJTyYeHHOH B pe3yJbTaTe IOBOPOTA TOY-
ku P (1; 0) Bokpyr Hauaja KoopauHAT Ha yrox o (puc. 9.1).
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56 § 2. TpuroHoMeTpuyeckme hyHKLUM

3anuchIBaOT: COS 0L = X, sin o =y.
Touku P, A, B u C (puc. 9.2) uMe0T COOTBETCTBEHHO KOOPAMHATHI
(1; 0), (0; 1), (=1; 0), (0; —1). OT; TOUKU TOJYUEHBLI B Pe3yJIbTATE IIO-

T 3n
Bopora Touku P (1; 0) coorsercrsento Ha yruet 0, —, n, —. Temneps,

MOJIb3YSICh NAaHHBLIM OIpeJeieHrneM, MOMKHO COCTABUTH CJIEAYIOIYIO
rabumy’:

b 3n
O — -
* 2 T 2
sin x 0 1 0 -1
Ccos X 1 0 -1 0

3agmaua 1. HaifizuTe Bce yTIJBI IIOBOPOTA O, IMPU KOTOPBIX:
1) sina=0; 2)cos o =0.

Pewenue. 1) Opaunary, paBHYIO HYJII0, UMEIOT TOJBKO IBE TOYKU
eAVHUYHON OKpyskHOCTH: P u B (puc. 9.2). 3T TOUKM [OJYUEHBI
B pesyJbTare IMOBOPOTOB TOUKHU P HA TaKWe yrJbl:

0, m, 2n, 3m, 4m, ... u
-n, —2n,—37n, —4m, ... .

Bce aTu yribl MOMKHO 3aIlucaTh C IOMOIILIO (QOPMYJIbI O = Tk, Tae
k € Z. CnenoBarenbHo, sin o =0 npu o =7k, rae k € Z.

2) AbGcuccy, paBHYIO HYJIIO, UMEIOT TOJbKO JBe TOUKU eIUHUYHON

okpyskHOCTU: A m C (puc. 9.2). 3tu
TOYKHU IOJIYUYEHBI B Pe3yJabTaTe IIOBO-

yA A poToB TOuKM P Ha TaKue yrIbl:
T T T T
-, —+mn, —+2n, —+3n, —+4n, ... u
2 2 2 2 2
n T T T
——n, ——2n, ——3n, ——4nm, ...
B B 2 2 2 2
o 1 x Bce »sT™u yrasl MOMKHO 3amucaTh
T
C IIOMOIIBIO (POPMYJIBI O = E+ nk, roe
C k € Z. CnenmoBatenbHO, cos o =0 mpu
T
Puc. 9.2 0c=5+nk, roe ke Z. 4

1 .
Ha dopsame 3 mpuBegena Tabauila SHAYEHUN TPUTOHOMETPUUYECKUX
GYHKIIUH HEKOTOPHIX YIJIOB.
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9. TpuroHomeTpuyeckne yHKLMM YACTIOBOrO apryMeHTa 57

Onpenenenue. TanTeHCOM yriia MOBOPOTAa 0. HA3BIBAIOT OTHO-
IeHne CHHYCa 9TOro yria K ero KOCUHYCY:

sin o

tga =

Ccos O

2

=—=0, tg—:—: =—1.

cosm 1 4 3m 2
cos—

Hampuwmep, tgn =

. 3n
sint 0 3n s1n7 @( \/5)

W3 onpenenenus TaHreHca cienyeT, YTO TAHTEHC ONIPe/iesIeH I TeX
T
YTJIOB IOBOPOTA O, IJIsI KOTOPHIX cos o # 0, To ecTh IIpu O # 3 + 7k, ke .

Bul 3Haere, 4TO KasKIOMy YIJIy IIOBOPOTA O COOTBETCTBYET e0UH-
CmMeEeHHas TOUKA efUHUUYHON OKpyskHOCTU. CllefoBaTebHO, KaMKIOMY
3HAUEHUIO yrJjia 0. COOTBETCTBYET €JUHCTBEHHOE UWCJIO, SABJSIOIIeecs

T
3HAUeHMEM cuHyca (KOCuHYyCca, TAHTeHca AJA O # 3 +1nk, ke Zj yrJa o.

ITosToMy 3aBHUCHMMOCTh 3HAUEHUA CUHYca (KOCHHYycCa, TaHTeHCa) OT Be-
JUYUHBI yIJIa ITOBOPOTA ABJIAETCA PYHKIIMOHAIHLHOM.

dyuaknun f(o) =sin o, g(a) =cos oo u h (o) = tg O, COOTBETCTBYIOIIIE
9TUM Q)YHICI_II/IOHaJIBHBIM 3aBUCHUMOCTAM, HA3BIBAIOT TPUTOHOMETpHYE-
CKMMHU (QPYHKIMAMH yTJia II0BOpOTa Ol.

Kaxxmomy meiicTBUTEILHOMY YHCJY O IIOCTABUM B COOTBETCTBUE YTOJI
0. paZ. ITO MO3BOJAET PACCMATPUBATh TPUTOHOMETpUUecKre QYHKIINNT
YHCJIOBOTO apryMeHTa.

Hanpuwmep, 3amuch «sin 2» o3HaAUaeT «CHUHYC yrJjia B 2 paguaHar.

W3 ompemenenuii cuEyca 1 KOCUHYCA CJIEAYET, UTO 00JIACThIO OIIpe-
IeneHUA PYHKIUN Y =Sin X U Y = COS X ABJIAETCSI MHOKeCcTBO R.

ITockonbKy abcIiucchl U OPAMHATHI TOUEK eIUHUYHON OKPYIKHOCTU
OPUHUMAIOT BCe 3HAUEeHUs OT —1 g0 1 BKJIOUYUTEIBHO, TO 00JIaCThIO
3HAUEeHUU (PYHKIUU Y =Sin X U Y = oS X ABJIAeTCA IPOMeXyTOK [—1; 1].

Yriam moBopoTa oL U O+ 27n, Toe n € Z, COOTBETCTBYET OJHA U Ta
JKe TOYKA eJUHUYHON OKPYIKHOCTU, II09TOMY

sin o =sin (o + 2nn), n €7
cosa=cos (a+2nn), necZ

ObsacTh onpeneneHua QYHKIUY J = tg X COCTOUT U3 BCEX eCTBU-
T .
TeJbHBIX UHCEJ, KpOMe Uuces BuIa E + Tk, k € Z. O0y1acThIO 3HAUEHU

byurnun y = tg x apasgerca MHOKecTBO R.
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58 § 2. TpuroHoMeTpuyeckme hyHKLUM

MookHO IOKa3aTh, YTO CIIPaBeIInBa ciaeayoomasa hopmya:

tga=tg(aa+nn), neZ

3amaua 2. Halizure Haubosiblllee ¥ HaUMeHbIIee 3HAUEHUSA BBI-
pakenus 1—4 cosoa.
Pewenue. Ilockoabky —1<cosa<1l, To -4<-4cosa<4, —3<
<1-4cosa<b. CirenoBaTejbHO, HAUMEHbIIIee 3HAUYEHNE NAHHOI'O BbI-
pa'KeHUs PaBHO —3; BhIpaKeHHe IMPUHUMAET ero mpu coso =1. Hau-

0oJIbIllee 3HAUEHME MAHHOTO BBIPAYKEHUS PABHO 5; BhIpAKEHUE IIPHU-
HUMAaeT ero mpu coso =—1. <

9 -

¢ 1. Y10 Ha3bIBAIOT KOCMHYCOM yra MOBOPOTa? CUHYCOM Yyriia NOBOPOTa? TaHreHCOM

yrna noBopoTta’?
2. KakoBa 0bnactb onpefenenms yHKUUM I = sin X? i = COS X7?
3. KakoBa 00nacTb 3Ha4eHN hyHKUMN Y = Sin X? y = COs Xx?
4. Yemy paBeH sin (o + 2nn), roe n € Z? cos (o +2nn), roe n € Z?
5. KakoBa obnactb onpegeneHms yHKUMM y = tg x7?
6. KakoBa 0bnactb 3Ha4eHU yHKUMN y = tg x?
7.Yemy paBeHtg (o +mtn), rae n € Z7?

7

T7‘/ YMPAXKHEH/S I

9.1.° BoluncauTe 3HAUEHNE BHIPAMKEHU:

3
1) 2 cos 0° + 3 sin 90°; 3) sin0+tgn—sin§;
2) sin® 60° + cos® 30°; 4) 2sin? g + cos? g

9.2.° Yemy paBHO 3HAUEHUE BHIPAYKEHUA:

1) cos 60° + sin 30°; 3) sinEcosEth;
4 4 3
2 . 3n . 3n

2) 7tg”45° — 3 sin 45°; 4) cos;— s1n??

9.3.° Bo3sMOKHO JI PABEHCTBO:

9
1) cosoczl; 2) sina=-?
3 8
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9. TpuroHomeTpuyeckne yHKLMM YACIOBOrO apryMeHTa 59

5
9.4.° MosxeT i OBITH PABHBIM UUCTY Y 3HaUeHUe:

1) sin o 2) cos o 3) tg a?

9.5." VraxxuTe HaubOIbIIee U HANMeHbIIee 3HAUCHNS BRIPASKEHUA:
1) 3 sin o 2)4+2coso; 3)2-sinoy  4)sino.

9.6.. Yraxure HaI/I60JII;HIee 1 HaMMeEHbIlIee 3HaAYeHNUA BbIPDAKEeHUA:
1) =5 cos o 2) 3 cos o — 2; 3) 5 +sin®ol.

9.7." YkamuTe Kakue-HUOYIb TPU 3HAUEHUS X, IIPHA KOTOPBHIX BBIIOJ-
HSIETCsI PABEHCTBO:
1) sin x =1; 2) sinx=-1.
9.8." Yra)KuTe KaKue-HUOYAb TPU 3HAUEHHUSA X, IPU KOTOPBLIX BBITIOJI-
HSIeTCsI PABEHCTBO:
1) cosx=1; 2) cosx=-1.
O—w 9.9.” Haiigure Bce 3HAUEHUS X, IPU KOTOPHIX BBIIOJHAETCH pa-
BEHCTBO:
1) sin x =1;
2) sinx=-1. ub
O—w 9.10.” Haiinure Bce 3HAUCHUSA X, IPU
KOTOPBIX BBIMOJIHAETCS PABEHCTBO:

1) cosx=1;

2) cos x =—1. A O b
O-w 9.11." IToassysck pucyEkom 9.3, 10- A 1 x

P,
KaKUTe, YTO COS Ol = sin((x + g)
P,
O—w 9.12.” Iloxaxure, uTo !
sina=—cos(a+g). Puc. 9.3

E-- ’ rOTOBUMCS K U3YYEHWIO HOBO TEMb|

9.13. CpaBHUuTE ¢ HyJIeM KOOPAWHATHI TOUKU A (X; Y), €Clu 3Ta TOUKA
JI€KUT:
1) B I KoopauHATHOII YEeTBEPTHU;
2) Bo Il KoopaMHATHON YEeTBEPTH;
3) B III KoopamMHATHON YeTBEPTH;
4) B IV KoOpAMHATHON UETBEPTH.

9.14. YeTHo# MM HEUETHON ABIAETCA PYHKITHA:

1) f(x) = 2) f(x) = 2x" + 4x° — 3x?
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60 § 2. TpuroHoMeTpuyeckme hyHKLUM

10. 3HaK1 3HAYE€HUN TPUTOHOMETPUYECKUX
dpyHKUUN. YeTHOCTb N HEYETHOCTb
TpUroHomMmeTpu4eckux yHKLUn

ITycts Touka P mosydeHa B pedyibrare mosBopora Touku P (1; 0)
BOKDPYT Haudajla KOOpAMHAT Ha yroJ o. Ecim Touka P IpUHAIJIEKUT
I xoopauHaTHOIT YeTBEPTU, TO I'OBOPAT, UTO O ABJAseTcA yriaoMm I uer-
BepTH. AHAJIOTUYHO MOKHO roBopuTth 06 yriax II, III u IV ueTBepreii.

2
Hanpuwmep, g u —300° — yrusl I yeTBepTH, ?n u —185° — yrusl

5T b
II uerBepTH, o u —96° — yrawr III uerBepTHu, 355° u —g — YIJIBI
IV uerBeprn.
nk o
Yrasl Buga ?, k € 7, He OTHOCAT HU K KaKOIi YeTBEpPTHU.

TO‘IKI/I, PAacCIIOJIOKEHHEBIE B I YeTBepTU, MMEIOT IIOJIOMKUTEJIbHBIE
abcmuccy u opauHaTry. CiaemoBaTesbHO, €Cau O — yroJ I ueTBepTH, TO
sin oo > 0, cos oo > 0.

Ecau oo — yroa II werBepTH, TO sin oo > 0, cos a < 0.
Ecau oo — yroa III uerBepTu, To sin o <0, cos o0 < 0.
Ecau oo — yroa IV uerBepTu, To sin oo < 0, cos o > 0.

3HaKM 3HAUEHUH CHMHyCAa M KOCHMHYCA CXeMaTUUYeCKH! IMOKAa3aHbl Ha
pucyske 10.1.

YR sina YR cosa Yy tga
L/ A\ T

Puc. 10.1 Puc. 10.2

sino .
ITockoabry tgo = , To TaHreHchbl yraoB I u III uerBepreil aB-

coso
JIAIOTCA TOJIOKUTEeNbHBIMY, a yryioB II u IV uerBepTeit — oTpuiiatesinb-
gHeiMu (puc. 10.2).

IIycts Touku P, m P, mosydYeHbl B pe3yabTaTe MOBOPOTA TOY-
ku P (1; 0) Ha yriasl o0 1 —0. cooTBeTcTBeHHO (puc. 10.3).
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Puc. 10.3

s mo6oro yria o Touku P, u P, UMeT paBHbIe a0CIIUCCHL U MIPO-
TUBOIIOJIOJKHBIE OpAMHATHI. Torma mu3 onpeneseHUil CUHyca 1 KOCUHYCa
cJenyeT, 4To AJA JII000TO IeHCTBUTEJTHHOTO YUCIa O

cos (—a) = cos a
sin (—a) = —sin a

9TO 03HAYAET, UTO QYHKYUA KOCUHYC A6Niemca 1emHol, a PYyHK-
YuUsi CUHYC — HewemHol.

O6snacTh onpeneneHua QYHKINY Y = tg X CHUMMeTPUYHA OTHOCUTEIb-
HO Hayvaja KoopAuHAT (IIPOBEPHTE ATO CAMOCTOATENHHO). Kpome TorO:

sin(—a —sina
tg(-a) = shn(o) _ Zsine
cos(— (x) coso

CJIe,ELOBaTe.JII:HO, (])ynicquﬂ manzenc faénaemcsa HewemHnou.

=-tgo.

3amaua 1. Kakoit 3Hax umeet: 1) sin 280° 2) tg (-140°)?

Pewenue. 1) ITockonsky yroa 280° sBasiercs yriaom IV ueTrBepTH,
To sin 280° < 0.

2) Ilockoabpky yroa —140° aBaserca yrugom III uwerBepTH, TO
tg (-140°) > 0. «
3amaua 2. Cpasuwure sin 200° u sin (—200°).

Pewenue. Tlockoasky yroa 200° — yrox III uerBepTu, yroJa
—200° — yroa II yerBepTH:, TO sin 200° < 0, sin (—200°) > 0. CiemoBa-
TeabHO, sin 200° < sin (—200°). <«

1+
3amaua 3. UccuenyiiTe HA yeTHOCTh pyHKIMO: 1) f(x) = ;;)sx;
x
2) f(x)=1+sin x.
Pewenue. 1) Obsnacty ompeneseHusa naHHoi QyHKmuu, D(f)=

= (=005 0) U (0; +°0), cuMMeTpUYHA OTHOCUTEJHHO HaUyaja KOOPAUHAT.
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62 § 2. TpuroHoMeTpuyeckme hyHKLUM

Nwmeem:
1+cos(-x) 1+cosx

— =@

CiiemoBaTesibHO, paccMaTpuBaeMas (PYHKIIUSA ABJISETCA YETHOM.
2) Ob6aacte onpenenenus nanuoi pyuxmuu, D(f) = (—o0; +0), cum-

f(=x)=

MeTPUYHA OTHOCUTEJHHO Hauajaa KOoOpAUHAT. SalUIleM:
f(x)=1+sin(—x)=1—sin x.
ITockonbKy HEU omHO u3 paBeHCTB f(—x)=f(x) u f(—x)=—f(x) He
BBITIOJIHAETCA [IJIs BCEX X W3 00JIacTU OIpPeesIeHNA, TO paccMaTpuBae-
Mad (PpYHKIIUSA He ABJIAETCS HU YEeTHOU, HU HeueTHOI. <«

‘I) -
L 1. Korga rosop4r, 4to yron o aBngetca yrnom | yetseptin? Il yetseptn? Il veT-
Beptn? IV yeTBepTU?
2. Kakue 3Hak1 MMeIoT CUHYC, KOCMHYC U TaHreHC B KaXA0M 13 KOOPAMHATHbBIX
YeTBepTen?
3. Kakue 13 TPUroHoMeTprHecknx yHKLMM ABNSIOTCA YETHbIMM, a Kakue — He-
YeTHbIMI? 3annLLnTe COOTBETCTBYIOLLME PAaBEHCTBA.

v

i’!‘?‘/ YMPAXKHEH/S I

10.1.° YryioM KaKoil KOOPAUHATHOI UeTBEPTU SBJISIETCSA YIOJ:
3 7 2
1)38°;  2)196°  3)-74°%  4) ?"; 5) I’“; 6) —E"?

10.2.° T1o10KUTEeIbHBIM UJIN OTPUIIATEJIbHBIM UMCJIOM SABJIAETCS 3HA-
YyeHNe TPUTOHOMETPUUYECKOH (PYHKITHN:
1) sin 110°; 2) cos 200°; 3) sin (—280°); 4) tg (—75°); 5) cos 2; 6) tg 1?
10.3.° CpaBHHUTE C HyJIEeM:

1) tg 104°; 3) sin (—36°); 5) tg (—291°);
2) cos 220°; 4) cos (—78°); 6) sin37n.

10.4.° HaiiguTe 3HaUeHNEe BHIPAMKEHU:

1) sin (—=30°); 2) tg (—60°); 3) cos (—45°).
10.5.° Yemy paBHO 3HaueHUe BbIpaxkeHus cos (—60°) + tg (—45°)?
10.6.° HatinuTe 3Hauenue Beipakenus sin (—30°) — 2 tg (—45°) + cos (—45°).
10.7.° Haiigure 3HaueHHe BhIpakeHus sin® (—60°) + cos?(—30°).

10.8." YrioM KaKoii 4YeTBepTH ABJAETCA YOI O., €CJIN:
1)sina>0 um cosa<0; 2)sina<0 u tgoa>0?
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. T
10.9." 1sBecTHO, UTO 3 < o < . CpaBHUTe ¢ HyJeM 3HAUEeHUE BbIpasKe-

HUA:

.2
sin o

1) sin oo tg o 2)

CosOL
. 3n
10.10." UsBecTHO, uTO T <P < > CpaBHuTe C HyJleM 3HAUEeHUE BBI-
pPasKeHM!A:

1) sin P cos B; 2) sinp

cos® B '
10.11." CpaBHure:
1) tg 130° u tg (-130°); 2) cos 80° u sin 330°; 3) tg 6 utg 6°.
10.12.” MsBecTHO, uTO 00 — yroxa III yweTBepTH. YIpPOCTUTE BRIPAIKEHNE:
1)sina—|sinal; 2)|cosa|—cosoy; 3)|tga|-tga.
10.13.” UsBecTHO, uTo B — yroxa IV weTBepTu. YIpOCTHTE BEIPAKEHHE:
1) | sin B |+ sin B; 2)cosPB—|cosPB|; 38)|tgp|+tgP.
10.14.” UccrenyiiTe Ha YeTHOCTH (DYHKIIHIO:

tgax xsinx
1) f(x)=-"25 2) f(x)=x* +cosx; 3) fla)=—.
1-cosx
10.15.” I/Iccne,uyn're Ha YeTHOCTb (PYHKITUIO:
cosx tg x

D) f(x)=tgx+sinx; 2) f(x )— % 3) f(x )—

MHPA)KHEHVIH AJ191 NOBTOPEHUS I

10.16. Pemnure ypaBHEHUE:

1) Vx* 18 =/2x - 3; 2) v10-3x + 8 = 5x.

11. CBoncTBa M rpaukmn
TpUroHomMmeTpu4eckux PyHKLUN

Brbr 3Haere, uTo AJs JIIOGOT0 UMCJIA X BBIMOJHSAIOTCA PABEHCTBA
sin (x — 2w) = sin x = sin (x + 27);
cos (x — 2m) = cos x = cos (x + 2m).
9TO yKasbIBaeT Ha TO, UTO 3HAUEHUS (PYHKIUI CUHYC U KOCHUHYC
MePUOANYECKY IIOBTOPSIOTCSA MDY U3MEHEeHUU apryMmeHnTa Ha 2n. PyHK-
IUN Y = Sin X ¥ Y = COS X ABJIAIOTCA IPUMEPAMU MEePHOTUIECKUX (PyHK-
1187870
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64 § 2. TpuroHoMeTpuyeckme hyHKLUM

Onpenenenue. @yHKIuU0O [ HA3BIBAIOT MEPUOTUYE CK O, €CITU
cymiectByer Takoe uncio T # 0, uro misa ar060ro x u3 00JIaCTH ompee-
JdeHusa pyHKUUM [ BBIMOJIHAIOTCA pPaBeHCTBA

fx—T)=f(x)=f(x+T).

Yucao T na3siBaroT nepuoaom ¢GpyHruun f.

BrbI 3HaeTe, UTO AJIs JIIOOOT0O X M3 O6GJIACTH OmpeleeHusa PYHKITUNI
Yy =tg X BBITIOJHAIOTCS PaBEHCTBA

tg(x —m)=tg x=tg (x + m).

Torma mu3 ompeneneHuA MepUOSUUYECKON (DYHKIIMHU CJEIYET, YTO
TaHTEHC ABJAETCA HepuoanUYecKor (GhyHKIIUeH ¢ IePUoIOM .

MoxkHO TTIOKa3aTh, 4TO eciu pyHkyus [ umeem nepuod T, mo nro6oe
us3 yucen 2T, 3T, ..., a maxce awboe us wucen —T, 2T, —=3T, ... maxice
A8aAeMCs ee nepuodom.

W3 sToro cBoiicTBa ciaeayeT, UTO KarKaasd mepuogndeckasa PyHKITISI
nuMeeT 0€CKOHEUYHO MHOTO IIEPHOIOB.

Hanpuwmep, mroboe uuciao suga 2nn, n € Z, n # 0, ABjaseTcsa Iepuo-
IoM (YHKIUN y=sin x m y=cos x; a jgob0oe uucjao Buma nn, n e 7,
n # 0, aBasgerca mepuogoM GYHKIIUHU y = tg x.

Ecnu cpenm Bcex MepuomoB (PYHKIIUU [ CYIECTBYeT HAWMMEHbBIITUH
TOJIOYKUTEJIbHBIN IIePUOJ, TO er0 Ha3bIBaIOT IJIABHBIM IEPUOIOM (PYHK-
muu f.

Teopema 11.1. I'naénovim nepuodom pynryuil y =sin x u y = cos x
ABNAEMCA YUCNO 2T 2LA6HbLM Nepuodom Pyuryuu y =tg x — wucao m.

3amaua 1. HaliguTe 3HaueHre BbIPAMKEHIS:

1
1) sin 660°; 2) sin (—%); 3) tg 135°.
Pewenue
1) sin 660° = sin (720° — 60°) = sin (~60° + 360 - 2) =
=sin (-60°) = —sin 60° = —g.
2) sin (—13—”) = —sin 29% = —gin (4n + 5) - _sin (2-2n+5j -
3 3 3 3

=-sin—=—-—.
3 2
3) tg 135°=tg (—45° + 180°) = tg (—45°)=—-1. «

Ha pucynke 11.1 usobpaskeH rpaduk HEKOTOPOI IIepUOAUUYECKOI
dyurmuu f ¢ mepuomom T, D(f)=R.

Mpago ans i iapy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



11. CBonCTBa 1 rpadpuk TPUFOHOMETPUYECKMX DYHKLNN 65

Puc. 11.1

®dparmenTsl rpadura sTow G(GyHKIUM Ha mpomexytkax [0; T,
[T; 2T, [2T; 83T] u T. 1., a Tak:ke Ha npomexxkyTrax [—T; 0], [-2T; —-T1,
[-8T; —2T] u T. O. ABIAIOTCA PAaBHBIMU (hurypamu, mpudeM Jo0Oyio 13
9TUX (PUTYypP MOKHO IIOJYUYUTh U3 JIIO00I APYTroi ImapasjejIbHLIM IIepe-
HOCOM Ha BeKTOp ¢ Koopamuatamu (nT; 0), rme n — HEKOTOpOe Iejoe
YHUCIIO.

3amaua 2. Ha pucyuke 11.2 umsobpaken
¢dparmenT rpadpura mepuogmueckoit QyHKIUU,
nepuoj; kotopoii paBeH T. IloctpoiiTe rpadur

. 3T 5T
9TOl (PyHKIIUU Ha IIPOMEKYTKE [—?,?}

Pewenue. Iloctpoum 06pasbl M300paKeHHOM
(urypsl, TOTyUEeHHBIE B PE3YJIbTATE IIaPaJLJIeIHFHO-
To TepeHoca Ha BeKTOpbI ¢ KoopaumHaTamu (T'; 0),
(2T; 0) u (—=T; 0). O6benuHeHUE TaHHON QUTYPHI
U TOJIYYEeHHBIX 00pasoB — HCKOMBIN rpaduk Puc. 11.2
(puc. 11.3). «

7y \

I3

3
A3
BN

=
| A2}

YA

S
[N
~3
noloo
IS
[$14
NS

|
ﬂ
=
Pl
<
~N
B
B
)Y

Puc. 11.3

% Paccmorpum GyHKIuUIO y = sin x Ha npomeskyTKe [0; 27], To ecTh Ha
MIPOMEKYTKe AJUHOI B IIEPUOM dTON (PYHKIIUU.
ITpu nosopore Touku P (1; 0) BOKpYr Hauajsa KOOPAUHAT HA YIJIbI

T .
ot 0 mo 5 0O0JIBIIIEMY YTJIY IIOBOPOTA COOTBETCTBYET TOUKA eJUHUUYHONI
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66 § 2. TpuroHoMeTpuyeckme hyHKLUM

OKpYsKHOCTH C Ooxblneii opamHaToii (puc. 11.4). 9To o3HAUaeT, UTO

. T
GyHKIIMA y = sin X Bo3pacTaeT Ha IPOMEKYTKe [O; E}

[y ITpu mosopote Touku P (1; 0) Ha yrist oT

1 b

3n
5 I0 — OOJBINIeMy YIJIy IIOBOPOTA COOT-

BETCTBYET TOUYKA €IMHUYHON OKPYIKHOCTHU
¢ MeHbItei opauHaToi (puc. 11.4). CremoBa-
TeJbHO, PYHKIIMA y = sin x yObIBaeT Ha MPO-

[n 3n}
MeXyTKe | —;— |.
2 2

T
]y

N2

-1

ITpu mosopore Touku P (1; 0) Ha yriasr or

Puc. 11.4 3n
> o 27 OOJIBITIEMY YTJIy TTOBOPOTA COOTBET-

CTBYeT TOUKAa eJUHUYHOU OKPYKHOCTHU ¢ 60JbItelt opauHaToi (puc. 11.4).
. 3
CiremoBaTesibHO, (OYHKIUSA I = Sin X BO3pacTaer Ha IPOMEIKYTKe [?, 2 |.

dynrnua y = sin x Ha npomexxyTre [0; 2n] mmeeT Tpu Hyna: x =0,
X=m, x=2T.

Ecnu x € (0; m), To sin x > 0; ecau x € (7; 2n), To sin x <O0.

dynrnua y =sin x Ha npomexyTke [0; 2n] rocTuraer HanbOJBIIETO

b
3HaUeHUus, paBHOTO 1, mpum x = E ¥ HAWMEHBIIIero 3HaUeHUsI, PaBHO-

3
ro —1, mpu x=?.

dyurua y = sin x Ha npomerkyTKe [0; 27] mpuHUMAaeT Bce 3HAUEHUA
u3 npomexxkyTra [—1; 1].

ITonyuenuble cBOMCTBA GYHKIIUU Y = Sin X MO3BOJIAIOT IIOCTPOUTH €ee
rpaduk Ha npomexyTKe [0; 2n] (puc. 11.5). 'paduk MOIKHO TOCTPOUTH
TOUHEEe, €CJIM BOCIOJIb30BATHCA JAHHBIMU TaOJIUIIbl 3HAUEHUIN TPUTOHO-
MeTpruuecKux (GYHKIIUN HEKOTOPBIX YIJIOB, IPUBEIeHHOI Ha dopaalie 3.

yA
1_- 77777 |
! 3n
l 2 -
0 % T 3 2 x
S ‘

Puc. 11.5
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11. CBonCTBa 1 rpadpuk TPUFOHOMETPUYECKMX DYHKLNN 67

Puc. 11.6

Ha Bceit ob6nactu onpenenerusa rpaduk QyHKIUU Y = Sin X MOYKHO
TOJTYYUTH W3 IOCTPOEHHOTO rpadrKa ¢ IOMOIIHIO IapasJIeIbHBIX IIepe-
HOCOB Ha BEeKTODPHBI ¢ Koopauuatamu (2nn; 0), n € Z (puc. 11.6).

T'padpur QyHKIUU y =sin x Ha3LIBAIOT CUHYCOUIO.

% Paccmorpum QyHKIUIO y = cos x. Ecim Bocnosb3oBaThesa GopmyJIoi
. T
cos x = sin (x + 5) (cm. ympakuenne 9.11), To cTaHOBUTCA TTOHSATHO,

4TOo rpaduk QYHKIUH Y = COS X MOYKHO IIOJIyUYUTH B pe3yjabTaTe Ia-
panjienabHOro IepeHoca rpaduka GyHKIUN y =sin x Ha BEKTOP

C KOOpAnHaTaMU (—g;O) (puc. 11.7). Iro o3Hauaer, uTO rpaduKU

GyHKOUHN y =sin x 1 y = cos x — paBHbIe (PUTYDHI.

yA y=sinx
y=cosx

1 '
Wn SN S\ =
< NSRS

Puc. 11.7

I'padur pyHKIUU Yy = cOs X Ha3BIBAIOT KOCUHYcoumoil (puc. 11.8).

Yy
51 31 —zx1 3n
2/ iN\2-n 20 n 2/} n /N x
E 271: i 4r \/

Puc. 11.8
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T T
& PaccmorpuM QYHKLIUIO Yy =tg X Ha IPOMEXKYTKE (—E;Ej, TO €CThb

Ha OPOMEKYTKe AJUHOM B IePUOJ 3TON PYyHKIUU (HAIIOMHUM, YTO

T T
dbyuknus y =tg x B Toukax - u 3 He oIpefeseHa).

T T
Mo:xHO TTOKa3aTh, YTO IIPM M3MEHEHHNH yIJia II0OBOPOTa OT —E oo —

2

3HAYEHUA TaHI'eHCa yBeJIMUYMBAIOTCA. JTO O3HadvaeT, 4To (I)yHRLII/Iﬂ

y = tg x BospacTaeT Ha IPOMEKYTKE (—g; E).

2

Tn
dDyurnus y = tg x Ha TPOMEKYTKe (—5; E) umMeeT ofuH HYJb: X = 0.

yA

nofa

Puc. 11.9

B
]Y

Ecau xe (—2;0), To tg x<0; ecam

xe(O;g), To tg x > 0.

ITonyuennsle cBolicTBa (pyHKIUM y =tg x
TI03BOJIAIOT IIOCTPOUTH ee rpauK Ha IIPOMEKYT-

Ke (—g,g) (puc. 11.9). 'papuk MOKHO HO-

CTPOUTH TOUHEE, eCJIN BOCIIOJIb30BATHCS JAHHBI-
MU TAOJUIIBI 3HAYEHUUN TPUTOHOMETPUUECKUX
(GYHKIIMI HEKOTOPBIX apryMeHTOB, IIPUBEIEeH-
HOU Ha ¢opaarie 3.

Ha Bceit obnactu ompezesieHusa rpaduk QyHKIuU y =tg X MOXKHO
MOJIYYUTh U3 IIOCTPOEHHOTO rpaduKa ¢ IIOMOIIbIO ITapaJIeIbHbIX Iepe-
HOCOB Ha BeKTODPHI ¢ KoopauHartamu (nn; 0), n € Z (puc. 11.10).

ol

yh

noja
(B

3n

U N
_____________l\;l__________
Y=

Puc. 11.10

B rabauiie mpuBefeHbI OCHOBHBIE CBOMCTBA TPUTOHOMETPUUECKUX

GQYHKITHUIA.
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11. CBownCTBa M rpaduKmM TPUTOHOMETPUYECKIX (DYHKLIMIA

OVMHOhBHE O9IIITHINUEBH

OUHORBHE 99IIIIOQURT]

[ung + v fung)

:ﬁ N ;E N
N+um. g+

BUHRLII0A MMLAMOWOd]]

UL+ — UL+ ——
° 12

[uvg +ug Suug +u]

:ﬁ+w£§+m
¢ty Ulety

BuHRLORAE0d MALAYKOWOA]]

BEBHLOhOH

BRHIOE

BBHLOhOH

9LOOHLIK

[ 5)
Uy UL+ ——
u

~E+N;§ +N
¢ e ety

(ung +ug Suug + 1)

XBHLAYKOWOdIT BH
BUHORRHE 9I9HIIroLeINdLO
LoeWHHUAI BUINHAD

uu NJE ¢
N+m. N+m|

(uug +u fuug)

xedLAomwodl BH
BUHOhBHE OITHIIDLUMKOIIOII
LoeWnHUdI BUNHMHAD

Uy uL + m uu unnAHAD urly

u g g roudeu yUIGHLRL ]

A [T <1-1 [t 1-1 UMHOhRHE d1JRIQ()

uu +m #X NIl A BUHOIAYSdIIO 9L0BIFQQ
x31="1 X 800 =fi xurs=Ai og1o108)
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70 § 2. TpuroHoMeTpuyeckme hyHKLUM

3amaua 3. Cpasuure: 1) sin0,7nt wu sin 0,71m; 2) cos 324°
u cos 340°.

Pewenue. 1) Tlockoapky uucaa 0,71 u 0,71n mpuHamgexaT mpo-
T 37 .
MEXYTKY E >0 Ha KOTOopoM (yHKIUA Yy = sin x ybsrBaet, u 0,71 <

< 0,71m, To sin 0,77 > sin 0,71m.

2) ITockoabry yrubsl 324° m 340° mpumHAAIEKAT TPOMEKYTKY
[180°; 360°], Ha KoTOpOM (hYHKIIUA Y = COS X Bo3pacraer, u 324° < 340°,
TO cos 324° < cos 340°. «

'I) B
L d 1. Kakyto yHKLMIO Ha3bIBaOT NEPUOAMNHECKON?
2. Kakoe 4n1csio Ha3bIBaIoT MMaBHbIM NePUOLOM PYHKLMN?
3. 1306pa3unTe cxemaTnyeckn rpaduk 1 chopmMynmpyTe OCHOBHbIE CBOMCTBA
PyHKUMN Yy = Sin X.
4. /1306pa3unTe cxeMaTnyeckm rpaduk 1 ChopmynmpyiTe 0OCHOBHbIE CBONCTBA
PYHKLMN I = COS X.
5. 1306pa3unTe cxematnyeckn rpaduk 1 cchopmynmpymnTe OCHOBHbIE CBOMCTBA
PyHKUMN Y =1g x.

L—T?/YI'IPA)KHEHI/IH B

11.1.° HafiguTe 3HaYeHNE BBIPAYKEHMS:

1) sin 390°; 4) tg (-210°);
2) tg 780°; 5) cos 300°;
3) sin (—390°); 6) sin 5?“

11.2.° HafizuTe 3HaueHNe BBIPAMKEHUS:
1) sin 420°; 3) sin 1110°;
2) tg (-315°); 4) cos%t.

11.3.° Ilpunagnesxut au rpad@uKy QYHKIUN J = COS X TOUKA:

1) A(—g;—l); 2) B[%ﬂ g) 3) C (—4m; —-1)?

11.4.° IIpoxogut su rpadur GyHKINN Y = tg X depe3 TOUKY:

1) A(—g;l); 2) B(—g;—ﬁj; 3) C (m; 0)?

Mpago ans i iapy B Mepexi IHTepHeT mae
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11. CBonCTBa 1 rpadpuk TPUFOHOMETPUYECKMX DYHKLNN VAl

11.5.° IIpoxogut iu rpaduk GYHKINHN J = sin X yepes TOUKY:

T 23 1
1) A|——;-1; 2) B (m; —1); 3) C| —;——|?
) ( 2 j ) B ( ) ) ( 6 2)
3n T n  3n
11.6.° Cpegu umcen -2n, ——, -n, ——, 0, —, —, 2n, —, 6m, 7w
2 2 2 2
VKayKUTe:

1) mynu ¢pysKDum y = sin x;

2) 3HaueHUA apryMeHTa, IIPU KOTOPBHIX (GDYHKIUA Y = Sin x mpuHU-
MaeT HamboJbIlllee 3HAUEHUE;

3) B3HaueHUA apryMeHTa, IPU KOTOPBHIX (DYHKIUA Y = Sin X OpuHU-
MaeT HauMeHbIllee 3SHaUeHUe.

11.7.° Cpenu uucesa _5_n, —3—n, -, 0, E, T, 3—“, 5_7:, 7—n, 5m, 8m
2 2 2 2 2 2

YKaKUTe:

1) Hynau QYHKIIUHU J = COS X;

2) sHaueHUs apryMeHTa, IPU KOTOPBIX (PYHKIUSA Y = COS X IPUHU-
MaeT HamboJIbIllee 3HAUCHNE;

3) BHaueHUs apryMeHTa, IPU KOTOPBIX (PYHKIUSA Y = COS X IPUHU-
MaeT HauMeHbIllee 3HaUeHNUe.

3n T
11.8.° Kakue us uunceJa —?, -, —, 0, —, —, —, 3m:

1) aBagiorca Hyaamu QyHKIUU y = tg x;
2) He mpuHAAJEKAT 00JacTU ompefiesieHna MYyHKIuM y = tg x?

11.9." Ha pucysrke 11.11 uso6paskeHa uacTb rpad@uKa IepUOLUIECKOM
dyuKIIUU, Tepuol KoTopoit paseH T'. ITocTpoiiTe rpaduk aToit GPyHK-
nuu Ha npomexyTre [—2T; 3T].

YA YA 7
/
\ / 2T
o R _ T |
o _rON L [ x 0| x
0 T 5 lx 3 T
‘ [
a 0 8

Puc. 11.11
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72 § 2. TpuroHoMeTpuyeckme hyHKLMM

11.10." Ha pucysake 11.12 uzobpaskeHa uacTb rpaduKa mepuognuecKoi
dyHKIIUHT, Tepuo] KoTopoit paBeH T. IlocTpoiiTe rpadmk aTOH (PYHK-
muu Ha npoMmexyTtre [—-2T; 2T1.

7y \ J\ 77

[
KRY

o

al

e

ad 4
~§§\L\|i

Puc. 11.12

11.11." Ha Kakux U3 YKa3aHHBIX IPOMEXYTKOB (QYHKIHUS y = sin x
BO3pACTaeT:

T T T 3m 3t T bt 3w
e . e e e _ e e _ 9
1)[ 2’2}’ 2)[ 2’2}’ 3)[ 2’ 2}’ 4)[ 2’ 2]

11.12." Ha KaKWX M3 YKA3aHHBIX IPOMEXYTKOB (MYHKIMSA y =sin x

yOBIBAET:

it 5¢ T T 5t n
) |-——-—1 2I[m0} ) |55 ) )| ——?
)[2 2} )L ] )[22} )[2 2}

11.13." Kakue u3 JaHHBIX NIPOMEKYTKOB SBJAIOTCA IIPOMEKYTKAMHI
yObIBaHUA (QYHKIIUM J = COS X:

1) [—5—“;—%"} 2) [-2m; —n];  3) [—g g} 4) [6m; 7n]?

11.14." Kakue m3 JaHHBIX IPOMEKYTKOB SABIAIOTCA IIPOMEKYTKAMH

BO3paCTaHuA (bYHRI.II/II/I Yy =Cos x:
1) [-3n; —2n];  2) [0; ©]; 3) [-m; =]; 4) [3n; 4m]?

11.15." Cpasuure:

1) sin 20° u sin 21°; 3) sinlOTTE u sin%;
2) cos 20° u cos 21°% 4) tg (—38°) u tg (—42°).

11.16." CpaBHure:

4 1
1) cos® u cos—n; 2) sin5—Tc u sinﬁ; 3) tg 100° u tg 92°.
9 9 9 18
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12. OCHOBHbIE COOTHOLLEHUS MEXAY TPUTOHOMETPMHECKUMM yHKUMAMN... 73

11.17.” Hoxaxmure, uro uncnao T ABIAeTCA IepHOAOM (DPYHKIHUH f:

1) f(x)=cos§, T =8m; 2) f(x) = tg 3x, T:_%"_

o 2n
11.18. HoxaKkuTe, 4TO UMCIa 3 U —4T ABJIAIOTCA IepuogamMu QyHK-

muu f(x)=cos 3x.
11.19." CpaBHure:
1) sin 58° u cos 58°;  2) sin 18° u cos 18°; 3) cos 80° u sin 70°.

Ml’lPA)KHEHI/ISI AJ191 NTOBTOPEHUS IS

11.20. Haiigure Hyau pyHKITUN:
D=2 g = e B) = e L

11.21. HaiiguTe obJyiacTh 3HAUEHUN (QYHKIIUU:

1) f(x)=x>+2; 2) f(x)=2+x +3.

12. OCHOBHbIe COOTHOLUEeHUA
MeXAYy TPUroHomMmeTpnyecKuMun pyHKLUNaIMun
OAHOro U TOro XXe aprymeHTa

B sToM myHKTE yCTAaHOBUM TOKIECTBA, CBA3BLIBAIOIINE 3HAUEHUS
TPUTOHOMETPUUECKUX (PYHKIIUI OJHOTO M TOTO JKe apryMeHTa.

Koopaunater m1060# Toukm P(x; y) eIUHUYHON OKPYMKHOCTU YIO-
BJIETBOPAIOT ypaBHeHHIO x° + y° = 1. IIoCKOIBKY X = €OS 0., J = sin o, rje
0. — yroJ IOBOPOTa, B pesyibrare Koroporo us Touku P (1; 0) Obuia
mojydyeHa Touka P, To

sin®a + cos®a =1 (1)

O0OpaTuM BHEMAaHNE HA TO, UYTO TOUKA P Ha eIMHUYHON OKPYKHOCTH
BBIOpPaHA IIPOU3BOJILHO, IIO3TOMY TOXKZecTBO (1) crpaBeninBo IJiA JIiO-
6oro o.. Ero HasbIBalOT OCHOBHBIM TPUTOHOMETPHYECKHM TOJKIECTBOM.

Wcnonb3yst 0CHOBHOE TPUTOHOMETPUUECKOE TOMKIECTBO, HalmeM 3a-
BHCHMOCTDL MEXKJY TAHTE€HCOM M KOCHHYCOM.

ITycrs cos o # 0. Pasgenum obe uactu paBexcraa (1) Ha cos®ol. ITo-
JIYUMM:

sin®o + cos® o 1

2 - 2
cos” o cos” o
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74 § 2. TpuroHoMeTpuyeckme hyHKLMM

Orcroza
sinfa cos®a 1
+ =

2 2 2 ;
Ccos o Ccos o Ccos o

1+tg’o =

(3052 o

3amgaua 1. YupocTuTe BBIpasKeHUe:

1
1) sin®¢+cos’t+tg’x; 2) ———tg’@—sin®g.
cos” @
< 2 2 2 2 1
Pewenue. 1) sin"t+cos”t+tg"x=1+tg"x =———.
COoSs X
2) ———tg’p-sinp=1+tg’¢p-tg’¢—sinp =1-sin’¢ =
cos” @
=cos” . 4
2
3amaua 2. lI3BecTHO, UTO COSOl = g Brruuciure sin o.
Pewenue. Umeem: A
4 5 Y
2 2 2
sin“ao=1-cos“a=1-—=—.
9 9 e ‘
. 5 . V5 |
Orcroza sino = ? uau sino = —?. 3
) >
Pucynok 12.1 umtocTpupyer Ty 3agaay. <« 0 3 1 x
3agaua 3. Haiizure coso utg o, ecau A5 i
. 7 3n 3
sinodb=——wu T<o<—.
25 2 P 12.1
Pewenue. Umeem: ne.
2
7 49 576
coszoczl—sinzoczl—(——j = ==,
25 625 625

3n
ITockoambKy T <O < ?, TOo cos o < 0; caemoBaTeJbHO,

576 24
cosO=—,|— =——.
625 25
i 7 24 7
tgo = s :——:(——):—. <
CoSs O 25 25 24

D

® 1. Kakoe PaBEHCTBO Ha3bIBAOT OCHOBHbLIM TPUTOHOMETPUYECKUM TOXAECTBOM?
2. Kakoe TOXAeCTBO CBS3bIBAET TAHMEHC M KOCKMHYC OFJHOMO M TOTO Xe apryMeHTa?
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12. OCHOBHbIE COOTHOLLEHUSI MEXAY TPUTOHOMETPMHECKUMM yHKUMAMN... 75

v

i!'?/ YMPAXKHEH/S I

12.1.° YopocTuTre BhIpaKeHUe:

1
1) 1-cos®a; 4) ——-1;
CcCos o
. 2
2) sin?f-1; 5) 1-sin®a+>2%;
tg” o
3) sin*@+cos’ ¢ +1; 6) (sin o+ cos ar)® + (sin o — cos a)®.
12.2.° YupocTure BhIpaKeHUE:
2
1 sin o
1) sin’®2a + cos® 20+ ——; 3) (tgacosa)® + ;
tg” Sa tg o
<2 2
t
2) (1+sinf)(1—smfj; g 28
2 2 tg"o+cos"a—1

. . 1
12.3. MoryT iz OZHOBPEMEHHO BBIMOJHATHCS PaBEHCTBA Sin o =—

J13

n coso=——7?

. . 2
12.4. MoryT Ju OIZHOBPEMEHHO BBITIOJHATHLCA PaBeHCTBa Sino =—

3
u coso=—7?
5

12.5." YopocTuTe BRIpayKeHMe:
1) A+tg o) +(1-tga)’; 3) cos'a—cos®o +sin®oy

sin o 1+cosa
+ .

2) 4) sin® o+ sin® o cos® o + cos® o..

1+cosa sin o

12.6." YupocTuTe BBIpasKeHUE:

cos f 1-sinf
n .

1-sinf cos B ’

1) sin® o+ 2sin* o cos® o+ cos’ o;  3)

. . cos x

2) sin®o +sinocos’ o +cos* o3 4) tgax+———.

1+sinx

12.7." Haiinure 3HaueHMA TPUTOHOMETPUUECKUX (PYHKIUI apryMeH-

Ta O, €CJIH:

1 3
1) cosoc:E; 2)sinoc=0,6ng<0c<n; 3)tga=2 u n<0c<?n.
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76 § 2. TpuroHoMeTpuyeckme hyHKLUM

12.8." HaiiguTe 3HAueHUS TPUTOHOMETPUUECKUX (QYHKIUI apryMeH-
Ta O, eCJIN:

12 1 3
1) coso=— I/IO<0L<E; 3) tgao=——wm T ca<2m
13 2 3 2

. 3 3n
2) sino=——wu mw<o<—;
4 2

12.9.” JokasKuTe TOXKIECTBO:
3 .. 3
COS OL—sSsIn o . . .
1) ——————=coso—sino; 2) tg’o—sin’ o = tg’asin®o.
1+ sin o cos o
12.10.” JTokaKuTe TOKIECTBO:

sino +tg o

1) sin o.cos® o +sin® o cos® oo = sinacos®o;  2) =tgo.

1+cosa

. . sin o0 — cos o 1
12.11." HaiiguTe 3HaueHUe BBIpKeHUA ————, ecJHu tg o = —.
sin o + cos o 3

. . 5coso+6sino
12.12. HaiiguTe 3HaUeHNe BhIpaXKeHUA ————————, eClIu tg o= —.
3sino—7cosa 2

12.13." Haiinure HamboJbllee U HaWMeHbIlee 3HAUEHHUA BBEIPAKEHUA
sin® o+ 2cos® o

12.14.” HaiiguTe HauboJbIllee X HAaUMEHbIIee 3HAUEHUS BBIPAKEHUA
3sin® 0, — 2cos’ a.

/YI'IPA)KHEHI/Iﬂ ANA MOBTOPEH/S IS

12.15. HaiiguTe 3HaUeHNEe BHIPAIKEHU:

8

(13
4

3
2 1 1\

mpu a =0,008; 2)

ad a’-a

13. ®opmynbl cnoxxeHUs

dopmysaMu  CIOKEHUS Ha3bIBAIOT (OPMYJILI, BBIPpAKaroIlue
cos (a0 £ B), sin (o = B) u tg (o £ B) uepes TpuroHoMeTpuUecKue GYHKIIN
yrJjoB o u f3.

Hoxaxkem, 4To

cos (o0 — ) = cos o cos B + sin a sin .

ITycrs Toukm P, m P, mosyueHsl B pe3yJjbTaTe IOBOPOTA TOYKU
P (1; 0) ma yrast o u B coorBercTBEHHO.

Paccmorpum cayuyaii, korga 0<o—B<m. Torma yros mMexny BeK-

2
3

1) mpu a = 0,0625.

TOpamMu O—P1 u O—P2 paBex o —f (puc. 13.1). KoopauHaTel TOUEK p,
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13. DopMybl CIOXEHWS 77

u P, COOTBETCTBEHHO DaBHBI (COS 0i; Sin Q) Y
u (cosf; sin ). Torma BexTODP O—P1 nMe-
eT KoopaumHaATHI (COS (; sin ), a Bek-
TOp @; — (cos P sin B).

Bripasum cranspHoe Ipou3BeieHIE BEK-
TOPOB O—P1 u O—P2 yepes3 UX KOOPAUHATHI:

OP, - OP, = cos 0. cos 8 + sin o sin p.

B TO Xe BpeMs IIO OIpefesIeHUI0 CKa-
JIIPHOI'0 IPOU3BELEHUS BEKTOPOB MOYKHO Puc. 13.1
3aIcaTh:

OP, -OP, =|TH|| OP, |cos(0L—B)=cos(oc—B).
Orcroza monydaeMm (OPMYJTy, KOTOPYIO HA3hIBAIOT KOCHHYCOM pas3-
HOCTH:

cos (o — ) =cos a cos  + sin o sin 3 (1)

®opwmyna (1) cupaBegauBa u B TomMcaydae, korga (o — ) ¢ [0; m].
Hokaxxkem (hopMyJay KOCHHyCa CyMMBI:

cos (o + ) = cos a cos  — sin o sin 3

Nwmeem: cos (o + P) = cos (a0 — (—P)) = cos a cos (—P) + sin o sin (—P) =
=cos o. cos 5 — sin a sin .
@opMyabl CHHyCa CYyMMBI I CUHYCa Pa3HOCTU MMEIOT BUJ:

sin (o + ) = sin o cos 3 + cos o sin 3

sin (o — ) = sin a cos 3 — cos a sin 3

cDOpMyJII:I TAaHI'eHCa CyYMMBI U TAHIr€eHCAa PAa3HOCTHU MMEIOT BU/:

tgoa+tgp
== ®F 2
tg (ot p)= = o (2)
oy tga—tgP
tg@—p= s (3)

ToxxmecTBo (2) cmpaBemJuBO s BceX O W [3, IPU KOTOPBIX
cos (ot +f) # 0, cos o = 0,cos B = 0.

ToxxmecTBo (3) cOpaBemMBO [Jsi BCeX O ¥ [3, IPH KOTOPBIX
cos (. —P) # 0, cos o = 0,cos P = 0.

@DopmyJibl, BEIPAKAOINE TPUTOHOMETPUYECKEe (DYHKIIUY apryMeH-
Ta 200 yepe3 TPUTOHOMETPUUYECKNEe (PYHKIMKY apryMeHTa O, HA3bIBAIOT
dopmynamMu IBOMHOrO apryMeHTa.
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§ 2. TpuroHometpumyeckmne hyHKLMM

B dopmynax ciaoxkeHusa
cos (o + B) = cos o cos f — sin o sin B,
sin (ot + B) = sin o cos B + sin P cos o,
tga+tg P
tg(a+p)=—"-——

1-tgoatgf
mosokum [ = o Iomyumm:

cos 20 = cos® o — sin® a

sin 20 = 2 sin o cos o

2t
tgza:i

1—tg2 o

Ity GOPMYJIBI COOTBETCTBEHHO HAa3bIBAIOT (pOpMyJIaMU KOCHHYcCA,
CHHYyCa U TAHTEHCA JBOWHOTO apryMeHTA.

IMockomsky cos®o=1—sin®a u sin® oo =1 — cos® o, TO U3 HOPMYJIEI
cos 20, = cos® o. — sin® oL TosrygaeM ere fBe (POPMYJIBI:

cos 200=1— 2 sin® «

cos 20.=2cos’a —1

WHorza 5T GopMyJIbl YI06HO UCIOIB30BATH B TAKOM BIUZE:
1 - cos 20.=2 sin®q,

1+ cos 20.= 2 cos® o
WX B TAKOM BUJE:

. 2 1-cos 20

sin“" ot = ———
2

2 1+ cos 20

cos 0L=T

IBe mocienume GoOpMyJIbl Ha3HIBAIOT (OPMyIaMyu MOHUKEHUS CTe-
TeHMN.

3amaua 1. YmpocTuTe BbIpasKeHUe:

1) sin(E + (xj - s,in(E - ocj;
3 3

2) sin(o+45°) cos(o —45°) — cos(o +45°) sin(o — 45°).
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13. DopMybl CIOXEHWA 79

Pewenue. 1) Ilpumensas GpopMyJabl CHHyCa CYMMBI U CHHYCA Pas-

. T . T
HOCTH, IIOJIy4yaeM: s1n(§ + OL) - Sln(g - OC) =

[sn5 cosecosF sina|-{sinf coscosZsnl
=|sin—cos 0o +cos—sina |—| sin—coso—cos—sina |=
3 3 3 3
J3 1, 3 1, .
=—cos0+—sino——coso +—sino = sin a.
2 2 2
2) 3amMeHNM [aHHOE BHIPAKEHNE HA CHHYC PA3HOCTHU apryMEeHTOB
o+45° u o—45°. ITonyuaem:
sin(o+ 45°) cos(on —45°) — cos(a + 45°) sin (o — 45°) =
=sin((o0 +45°) — (0. — 45°)) = sin(0. + 45° — 0.+ 45°) =sin90° =1. <«

. o o
3amaua 2. [JokasKuTe TOMKIECTBO Sin o —cos th = th.

. a
COS Ol s1In—
. o . 2
Pewenue. s1n0c—cos0ttg§ =sino —

o
COsS—

. o .o . o Lo
S1ln 0L COS— — COs O s1In— sinf o0 —— sin—
2 2 _ 2

= tgg. <
o o o 2
COS— COS— COs—
2
1-tg 20° tg 25°
tg 20° + tg 25°
Peuwernue. Ucnonbaysa ¢GopMyJy TaHTeHca cyMMbI yrioB 20° u 25°,
1-tg20°tg 25° 1 1

tg 20°+tg 25°  tg(20°+25°)  tg 45°
3amaua 4. YupocTuTe BbIpaskeHIe:

1) cos’a—sin*a; 2) 1-8sin®Bcos’p.
Pewenue. 1) cos’ o.—sin' o = (cos® o — sin® o) (cos® o + sin® o) = cos 20.
2) 1-8sin’Bcos’B=1-2-4sin’Bcos’B =1-2sin” 2B = cos4p. <«

3amaua 3. HaifinuTe 3HaueHMe BBIPAKEHUA

moJIy4aem:

D

-
¢, 3anuwnte hopmyny:

1) KOCUHyCa pa3HoCTY; 4) CUHyCa pas3HoOCTH;
2) KOCUHYCa CyMMbI; 5) TaHreHca CyMMbl;
3) CMHyCa CyMMBbl; 6) TaHreHCa pasHoCTy.

2. 3anvimTe GopMyIbl KOCMHYCa, CUHYCa 1 TaHreHca ABOVMHOro apryMeHTa.
3. 3anumnTe opMyIbl MOHWXKEHUA CTEMEHN.

Mpago ans i iap) B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



80 § 2. TpuroHoMeTpuyeckme hyHKLUM

v

i’!‘?‘/ YMPAXKHEH/S I

13.1.° YopocTuTre BbIpakeHIe:
1) cos (0o + PB) + cos (o — P); 3) 2sin(o - 45°) — sin o + cos 03
2) sin (30° + o) — cos (60° + a); 4) 2cos(60°—) — J3sina-coso.
13.2.° YupocTuTe BhIpakeHUe:

1) sin (o0 — PB) — sin (o + B); 2) \/Esin(§+oc)—cosoc—sinoc.

13.3.° YupocTure BRIpa)keHUE:
1) sin o cos 40+ cos o sin 4o

2) cos17°cos43°—sin17°sin 43°%
3n T . 3nm ., T
3) cos — cos ——sin —sin —;
8 8 8 8
4) sin 53°cos 7° - cos 53° sin (-7°);
5) sin (o0 +B) cos (0. —B) — sin (oe — B) cos (o + B);

sin 20° cos 5° — cos 20° sin5°

cos 10° cos 5° — sin 10° sin5°
13.4.° YupocTure BhIpaKeHUE:
1) cos 6a cos 200 — sin 60 sin 20

2) sin12°cos18°+sin 18° cos12°%;
3) sin (—15°) cos 75°+ cos 15°sin 75°;
4) cos (o —P)—2sin o sin P.

1 1
13.5.° UsBecTHO, uTO tgOL = >’ tgP= v Haiinure 3HaueHME BRIDAYKEHUA

tg (o + B).

13.6.° sBecTHO, uTO tg 0. = 3, tg f = 5. Halimure 3HaUeHUE BBIPAKEHUS
tg (o —P).

13.7.° YupocTuTre BhIpasKeHure:

1) tg13°+tg47° : 9 1—tg27°tg33°.
1-tg13°tg47° tg 27°+ tg 33°
13.8.° YupocTure BBIpaKeHUE:
tg 24° + tg 36° : 9 tg 50 — tg 3o .
1-tg24°tg 36° 1+ tgbo tg 3a
13.9.° YupocTure BhIpaKeHUe:
1) Smm 2) &; 3) cos 20+ sin® oy

2 s 2
SanC COS O —sIin o
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13. DopMybl CIOXEHWS 81

sin50°
2c0s25°’

cos 20, .o o .o o
5) —m88; 7) | sin—+ cos— || sin——cos— |;
coso —sina 4 4 4 4

6) 1—2s'1n2%; 8) sin o cos o

1-2sin0

13.10.° YopocTuTe BhIpasKeHUe:

in80° . .
1) 2. 5) sin o cos o.(cos® o —sin® a);
cos40°
in4
2) cos4p + sin® 2p; 6) %;
COS O—sIn o
.2 . T T
3) cosb6a + 2 sin” 3o 7) sin Z—oc cos Z—oc ;
1+sin2 2tg1,5
1) sin 20, » 8 g ! o )
(sin o + cos o) 1+tg” 1,50
13.11.° Beruucaure 3HaUeHUE BBIPAYKEHU:
1) 2 sin 75° cos 75°% 3) 1—2sin2%;
2tg165°
2) cos’15° — sin®15°; e
1-tg?165°

13.12.° BeruncanTe 3HaUeHNE BBIPAYKEHU:
2tg—z5°; 2) 2sin3—ncos3—n; 3) 1-2cos? .
1-tg?75° 8 8 12
13.13." [lokaxuTe TOMIECTBO:
cos(o +P)+sin o sin B -1 2) \/Ecosa—Zcos(45°+(x) _
cos(o. — ) —sin o sin B 2sin(45° + o) — \/5 sin o,

13.14." TokasKuTe TOXKIECTBO:

tg o.

sin(o.+B) —sinBcoso 1:

\/Ecosoc—Zsin(45°—(x) _ \/E

: : ; 2) =
sin(o. —B) + sin  cos o 2sin(60° + o) — \/g cos o

. 3 4
13.15." Haiigure cos (o + ), ecau coso = 5 O<a< g u cosP = —
T
“<B<m.
5 B
. . . . 4 3n 7
13.16." Haitgure sin (o — ), ecan sino = o n<o< 5 u cosfP= 25
3
?n <P <2m.

. 1 3
13.17." Hawuo: tgoc:E, sinB:g, O<B<g. Haiigure tg(o+p).
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82 § 2. TpuroHoMeTpuyeckme hyHKLUM

13.18." UsBecTHO, uTO tgoO = 2 Haiigure tg(45°+ o).

. . . 3
13.19. Haiigure sin 20, ecau sin o.=—-0,6 u ?n <o <2m.

13.20." Haiinure tg 20, ecau tg o = 4.

. . 1
13.21. Haimgure cos 20, ecau sino = —Z.

13.22.° Haiigure sin 15°.
13.23." Haiinmre cos 75°.
sin (o - B)

13.24." [lokaxure ToxaecTBO tgou—tgp = .
coso.cosfP

13.25." Yupocrure BeIpakeHme cos2o + sin2otgo.

13.26.” VupocTure BhIpasKeHHe:

1) sin3a _ cos30c; 3 tg2atgo :
sino cosa. tg2a-tga
1 B 1 : 1) sin® o — cos® o0 + cos® o .
1-tgo 1+tga 2(1-cosn)
13.27.” YmpocTuTe BhIpaskeHUe:
1) cos6oc+ sin6oc; 9 tga + tga .
sin200  cos2a l+tga 1-tgo

13.28.” Haiizure HaubosIbIee 3HAUCHUE BHIPAsKeHUA Sino — /3 cosaL.

13.29.” Haiiure HANMeHbIIee 3HAYCHIE BHIPAMKEHUS /3 COSOL — SinaL.

. . . 1
13.30.% Haitnure sin 20, ecam coso +sina = —.

N = R

. . o . o
13.31." Haiigure sin o, ecan COSE_ s1n§ =—

MI’IPA)KHEHVIFI ANA MOBTOPEH/S IS

13.32. IIpu KaKuX 3HaUEHUAX X 3HAUEHUS BhIpaKkeHUu 4x + 5, Tx — 1
%8 x2 +2 6y,l:[yT IIocJjenoBaTeJIbHbIMU YJIeHaMM apI/I(I)MeTH‘IeCKOﬁ
nporpeccun? Haiimure 9TH YeHBI IPOTPECCUU.

13.33. IIpu Kakux 3HAUEHMSAX X 3HAUEHUS BbIpaskemuii x —1, 1 — 2x
u x + 7 OyAyT IOCJIeI0BATEIbHLIMU UJeHAMHU T'€OMEeTPUUECKOH ITPOo-
rpeccuu? Hailimure 5TU 4I€HBI IPOTPECCUU.
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14. Dopmynbl npuBeLeHUs 83

14. dopmynbl NnpuBeaeHUSA

ITepuogryHOCTE TPUTOHOMETPUUECKUX (DYHKIIUY aeT BOBMOKHOCTD
CBOAUTH BBIUMCJEHNE 3HAUEHUI CHHyca U KOCHHYyCa K CJIy4aio, KOrAa
3HAaUYeHNe apryMeHTa IPUHAAIEKUT npoMeRyTKY [0; 2n]. B sTom nyH-
KTe MBI paccMOTpUM (DOPMYJIbI, IIO3BOJIAIOIINE B TAKUX BBIUUCIEHUAX

T
OI'PAHUYHNTBHCA JIUIIb YyIVIaMUA M3 IIPOMEXYTKA |:O, Eil

Kam et yron us mpomesxkyTka [0; 2m] MOYKHO IpeACcTaBUTh B BUIE
b 3n b4 2n T
—*o, wau T * o, mau —=x o, rge 0<o<—. Hampumep, —=n1——,
2 2 2 3
5t 3t W

3 2 6
T 3n
BrrunciieHre CMHYCOB U KOCUHYCOB YTJIOB BUA E to, T, ? to

MOJKHO CBECTU K BBIUMCJEHUIO CUHYCa MW KOCHHYyca yrja o. Hampu-
mep:

T T P L .
COS(E-FOL):COSECOSOC—SIDESIH(XZ—SanL.

HpI/IMeHHH (OPMYJIBbI CJA0MKEHUA, aHAJIOTUYHO MOYKHO IIOJIYUYHUTh:

. (T . . . (3¢
sin E—oc =cos0 sin(m—o)=sinao sin ?—oc =—Ccos O

(= . . . (3m
sin E+0c =coso sin(n+o)=-sina sin ?+0c =—cos o

Ity GhopMyJibl Ha3bIBAIOT (hopMyIaMu NMPUBEIEHUA IJIA CHHYCA.
Cnepnyromue GopMyabl Ha3bBAIOT (hOPMYyJIaMH IPHUBEJEHUA IS
KOCHHYyCA:

T . 3n .
cos E—(x =sina cos(m—0)=—-coso cos ?—oc =—sino

T . 3n .
cos E+OL =—-sino cos(mT+0)=—-coso cos ?+0c =sina

ITpoananusupoBas 3anucanuble (QOPMYJILI IPUBEIEHNA, MOXKHO 3a-
MeTHUTh 3aKOHOMEPHOCTH, 0Jaroapsa KOTOPLIM He 00s13aTeIbHO 3aydu-
BaTh 5TU (POPMYJIBL.

Jliisa Toro uTOoOH! 3anucaTh JI00YI0 U3 HUX, MOXXHO DYKOBOACTBOBATH-
cA CIeAYyIONIUMH IPaBUJIAMU.
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84 § 2. TpuroHoMeTpuyeckme hyHKLUM

1. B npaeoii wacmu paéencmeéa cmagam mom 3HAK, KOMOPbLU

T
umeem nesasn wacmv npu yciosuu, imo O<o<-—.

T
2. Ecnu 6 neeoll wacmu ¢opmynwv. apzymenm umeem 6ud EiOL

37
unu ?ia, mo CUHYC 3aMeHAMm HA KOCUHYC u Haobopom. Ecnu

apzymenm umeem 6ud T o, mo 3amena GYHKYUU He npoucxodum.
ITokaxxem, KaK [meHCTBYIOT OTH IIpaBMWJa [OJS BbIpaKeHUS

: (3n )
sinf ——o |.
2

b4 3n
IIpeamomoxxus, uro 0 < o < E, IPUXOAUM K BBIBOLY: ?—OL ABJIA-

. . [3m
ercsa yraom III KoopmuHaTHOU uerBepTu. Torma s1n(?—a)< 0. Ilo
ePBOMY IIPABUJIY B IIPABOI YaCTH PABEHCTBA MOJIKEH CTOSATh 3HAK «—».
ITockoIBKY apryMeHT MMEeT BUJ %—a, TO IO BTOPOMY ITPABUJIY
cIeqyeT 3aMEeHUTH CUHYC Ha KOCUHYC.

. (3n
CiemoBaTenbHO, Sin ?—OL = —cos0.

T
3amaua 1. YopocTuTe BHIpaKeHUe COS (E + OL).

Pewenue. Umeem:

2
cos’ [g + Oc) = (cos (g + OLD = (-sina)® =sin’o. <

Samaua 2. 3aMeHUTe 3HAUYEHUE TpHPOHOMeTqueCRoﬁ byHKIIUT

8n
3HaueHrneM (QYHKIIUU OCTPOTO yrJia: 1) cosﬁ 2) co s7

9
Pewenue. 1) cos—1t = cos (n—lj = —cosl
10 10 10

8n T i
2) cos— =cos (TC + —) =—cos—. <«
7 7 7
p -
o CchopmynupynTe npasmna, KOTOPbIMM MOXHO PYKOBOZCTBOBATHCS MPW Mpu-
MeHeHUM hopMyJ1 NPUBELEHMS.
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v

i!'?/ YMPAXKHEH/S I

14.1.° YopocTure BhIpaKeHUe:

1) sin (g—a); 3) cos(~a+270°;  5) cos®(3m—o);

3
2) sin(m—a); 4) cos (o —180°); 6) sin (?nﬂx).
14.2.° YupocTure BbIpaKeHUE:
1) cos (3?“ + oc); 2) cos(m—a); 3) sin(180°+w); 4) sin? (5?“ + oc).

14.3.° 3ameHUTe 3HAUEHNE TPUTOHOMETPUYECKON (DYHKIINY 3HAUEHUEM
(GQYHKIIUU OCTPOTO yrJa:
5
1) cos 123°; 2) sin 216°; 3) cos (—218°); 4) cos ?n

14.4.° 3ameHNUTe 3HAUEHNE TPUTOHOMETPUYECKONM QYHKIIUY 3HAUEHUEM
(GYHKIIUU OCTPOTO yria:

1) sin (—305°); 2) sin 114—;; 3) cos (—0,7m); 4) cos 6?“
14.5.° BuiuucauTe 3HaUeHUE TPUTOHOMETPUUECKON (QYHKITUM:
1) cos225°; 2) sin 240°; 3) cos %n; 4) cos (—%)
14.6.° BeruncanTe 3HaUEHNUE TPUTOHOMETPUUYECKON DYHKIIUU:
1) cos(—-150°);  2)cos 210°; 3)sin 315°% 4) sin (—%j
14.7." BerumcianTe 3HAUEHNe BBIPAKEHU:
sin® 315°¢0s300° + tg (- 315°)

1) ;
sin (-120°) cos150°

c0s66°cos6° + cos84°cos24°

c0s65°cos5° + cos85°cos25°

c0s64°cos4° — cos86°cos26°

14.8." Haiinure 3HaUeHHe BBIPAKEHUA .
cos71°cos41° — cos49°cos19°

14.9.” VupocTture BhIpasKeHue:
sin (T + o) cos (2T — )

tg (m— o) cos (m— ) ’

2) sin (n—B) cos (B - g) —sin (g + [3) cos (1w —B).
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86 § 2. TpuroHoMeTpuyeckme hyHKLUM

sin (1w — o) sin (o + 21)

tg (t+ o) cos (5+oc)

14.10.” JlokaskuTe TOKAECTBO = —cos 0.

14.11." Beruuciure: sin 0° + sin 1° + sin 2° + ... + sin 359° + sin 360°.

MHPA)KHEHVIS! A9 MOBTOPEH/S I

14.12. HaiiguTe 3HaUeHUEe BBIPAYKEHUA:
1) {1+2 -§3-242; 2) Y7+443 -\2-
14.13. IIpu KaKUX 3HAUEHUAX IEPEMEHHON MMeeT CMBICJI BhIPDAsKeHUe:

1y 24, 4) JTx—42 +

x —4 X2 —8x
2) x2 —4_ 5) 1 .
x4’ J +ax—-12
9 9 2
3) —— 6) ——> + ?

J3x+6

\/35+2x—x2 \/8—4x

15. YpaBHeHue cos x = b

TTockonbKy 007aCThI0 3HAUEHUN (DYHKIIUU J = COS X ABJSAETCA IPO-
mexxyTok [—1; 1], To mpu | b | > 1 ypaBHeHue cos x = b He WMeeT perire-
HUii. BmecTe ¢ Tem mpu J0060M b TakoM, UTO |b |<1, 9TO YpaBHEHUE
nMeeT KOpHU, IpruYeM UX 0€CKOHEUHO MHOIO.

CkasaHHOe JIeTKO MOHATH, 00PaTUBIINNCH K I'paduuecKoii MHTepIIpe-
Tanuu: rpadpuky QyHKIUHA y=cosx u y=>b, rue |b|<1, umeroT Oec-
KOHEUYHO MHOTO o0miux Touek (pmc. 15.1).

yﬂ
//\ — 1 2 y= b//\

Puc. 15.1
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15. YpaBHeHue cos x = b 87

IlouaTh, KaK pelaTs, ypaBHeHUe cOs X =b B 00IfeM ciydae, IIOMO-
JKeT pacCMOTpeHUe YacTHOTO cayuas. Hampumep, peiiuM ypaBHeHUe

1
cosx =—.
2

1
Ha pucynke 15.2 uzobpaskens! rpapuku QYHKINNE Jy =COSX U Y = 5>

YA
Y =cos X

Puc. 15.2

Paccmorpum pyHKIUIO Yy =CcOS X Ha IpoMekyTKe [—T; 7] (KpacHasa
YacTh KPUBOM Ha pucyHKe 15.2), TO eCTh Ha IPOMEKYTKE, AJUHA KO-

1
TOPOTO paBHA IMepuony 3Toi (QpyuHKuuu. I[Ipsmas y =5 rnepeceKaer

rpaguk QyHKIUU Y = COS X HA IPOMeKyTKe [-7; ] B ABYyX Toukax M,
u M,, abcrucchl KOTOPBIX SIBJISIOTCS NMPOTUBOIONIOKHBIMU YUCIAMU.

1
CiemoBaTeIbHO, YPaBHEHUE COSX =5 Ha IIPOMEXKYTKe [—m; m] umeer

b n 1
nBa KopHsA. IIOCKOJBKY cOS (—g) = COSE = 5’ TO 3TUMU KOPHAMU AB-

T T
JAIOTCA YHCiIa —g n —.

w

dyHKIUA Yy =Cc0s X — mepumogudeckad ¢ nmepuozoM 271. Ilostomy

o . 1
KaXKObI M3 OCTAJIPHBIX KOPHEM YPaBHEHUA COSX = E OTJINHYaeTcAa OT

. . T b
OJHOT'O M3 HaWJAeHHBIX KOPHEeH 3 NI 3 Ha YUCJIO BUma 2nn, n € Z.
Wrak, KOpHI paccMaTpUBAEMOr'0 YPaBHEHUSI MOXKHO 3a1aTh (DOPMY-
b T
JaMu X = §+2nn u x=——+2nn,n € Z.
Kak mpaBuiio, aTu aBe (pOPMYJIbl 3aMEHAIOT OJHOUM 3aMKUCHIO:

T
x=i§+2nn,neZ.
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88 § 2. TpuroHoMeTpuyeckme hyHKLUM

BepHeMmcsa K ypaBHeHHIO cos x =b, rue |b |<1. Ha pucynke 15.3
OKa3aHo0, UTO Ha IIPOMEKYTKe [—T; 7] 3T0 ypaBHEeHUe UMeeT ABa KOp-
HA O U —0, e o€ [0; ] (mpu b=1 3Tu KOPHU COBUALAIOT W PABHBI
HYJIIO).

yA
y=1 1
TN v S N e
N7 IR AN
N < /oo N
Puc. 15.3

Torma Bce KOPHU ypPaBHEHUS COS X = b MMEIOT BUJ,
x =xo+2nn,n € Z.
dra popMyJia MOKA3LIBAET, UTO KOPEHDb 0L UI'PAET 0COOYIO POJIb: 3HAs

ero, MOXHO HAliTH BCe OCTaJIbHbIe KOPHU ypaBHEHUs cos X = b. KopeHs o
WMeeT CIlellnaJibHOe HasdBaHWe — apPKKOCHUHYC.

Onpenenenue. ApkkocuHycOM 4ucjaa b, rae |b|<1, Ha3bIBa-

I0OT Takoe uYucao o wu3 mnpomexkyTka [0; m], KocuHyC KOTOpOTO
paBeH b.

g apkKocuHyca ymucjaa b mcmob3yloT 0003HaUeHUEe arccos b.
Hanpuwmep,

1 = b n 1
arccos — = —, TMOCKOJBKY — € [0; ] u cos —=—;
2 3 3 2
\/5 3n 3n 3n \/5
arccos| —— | = —, mockoabKy — €[0; ] u cos— =——.
2 4 4 4 2

Boobr11e, arccos b=, ecau o € [0; ] u cos o =b.
Tenepr opmMyay KOpHEH ypaBHEHUSA cOS X = b, | b |< 1, MoiKHO 3a-
mucaTh B CJIENYIOIEeM BUIE:

x =tarccos b+ 2nn, neZ 1)

3aMeTuM, YTO YaCTHBIE CIydYau ypaBHeHUs cos X =b (mma b=1,b=0,
b =-1) 6T paccMOTpPeHBI paHee (cMm. 1. 9).
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15. YpaBHeHue cos x = b 89

Hamomuum IIOJIYyY€HHBIE€ Pe3yJbTaThI:

cosx=1 cosx=0 cos x=-1

T
x=2nn, ne’ x=5+nn, nez x=m+2nn, ne’

Taxwue Ke OTBETHI MOYKHO TOJIYUYUTDb, UCIOJb3Ys hopmyary (1).
HVmeeT MmecTO paBeHCTBO
arccos (—b) =t — arccos b.

3amaua. Pemure ypaBHeHUe:
2 1
1) cos4x = —£; 2) cos (f +E) =—; 3) cos (E— 7xj =0.
2 3 4 2 5
Pewenue. 1) Ucnoabays dopmyay (1), samuriem:
2
4x = tarccos (——j +27nn, n € Z.
2
Hanee monyuaem:
G

3n
dx=+—+21n; x=x—+—.
4 16 2

3n
Omeem: +—+E e 7.
16 2

2) Nmeem:

X T 1
—+—=zxarccos —+2nn,n € Z;
3 4 2

f+E=i£+21m; f=i£—£+2nn; x=in—3—n+6nn.
3 4 3 3 4 4

V]

3n
Omesem: J_rn—E+6nn,n e 7.

3) Ilepenumiem maHHOE ypaBHEHMWE CJEAYIOITIUM 00pasoM:

cos (7x - E) =0.
5

Orcroza

Torgma
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920 § 2. TpuroHoMeTpuyeckme hyHKLUM

p -
L 1. Mpu KakKx 3HA4YEHNAX b IMEET KOPHW ypaBHEHWE COS X = b?
2. CKonbKo KOpHEN MeeT ypaBHeHye cos x = b npw | b | <1?
3. Y70 Ha3bIBaIOT aPKKOCUHYCOM Ymncna b?
4. Kakow B1A MMeeT hopmMyna KOPHEeW ypaBHeHUs cos X = b npu | b | <1?
5. Kakon Bua nmeet popMyna KOpHen ypaBHeHuns cos x =17 cos x = 0?
cos x =-17

ﬂ—!‘?‘/YI’IPA)KHEHVIFI B

15.1.° Pemure ypaBuenue:
1 2 3 1
1) cosx =—; 2) cosx =—; 3) cosx =——:; 4) cosx =—.
2 2 2 3
15.2.° PemiuTe ypaBHeHmte:
3 1 5 4
1) cosx = £; 2) cosx =——; 3) cosx =—; 4) cosx =—.
2 2 2 7

15.3.° Perture ypaBHeHUe:

1) cos3x = _%; 3) cos 6x=1; 5) cos9x = _é;
2) coséx = £; 4) coszn—x =0; 6) cos (_f) - E
6 2 3 3 3

15.4.° PemiuTe ypaBHeHUte:

x \/5 3x

1Y) cos2x:l; 2) cos—=-—; 3) cos— =—1.
2 5 2 4

15.5.° Perture ypaBHeHUe:

1) cos (x+£)=£; 3) cos (£—2)=—1;
6 6

2
2) cos(z—sz—é; 4) zcos(f—sx)ﬂ:o.
4 2 8
15.6.° Pemiure ypaBHeHmue:
1) cos(g—élx):l. 2) \/§cos(§+3)+1=0.

15.7." HaiiguTe HamGONLIINUHE OTPHUIATENLHBIH KOPeHbL ypPaBHEHUS

S
cos|x——|=—.
6 2
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16. YpaBHeHus sinx=b n tgx =5 91

15.8." HafizuTe Kakoii-HMOyAb OTPHUIATENbHBI KODeHL ypaBHEHUS

x_ 2

cos —=-——.
4 2

o 3
15.9. CkoibKO KOpHeH ypaBHEHUS COS3X =? OpuHAIJIeKaT IPO-
T
MEXYTKY [—E;n}?
o . T 1
15.10. HaiiguTe Bce KOPHU YPAaBHEHUS COS x+ﬁ = 3y YIOBJIETBO-

T
pAoIe HEPABEHCTBY _E <x<A4m.

MHPA)KHEHVIFI AJ191 NOBTOPEHUS IS

2 11 2 11 2

a® —2a®b® +b*  a®b® -b®
4 2 2 ° 1 2 2°

a® —a’h? ab? +a3b?
15.12. Haiigure obJsiacTh ompeneseHus GyHKIIUN:
{“/; V9 - x*
; D y=—-—.

1) y= /—;
\8x% —5x +2 x+2

15.11. YopocTure BhIparkeHume

16. YpaBHeHUus sinx=b un tgx=>

% TIoCKOJBKY 06JIACTBIO 3HAUEHUNM PYHKIWHU Y = Sin X ABJIAETCA IIPO-
mesxyToK [—1; 1], To npu | b | > 1 ypaBHeHue sin x =b He uMeeT
peireruii. Bmecte ¢ Tem mmpu Jiro60oM b TaKOM, UTO | b | <1, aTO ypas-
HeHre mMeeT KOPHU, IPpUUYeM UX 0€CKOHEYHO MHOTO.

OT™MeTuM, YTO YaCTHBIE CaydYau ypaBHeHUs sin x=b (mmab=1, b=0,

b =-1) 6sL1; paccMmoTpeHnsl paHee (cM. 1. 9). HamoMHuM moJsiyyeHHBIE

pesyJabTaThl:

sinx=1 sinx=0 sinx=-1

n T
x:E+2nn, nez x=7mn, nez x:—5+2nn, nez

HOas1 TOoro 4To0BI HMOJYUYUTH OOIYI0 (OPMYJYy KOPHEH ypaBHEHUS
sin x = b, roe | b |<1, obpaTtumMcsa K rpad)uuecKoil MHTePIIPeTaAIln.
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92 § 2. TpuroHoMeTpuyeckme hyHKLMM

Ha pucynke 16.1 nzobpaxeHs! rpaduku QyHKIui y =sin x u y = b,
|b|<1
yA

N PSRN PN

NME]

y=sin x

/
no|ap------
d
|
N
/|

[ =y

Puc. 16.1

. 3
PaccmoTpuM QYHKIUIO Y = Sin X HA IPOMEKYTKE [—g; ?n} (xkpacHas

YyacTh KPUBOI Ha pucyHke 16.1), To ecTh Ha IPOMEKYTKe, AJUHA KO-
TOPOTO PaBHA MePUOAY 3TOoH (pyHKIHK. Ha s3TOM IIpoMe:KyTKe ypaBHe-

T
HUe sin x =b uMeeT ABa KOPHA O U T — O, TAE O € [_E —} (mpu b=1

b
9TU KOPHU COBIIAJAIOT U PABHBI > ).

ITockonbry yHKIVA Yy =sin x — IepuomudYecKad Cc Iepuomom 2,
TO KaXKABIHA M3 OCTAJbHBIX KOPHEIl YpaBHEHHUS Sin X = b oTJInyaeTcs OT
OJHOTO M3 HaWJeHHBIX KOPHeIl Ha YMcJo Buma 21n, n € Z.

Torga KopHU ypaBHEHUA Sin X = b MOKHO 3amaTh GopMyJaaMu

X=0o+2nn u x="M— 0o+ 2nn, n € Z.
Itu nBe (hopMyJIbI MOMKHO 3aMEHUTH OJHOI 3aIIUChIO:
x=(-1)o+nk, keZ. 1)

HelicTBUTEIBLHO, €CJi B — YeTHOe YMCJO0, TO ecTb k= 2n, n € Z, TO
moJiyuaeM X = o+ 27n; ecau kB — HeueTHOe UHCJIO, TO ecTb k=2n+1,
n e 7, To moJydaeM X =—0 + T+ 20N =T — O + 27n.
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16. YpaBHeHus sinx=b n tgx =5 93
®opmyia (1) mokasbIBaeT, YTO KOPEHD (L UTPAET O0COOYIO POJIb: 3HAA

ero, MOKHO HAWTH BCe OCTAJIbHbIe KOPHU ypaBHeHus sin x = b. Kopens o
nMeeT CIlelMaJibHOe Ha3BaHUe — apKCUHYC.

Onpenenenne. Apkcunycom uucnaa b, rae | b|<1, HassiBaT

TaK0€ YMCJI0 O U3 IIPOMERKYTKA |: 5

ot 2}, CHHYC KOTOPOTO paBeH b.

s apkcuHyca uymcsaa b MCIoJIb3yIOT 0003HaUeHWe arcsin b
Hanpuwmep,

T

T [ T n} A |
—, TMOCKOJIBKY — €| ——;— | U sin — = —;
6 6 2 2

n[)= e[S wanl )y
arcsin | —— —, TMOCKOJBKY —— €| ——;— | u sin| —— |=——.
2 3 3 2 2 3 2

. T T .
Boob6uie, arcsin b =, ecau o € [—E; 5} u sin o = b.
Teneps hopmysy KopHeil ypaBHeHUs sin x =b
nucaTh B CJIELYIOIEM BUE:

1
arcsin — =

b|<1, moxxHO 3a-

x=(-1)" arcsinb+nk, kecZ

(2)
NMmeeT mecTO paBEeHCTBO
arcsin (—b) = —arcsin b.
.X 1 . [T 3
3amaua 1. Pemmure ypaBHenue: 1) sin — = ——; 2) sin (— - 3xj

Peuwenue. 1) Ucionb3ys popmyay (2), samuiinem:

1
g =(-1)" arcsin (_Ej +7nn,n € Z.

Hanee monyuaeMm:

S (—g)mn; X e —+nn,

_( 1)n+1 'g‘l‘nn; x:(_l)n+1 .

|>< NI

kil +27n.
3

Omeem: (—1)"*1 -§+2nn, neZ.

2) IlepenuiieM mJaHHOE YpaBHEHUE CJAEAYIOIIUM 00pa3oM:

—sin (3x - gj = —E

5
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94 § 2. TpuroHoMeTpuyeckme hyHKLUM

3 3
Torma sin (3x - g) = g; 3x —g = (-1)" arcsin % +7nn,n e Z;

T T T on
3x——=(-1)""—+mnn; 3x=(-1)"-—+—+mnn; x=(-1)"- eI
3 1 3 1) 3 3 1) 9 9 3
T

Omeem: (-1)" -E+—+n—n,neZ. <
9 9 3

& IlocKOJBKY 00JIaCThbIO 3HAUEHUM (QYHKIUU Y = tg X ABIAETCA MHO-
skecTBo R, TO ypaBHeHUe tg x = b uMeeT pellleHUA IPU JIOOOM 3HA-

yeHUM b.

I Toro 4TOOGBI MOJYUYUTh (POPMYyJay KOpHel ypaBHeHus tg x =0,
obpaTtuMcsa K rpaduuecKoi MHTePIIPeTaIluu.

Ha pucynke 16.2 usobpakeHnl rpaduku GyHKIuil y=tg x u y = b.

yA

i

s
2

Mr\\

ME]

Puc. 16.2

T T
Paccmorpum QyHKIUIO y =tg X Ha IPOMEXKYTKe (_E E) (kpacHas

KpuBad Ha pucyHke 16.2), To ecTh Ha TPOMEXKYTKe, JJINHA KOTOPOTO
paBHa mepuony maHHOHU ¢GyHKumuu. Ha sTOM IpoMeskyTKe ypaBHeHUE
tg x = b pu sm1060M b MMeeT eAUHCTBEHHBIN KOPEHb OL.

ITockounbry yHKOUA Y =tg ¥ — IepuogmuecKkas ¢ IepuoioM T, TO
KaKIBIM M3 OCTAJbHBIX KOPHEHN ypaBHeHudA tg x =b oTamyaercsa oT
HaNIeHHOTO KOPHA Ha YWUCJIO BUAA TN, n € Z.

Torma KopHU ypaBHeHHuA tg X = b MOKHO 3aAaTh QPOpPMYyJIOit

x=0o+7nn, nec’Z.

ITonyuenHasa dopmysa IMOKA3BIBAET, UTO KOPEHBb O UT'PAET OCOOYI0
poJsb: 3HAA ero, MOYKHO HAWTU BCe OCTaJbHBIE KOPHU ypaBHEHU
tg x = b. KopeHsb 0. mMeerT cielninajabHOe Ha3BaHWE — apKTaHTEHC.

Ounpenenenue. ApKkTaHTreHCOM 4YHCJIa b HA3BIBAIOT TaKOe YMC-

T T
JIO 0. M3 MIPOMEIKYTKA (_E; E)’ TaHreHC KOTOPOTro paBeH b.
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16. YpaBHeHus sinx=b n tgx=>5 95

g apkraHreHca umcia b ncnonb3yioT obo3HaueHue arctg b.
Hanpuwmep,

arctg \/3 = =, IOCKOTbKY — € (—E; E) u tg L =3;
3 3 22 3

b T T b
arct 1) = ——, HOCKOJBKYy —— €| ——;— | u tg| ——|=-1.
g(-1)= 4 v 4 ( 2 2) g( 4)

Boob61nie, arctg b=oa, ecau o€ (—g; g) utga=>=.

Teneps dopmMyay KopHell ypaBHeHus tg x =b MOKHO 3amucaTh
B CJIeAYIOIeM BUJE:

x=arctgb+nn, ne’Z

NmeeT mecTO paBeHCTBO
arctg (—b) = —arctg b.

2
3amaua 2. Pemure ypaBHenue tg ?x = /3.

2
Pewenue. Umeem: ?x = arctg (—\/§)+ﬂ3k, ke Z;

2 3
—x:—£+nk; x:—E+—Tck.
3 3 2 2

Omesem: —g+gnk,k eZ. 4

‘l) |
e, Mpw Kakmx 3HaveHusx b MMeeT KOPHW ypaBHeHMe sin x = b?

2. Y70 Ha3bIBalOT apPKCMHYCOM Ymcna b?

3. 3anuwuTe hopmMyy KOpPHEeM ypaBHeHWs sin x = b npu | b | <1

4. 3anuwmnTe GopmMyny KopHewr ypaBHeHus sin x =1; sin x = 0; sin x = —1.

5. Mpu KakmMx 3HayveHnsx b MMeeT KOpHW ypaBHeHNe tg x = b?

6. 470 Ha3bIBAIOT apKTaHreHCoM Yncna b?

7. 3anuwuTe GopMyIy KOPHEN ypaBHeHWs tg x = b.

i

T7/ YMPAXKHEH/S I

16.1.° Permture ypaBHeHUe:

2 1
1) sinx=?; 2) sinx=—?3; 3) sinx:z; 4) sinx = /2.
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96 § 2. TpuroHoMeTpuyeckme hyHKLUM

16.2.° PemuTe ypaBHeHUte:

1 2
1) sinx=§; 2) sinx=—?; 3) sinx=?5; 4) sin x =1,5.
16.3.° Perture ypaBHEeHUe:
x 1 2
1) sin —=——; 2) sin bx =1; 3) sin (-8x)=—
) P ) ) (—-8x) 9
16.4.° Pemute ypaBHeHUte:
2 2
1) sin 2x=£; 2) sin = = 0; 3) sin—x=—£.
2 7 5 2

16.5.° Pemure ypaBueHnue:

1) tgx =/3; 2)tgx=—§; 3)tgx=-1; 4)tgx=5.

16.6.° Pemiure ypaBHeHme:

3

1) tgx=1; 2) tgx:%; 3) tgx=—3; 4)tgx=-2.

16.7.° Perture ypaBHeHUe:
x 1 Tx
1) tg 2x=1; 2) tg—=—; 3) tg \/§
) te ) te 3 3 ) ( 4 )

16.8.° Pemute ypaBuenue tg gx =0
16.9.° Perture ypaBHeHUe:

1) sin (X—E)=£; 3) sin (£+1)=—1;

6 2 3
2) sin(i—x)=£; 4) \/Esin(l—&x)—l:o.
8 2 12

16.10.° PemiuTe ypaBHEHUE:

1) sin(l—sx)zh 2) 2s1n(f—4)+1=0.

18 5
16.11.° Pemrure ypaBHeHUe:
) 3
1) tg|8x—— |=—; 2) tg (3 —2x)=2.
) g( . 2) 3 ) tg ( )

16.12.° Pemure ypaBHEeHUE:

1) tg(x+§j:1; 2) 3tg (3x+1)—+/3 =0.

16.13." HaiiguTe HauMeHBLIIHI MOJOKUTEILHLIH KOpeHb ypaBHEHUS

sin (x+§j = —é

5
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16.14." Hafigure HamGOJBIINI OTPUIATENLHBIH KOpPeHbL ypPaBHEHUS

sin (3x - 1) =-1.
15

. “ . b4 1
16.15. HaiiguTe Bce KOPHU ypaBHEHUA Sin (x — 5) = 5, TpUHAAJIEXKA-
e IIPOMEKYTKY —n;? .

o . . 2
16.16. CroJbKO KOpHell ypaBHeHHUs Sindx = > IpUHAAJIexXaT IIPo-

MEXKYTKY [_31.5}?
272/

16.17.” Ckoxpko KOpHelH ypaBHeHud tg 4x =1 IpUHAIIEKAT IIpOMe-
KyTKY [0; 7]?

16.18.” Haiinure cymMMy KOpHell ypaBHeHHS tg g = /3, mpuHamIeKa-

%
IUX TPOMEKYTKY —21!;?.

MI’IPA)KHEHI/IFI AJ191 NOBTOPEHUS IS

16.19. Pemture ypaBuenue:

1) x—Jx-1=3; 3) V3x+4-J2x-5=2x+1;

2) V1+4x—x* +1=x; 4 Jrt—— = J5rx.
Vh+x

17. TpuroHomMmeTpunyecKkue ypaBHeHuUs,
cBogsiLLMeEcs K anrebpanyeckum

B nyakrax 15, 16 MbI mosryumam GopMyJibl AJIs PeIIeHUA ypaBHeHUH
BHUJA COS X =a, sin x = a, tg x = a. 9Tu ypaBHEeHUsA Ha3LIBAIOT IMIPOCTEN-
IIMMH TPUTOHOMETPUYECKMMU ypaBHEeHUAMHU. C IIOMOIIbIO0 PA3IUYHBIX
IPUEMOB U METOJOB MHOTHWE TPUTOHOMETpUUYECKNe yPaBHEHUS MOKHO
CBECTHU K IIPOCTEHIIIM.

3amaua 1. Pemure ypaBuenue 2cos’x—5cosx+2=0.

Pewenue. Boimotnum 3ameny cos x =t. Torga ganHoe ypaBHeHUe

1
mpuauMaer Bupg 2t° —5t+2=0. Orcioga t, = 5, t, =2. IlockonbKy

Mpago ans i iApy B Mepexi IHTepHeT mae
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98 § 2. TpuroHoMeTpuyeckme hyHKLUM

| cosx | <1, To ypaBHeHmUe cos x = 2 He uMeeT KopHeii. CiiemoBaTeabHO,

1
UCXOJHOE ypaBHEHVE PAaBHOCUJILHO YPABHEHUIO COSX = 3 OKOHYATENh-
T
HO TOJIyUYaeM: X = ig +2nn,n € Z.

Omeem: i§+2nn, neZ. 4

3amaua 2. Pemure ypaBHeHUe sin x — 3 cos 2x = 2.
Pewenue. Vicnonbays dopmyuy cos 2x = 1 — 2 sin® x, mpeoGpasyem
JaHHOe ypaBHEHUe:
sin x — 3(1 — 2 sin’x) — 2=0;
6 sinx+sinx—5=0.
IIycrs sin x =t. IToayyaeM KBazpaTHOoe ypaBHeHme 6t +¢—5=0.
Orcroza i, = -1, t, = §

WUrak, maHHOe ypaBHEHVE PABHOCUJIBHO COBOKYITHOCTH IBYX ypaB-

sinx =-1,
HEHUMN: 5
sinx = —
6
T
x = —E +2nn,
Nwmeem:

5
x =(-1)" arcsin 5 +7n,n € Z.

)
Omsem: —g+2ﬂ:n, (—1)”arcs1ng+nn,neZ. |

1
3anaua 3. Pemure ypaBHenue tgx +—— =3.

Cos X

Pewenue. ITockOIbKY =1+tg?x, To maHHOe ypaBHEHUe

2
Cos X

MOYKHO 3aIIHCATH CJIEAYIONIM 00pa3oM:
tgx+(1+tg’x)=3.
Orciona tg®x+tgx—2=0. Iycrs tg x =¢. Umeem: t2+¢—-2=0.
Torpa t, =1, ¢, =-2.
IMosyuaeM, 4TO JaHHOE ypaBHEHME PABHOCUIBHO COBOKYITHOCTH JBYX
YPaBHEHUI:

tgx = 1,
tgx =-2.
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17. TpyroHoMeTprnyecKme ypaBHeHUs, CBOAALLMECS K anrebpanyecknm

29

T
X =—+7n,
Orcroma 4

x =-—arctg2+nn,n € Z.

Omeem: §+ﬂ:n, —arctg2+nn,ne’Z. <

17.1.° Permture ypaBHeHUe:
1) 2 sin®x +sin x — 1 = 0;

2)20052x—5cosx—3:0;

17.2.° PertuTe ypaBHeHUe:

1) 2 sinx—3sinx+1=0;

2)200522x—c0s2x—1:0;

17.3." Pemure ypaBHeHUe:
1) sin x —cos x =0;
2) J3sinx +cosx = 0;
17.4." Pemure ypaBHeHHE:
1) sin x + cos x = 0;
2) sinx —x/§ cosx = 0;
17.5." Pemure ypaBHeHHE:
1) 6 cos’x +5 sinx —7=0;

2) 2 sinx+7cosx+2=0;

3) cos 2x =1+ 4 cos x;

4) 2 cosx —cos2x — cos’x =0;

17.6." Pemure ypaBHeHUe:

1)4s'1n2x+8005x+1:0;

2) 2 cos’x =1 +sin x;

3) cos 2x + 8 sin x = 3;

17.7."” PemmuTe ypaBHEHUTE:

1) 8 sin® 3x + 4 sin® 6x = 5;

Mpago ans

i!‘?/ YMPAXKHEH/S I

3) sin®38x + 2 sin 3x — 3=0;
4) tg®?x -2tgx-3=0.

3)4tg’x—tgx—3=0;

4)3cos’ X +5c0s X —2=0.
4 4

3) 4 cos 2x — sin 2x = 0.
3) cos 4x — 3 sin 4x = 0.

5) cos 2x +sin x = 0;

6) cosz—x—5cos£—2=0;
3 3

X
7) cos E +cosx =0;

8) cos2x—4 J2 cosx+4=0.

4) cos 2x + sin? x = cos x;

5)5sin£—cos£+3=0;
6 3

6) cosx +sin g =0.

2) 2 tg’x + 4 cos’x =T.

B Mepexi [HTepHeT mae
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100 § 2. TpuroHoMeTpuyeckme hyHKLUM

17.8.” Pemmure ypaBHeHUeE:

1) 2cos®4x —6cos’2x+1=0; 2) /3tgx+38=

o e
Cos X

MI’IPA)KHEHVIR AN19 NOBTOPEHUS I

17.9. CpaBHuTe uncia:

1) Y7 w47, 2) V2 u {V33; 3) ¥15 u V5 4) Y25 u 5.

17.10. Pemtute ypaBHEHUE:

1) 6x% - 24x =0;

3) x°+2x*+8x+16=0;

2) x* — 5x® +9x — 45 =0; 4) x* - 2x*+2x—1=0.

@ CTAHOBUCb OCTPOrPAACKMMV! IS

Brigaromuiics yKpanHcKuii mareMatuk Muxania BacuabeBuu OcTpo-
rpagckuii poauscsa B ceje IlamenmoBka Ha IlomraBmiumue. B 1816—
1820 rr. oH yunicsa B XapbKOBCKOM YHHBEPCHUTETE, a 3aTeM COBEpPIIIEH-
CTBOBAJI MaTeMaTuueckoe o0pasoBaHue, ob0ydasich BO PpaHnum y TaKUX
BeIUMKUX yueHbIX, Kak [Ibep Cumon Jlammac (1749-1827), Cumeon
Henu Ilyaccon (1781-1840), Ortocren JIyu Ko (1789-1857), dKau
Barucr sHosed Pypre (1768-1830).

Cpenu OorpoOMHOTO HAYYHOI'O HACJEANs, KOTOpoe ocTaBuJj Ham Mu-
xans OcTporpaicKuii, 3BHAUNTEIbHYIO POJIb UTPAIOT Pab0OThI, CBSIBAHHbBIE
C HCCJIeJOBaHNEM TPUTOHOMETPUUYECKHUX PSANOB U KoJiebaHuii. MHorme

Muxaun BacunbeBud
OcTporpaackui

(1801-1862)

MaTeMaTUYeCcKre TeopeMBbl CerogHs HOCAT
umsa OcTporpaacKoro.

Kpome mayunnsix pa6or, OcTporpajacKuii
HamucaJ PAJ OPEKPACHBIX YYeOHUKOB MIJISA
MOJIOZIE?KHU, B 4aCTHOCTH «IIporpamMmy u KOH-
cuexT Tpuronomerpun». Cam OcTporpaacKuii
MIpUAABaj BOIPOCY IPEIOgaBaHUSA TPUTOHO-
MeTpUU TaKoe 0OJIbIIIOe 3HAUEHHUE, UTO 9TO
CTaJIo IPeIMeTOM JoKJIaka B AKageMun HayK.

Hayunsrit aBroputer OcTporpaackoro 0bLI
CTOJIb BBICOK, UTO B T€ BpeMeHa, OTIIPABJISIA
MOJIOJIe}Kb Ha OOydYeHMe, HAIyTCTBOBAJIU:
«CranmoBuchk OcTporpazckum!» ITo morkesa-
HIUe aKTYaJIbHO U CEeTOMHs, [I09TOMY

«CranoBuch OcTporpaackum!»
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[maBHoe B Naparpade 2 101

' FMMABHOE B NAPATPAO®E 2 i
[

Pagunannas mepa yria

YriaoMm B OOUH paguaH HA3BIBAIOT IEHTPAJIbLHBIN YIOJ OKPY)KHOCTH,
onmparmoIuica Ha AYTY, AJWHA KOTOPOH paBHA PaAMyCy OKDYIK-
HOCTH.

Paguannas u rpagycHasi Mepbl yrJia cBA3aHbI (hOPMYJIaMu

180’ T
lpag=|—|, 1°=
pﬂ(n) (180)}31[

Kocunyc, cunyc u TaHreHC yria moBopora

Kocunycom 1 cuHyCcOM yrja MOBOPOTAa O, HA3LIBAIOT COOTBETCTBEHHO
abcmuccy x 1 opAMHATY Yy TOUKU P(X; ) eIUHUYHON OKPYIKHOCTH,
IOJIy4eHHOH B pesysbTare nosopora Touku P (1; 0) Bokpyr Hauana
KOODAMHAT Ha YroJI O.

yﬂl
o
cos o /1 B
(0] 1 x
P sin a

Taurencom yriia moBOpoTa U HAa3bIBAIOT OTHOIIIEHHE CHHYyCa 9TOI'0

sina
yrJjia K ero KoOCUHycy: tgo = .

cosQ

3HaKM 3HAYEeHUII TPUTOHOMETPUUYECKUX (PYyHKIIUI

sin o Cos o

Yy tg a
NN AN P
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MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



102 § 2. TpuroHoMeTpuyeckme hyHKLUM

Ilepunonuueckue pyHKRIIMHT

@yuknuio [ Ha3LIBAIOT MEPUOJNUYECKOIl, €CJIU CYIIeCTBYeT TaKoe
yucao T # 0, uTo mjis 10000 X 13 06JacTH onpeaeaeHusa QYHKIINU
f BormosHsitorea paseuctBa f(x — T)=f(x)=f(x+ T). Yucmao T Ha-
3BIBAIOT MepuoaoM (pyHKIuuU f.

Ecau cpenu Bcex mepuogoB GYHKIIUU [ CYIIECTBYeT HaMMEHbBIIHNI
TMOJIOXKUTEIbHBIN IIEePUOM, TO €r0 Ha3hIBAIOT TJIABHBLIM IIEPUOIOM
dbyaKIUY f.

CBA3p TPUTOHOMETPUUECKUX (DYHKIUII OMHOTO M TOTO K€ apryMeHTa

sina + cos?a=1;

1+tglo=—5—.
COs O

DopMyaBI CIOKEHUS
cos (o0 — B) = cos o cos P + sin o sin
cos (ot + B) = cos o cos f — sin o sin
sin (o — B) =sin o cos B — cos a sin f3;
sin (o0 + ) = sin o cos B + cos o sin f3;

tga —tgP
tg(a0—PB)=—""—;
gl P) 1+tgotgp

tgo + tgP
tg (a+p)=—""—"—.
g (o +P) | tgatep

®DopmyJIsl MPUBEIEHUST

Has Toro 4ToOBI 3amucaTh J00YI0 13 (GopMyJ IPUBEIEHUA, MOKHO
PYKOBOJICTBOBATHLCA CIENYIOIIUMU ITPABUJIAMU:
1) B mpaBoif yacTu paBeHCTBA CTABAT TOT 3HAK, KOTOPHIN MMeEET

b
JeBas 4acThb IIPHU ycJyioBuu, uto 0 < o < E;
. T
2) ecau B JeBo# yacTu (OPMYJIbI apTyMeHT MMeeT BUJ Eioc uan
3n
?ioc, TO CMHYC MEHSIOT Ha KOCHMHYC U HaobopoT. Eciu apry-
MEHT mMeeT BUA T t O, TO 3aMeHa (DYHKIIUU He IPOUCXOOUT.

®dopmyssl IBOHOTO apryMeHTa
cos 20, = cos’a — sin0.=2 cos®’o— 1=1 — 2 sin’q;
sin 200 = 2 sin o cos o3
2tga
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ApKKOCUHYC, ADKCUHYC M aPKTAHT€HC

Apkxrocunycom uncaa b, rae | b|<1, HasbBalOT TaKoe YMCIO O U3
mpome:kyTKa [0; ], KocCumHyC KOTOPOTO paBeH b.

Apxcurycom umcna b, rae |b|<1, HaspIBAaIOT TaKoe YHMCJO O U3
T T
HPOMEXKYTKA | =~ |, CHHYC KOTOPOTO paBeH b.

ApKraHnrencoMm umucJja b Has3LIBAIOT TaKOe YHMCJIO O U3 MPOMEKYTKA

T T
(_E;Ej’ TAHT'eHC KOTOPOT'O paBeH b.

Pemenne mpocTedInx TPUTOHOMETPHUYECKHX YpaBHEHMIA

YpaBHeHve dopmyna KOpHeN ypaBHEHWS
cosx:b,|b|<1 x =tarccos b+ 2nn, neZ
sinx =0, b|<1 x=(-1)"arcsinb+mnn, neZ

tgx=">b x=arctgb+mnn, neZ
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NPON3BOOHAS 3
1 EE MPUMEHEHWE

B 3Tom maparpade Bbl 03HaKOMUTECh C MOHATMEM MPON3BOAHOM (YHK-
LMK B TOYKe, HAay4MTeCb NPUMEHNATb NPOM3BOLHYIO ANS UCCNefoBaHNA
CBOWCTB DYHKLMIM 1N MOCTPOEHUS FPAaUKOB PYyHKLMIN.

18. 3apaum 0 MrHOBEHHOWN CKOPOCTU
M KacaTesnibHOM K rpacduky pyHKUUN

Eciu GyHKIUA ABJAAETCA MaTeMaTHUYECKON MOJeJbi0 PeaJbHOTO
mpolecca, TO YacTO BOBHMKAET HEOOXOAMMOCTh HAXOIWUTh Pa3HOCTH
3HAUYEHUH aToi GYHKIMU B ABYX TouKax. Hampumep, o603HAUUM Uyepes
f(t) u f(¢,) cyMMBI CPEACTB, KOTOPble HAKONMJIUCH Ha nemosuTHOM'
cueTe BKJAAYMKA K MOMeHTaM Bpemenu ¢ u t . Torpa pasHocts f(t) -
- f(t,), rme t >, HOKa3bIBaeT NPUOHLIb, KOTOPYIO MONYUUT BKIALINK
3a BpeMdA t — 1.

Paccmorpum dyukuumio y = f(x). Ilycts x, — purcupoBaHHAs TOYKA
u3 obJlacTu ompeneneHusa GyHKIuu f.

Ecau x — mpousBoJbHAsA TOYKaA 00JaCTHU onpeneieHusd QyHKIuu f
TaKas, 4TO X # X, TO PA3HOCTb X — X, HA3BIBAIOT NPUPAIEeHHeM apry-
MEHTa (bymcmm [ B Touke x, u o6o3Haqa10T Ax (4uTaioT: «meabTa
uKc»)?. Umeem:

Ax=x—x,.

Orcrona

X =x,+Ax.

ToBopsAT, 4TO apryMeHT MOJYy4YWJ NpUpauienue AX B TOUKe X,.

OTMeTuM, UTO IpUpAIeHUe apryMeHTa MOKEeT OBbITh KaK IIOJIOMKU-
TEJBHBIM, TAK ¥ OTPUIATEIbHBIM: €CIU X > X, TO Ax > 05 ecim x < x,
T0 Ax <O0.

Ecnu aprymenT B TOUKe X, IOJYYNUJI IpUpallenre Ax, TO 3HaYeHUe
GyHKIIUY [ UBMEHUJIOCh HA BEJIUUUHY

f(x, +Ax) = f(x,).

Ty PasHOCTh HA3BIBAIOT NpupamenueM pyHxuuu f B Touke x, u 060-

3HavaoT Af (uuTaoT: «meabTa ad»).

! Heno3uTHBIN — OT deno3um (0aHKOBCKUM BKJAA) — AEHBI'U, KOTOPHIE
BKJIaJUUK IlepenaeT 0aHKY Ha HEKOTOPHIN CPOK, 3a YTO OaHK BBHIILJIAUMBAET
BKJIALUUKY IIPOIEHTHI.

% ToBOp# 0 IPUPALEHAN apryMeHTa DYHKIUH | B TOUKe X,, 30€Ch U jaynee
Oyzmem mpejmnojaraTb, YTO B JI00OM IPOMEXKYyTKe BuAa (X, —€; X, +€) ecTb
TOYKHU 00JIaCTH OnpeneseHus GpyHKIuu f, OTIMIHBIE OT X.

Mpago ans i iapy B Mepexi IHTepHeT mae
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18. 3a71a41 O MIHOBEHHOW CKOPOCTU U KacaTenibHoW K rpaduky dyHkummn 105

Nwmeem:
Af = F(x, + Ax) = [ (x,) mmm Af = £(x) = f(x,).
Ona npupaiienuda QyHKIuU y = f(x) IPUHATO TaKKe 0003HAUEHUE
Ay, TO ecThb
Ay =f(x) = f(x,) mmm Ay = f(x, + Ax) = f(x,).
IIpupamesme Ax aprymMeHTa B TOUYKE X, U COOTBETCTBYIOIllee NPU-
paienue Af GyHKIIUM ITOKa3aHbI Ha pucyHke 18.1.

Yl
f(x,+ Ax)
fx,)

Puc. 18.1

Ormerum, 4TO A (PUKCHPOBAHHOW TOYKU X, IpUpalleHue QyHK-
nuu f B TOUKe X, ABJAsAeTCA (DyHKIUeH ¢ aprymMmeHToM AX.

3amaua. Hajinure npupamienre GyHKINA y = X° B TOUKe x,, KOTO-
poOe COOTBETCTBYET IPHUPAIeHNI0 AX apryMeHTa.
Pewenue. Umeem:
Ay = (%, + Ax)’ —x2 = x2 + 2x,Ax + Ax? — x} = 2x,Ax + Ax®.
Omeem: 2x0Ax +Ax%. 4

3apaya o MrHOBeHHOM CKOpPOCTH

IIycTs aBTOMOOMIIB, IBATASICEH IO IPAMOJUHENHOMY YUYACTKY JOPOTH
B OJHOM HAIIpaBJIeHUU, 3a 2 u mpeomosen nyTh 120 kM. Torma ero
120

CpPe/iHssl CKOPOCTDb /BUKEHUsI PaBHA: U,, = - =60 (Km/4).

Haﬁ}_IeHHOB 3Ha4YeHurue CKOPOCTH maeT HEIIOJIHO€e IIpeacTaBJIEHUNEe
O XapakxKTepe ABUMKEHUA aBTOMOOMJIA: HA OJHUX y4dYaCTKaX IIYTH aBTO-
MOOMJIb MOT ABUTaTbBCA 6I>Ic'1‘pee, Ha Apyrux — MeaJjieHHee, MHOorga MOoT
OCTaHaBJINBATHCA.

BmecTe ¢ Tem B 10001 MOMEHT BpeMeHUu CIInJOMETD aBTOMOOMJISA
IIOKa3bIBaJI HEKOTOPYIO BEJIMUMHY — CKOPOCTH B J.IaHHI:Iﬁ MOMEHT Bpe-
MeHU. SHAUEHUS CKOPOCTH B Pa3HbI€ MOMEHTBHI 6oJjiee TTOJIHO XapakxKTe-
PHU3YIOT ABUMKEHIUE aBTOMOOMJIS.

PaCCMOTpI/IM 3aga4dy O IIOMCKe CKOPOCTHU B J.IaHHI:Iﬁ MOMEHT BPEeMEHN
Ha IIpmMepe PaBHOYCKOPEHHOI'O NBUMKEHUA.

Mpago ans i iapy B Mepexi IHTepHeT mae
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106 § 3. MpousBoaHas v ee NpUMeHeHne

IIycTts MaTepuaiabHasd TOUKA ABUXKETCA IO KOODAUHATHON NPAMOI
U yepes BpeMd { IIOCJIe Havasla IBUKeHUA nMeeT KoopamHATY S(1). Tem
caMbIM 3a/laHa QYHKIUA Y = S(1), IO3BOIAIOIAA OIPEEJUTH II0JI0XKe-
HUe TOUKU B JI000# MoMeHT BpeMeHU. I[losaToMy aTy DyHKI[UIO Ha3bI-
BAiOT 3aKOHOM JIBMSK€HUS TOUKU.

s Kypca Q)I/ISI/IKI/I M3BECTHO, YTO 3aKOH PaBHOYCKOPEHHOT'O ABUME-
2

. at
HuA 3amaercsa (opmymaoin s(t) = 8, +Uot+7, rae s, — KOOpJUHATa

TOUKM B Havase ABvkeHus (upu t=0), v, — HavyasbHas CKOPOCTb,
a — yCKOpeHUe.
ITycrs, nanpumep, s,=0, v,=1 m/c, a =2 Mm/c?. Torma s(t) =t +t.
3adurcupyeM Kaxkoi-HUOyAb MOMEHT BPeMeHU f, U INPUAAAUM ap-
TYMEHTY B TOUKe to npupaiieHue At, TO eCTh PACCMOTPUM IIPOMEIKYTOK
BpPeMeHU OT ¢ 10 ¢, + Af. 3a 5TOT IPOMEKYTOK BPEMEHU MaTepuasIbHas
TOYKa OCYIIeCTBUT IepeMelrieHue As. meem:

As = 8(ty + At) = 8(t,)) = (t, + At + (¢, + At) = (t2 +1,) =
—
s(tg+At) s(ty)
=12+ 2t At + A +t, + At —t) —t, = 2t At + At + At°.
CpenHss CKOPOCTh ., (At) mBUKeHUSA TOUKU 3a IIPOMEKYTOK BpeMe-

As
HU OT {, 10 t + At paBHA OTHOIIEHUIO o ITonyuaem:
t

As 2t At + At + A

At At

O6o3HaueHUE IJIA CPEHEN CKOPOCTH Uy, (At) moguepKUBaET, UTO IPHU
3aJJaHHOM 3aKOHE JBMKeHUA Y = $(f) U QUKCUPOBAHHOM MOMEHTE Bpe-
MeHU f, 3HAUeHNE CPe/JHEe!l CKOPOCTH 3aBUCHUT TOJBKO OT Af.

Ecnu paccmaTpuBaTh ZOCTATOYHO MaJIble IPOMEXKYTKU BPEMEHU OT f,
mo t, + At, TO U3 NPAKTUYECKUX COOOPAsKEeHUI MOHATHO, YTO CPETHUE CKO-
pocty v (At) 3a TaKue IPOMEKYTKY BPEeMEHU MAaJO OTJINYAIOTCS APYT OT
APyTa, TO €CTh BeJMINHA U (At) mouTu He usMeHseTcss. dYem mMeHbITe Af,
TeM OJIMIKe 3HAUEeHWe CPeJHe CKOPOCTU K HEKOTOPOMY UWCIY, OIpeje-
JIAIOIIEMY CKOPOCTh B MOMEHT BpeMeHH ¢ . IHBIMU CI0BaMHU, €CJIU 3HAUe-
HUA At cTpemMsaTca K HyJio (obosHauatoT At — 0), TO 3HaAUEHUA Uy, (A?)
cTpeMATcs K uuciy v (). Yucio v () Ha3bIBAIOT MTHOBEHHOM CKOPOCTBIO
B MOMEHT BPEMeHU £ . ITO 3aIUCHIBAIOT TaK: U(f,) = Llir}) v,, (At). I'oBopsr,

=2t,+1+At, 1o ectb v_ (At) =2, + 1 + At.
cp 0

4TO YUCIO U(f,) ABJIACTCA MPeAeaoM QyHKIUN Uy (At) pu At — O.
Ecnu B mpuBenennom mpumepe At — 0, To 3HaUeHUA BBIPAKEHUA
2t,+ 1+ At crpemsarcs K ducay 2¢,+ 1, KOTOpoe ABJIsETCA 3HAUEHUEM
MI'HOBEHHOH CKopocTH v(Z)), TO eCTh
v(t,) = E_n)%(Zto +1+At) =2t +1.
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18. 33341 O MIHOBEHHOW CKOPOCTU M KacaTenbHow K rpacdmky dyHkuun 107

ITOT MpUMep HOKA3bIBAET, UTO €CJIM MAaTEePUAJbHAA TOUKA ABUMKET-
Cs 10 3aKOHY Y = $(t), TO €e MTHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH ?
OIPENEJIAIOT C IIOMOIILIO (POPMYJILI
v(t,) =limv_(At), TO ecTh
( 0) At—0 Cp( ),

As s(ty + At)—s (i)
v(ty) = gtlg}] At Alt—>0 At

3apaya o KacaTtenbHOM K rpadpuky PyHKLNN

W3sBecTHOE Ompefe/ieHNe KAacaTeJbHON K OKPYKHOCTH KaK IIPSIMOM,
KOTOpas MMeeT C OKPYKHOCTBIO TOJIBKO OAHY OOIIYI0 TOUKY, HEIIPH-
MEeHUMO B cJIyyae IIPOU3BOJIbBHON KPUBOM.

Hanpumep, oCh OpPAMHAT UMeeT ¢ IapaboJoii y = x° y

TOJBKO OAHY 0011yio Touky (puc. 18.2). OgHako mHTyHU-
U MOACKA3BIBAET, UTO HEEeCTECTBEHHO CUUTATHL ITY
IPSAMYIO KacaTeJbHOM K JaHHOU mapabose. Bmecre ¢ Tem
B Kypce ajare6pbl Mbl HEPEIKO I'OBOPUJIM, UTO IIapadoja
y = x” KacaeTcsa ocu aGCIICC B TOUKe x,=0.

YTouHUM HarJIAZHOE IPeACTaBJIEHUE O KacaTeJIbHOH  Puyc. 18.2
K rpadpukry QyHKIIUA.

ITycts M — HekoTOpas TOUKA, JexKalad Ha mapaboie y = x°. IIpose-
nem npamyio OM, KoTopyio HazoBeM cekyireit (puc. 18.3). IIpeacrasum,
uyTo Touka M, nBUrasach mo mapaboJe, mpudbau:kaerca K Touxke O. IIpu
sToM cekyirass OM OyzeT nmoBopaunBaThesi BOKPYT Touku O. Torma yrou
Mesxay npsmoir OM u ockio adciuce OyeT Bce MeHbIIle I MEHBIIIE, a Ce-
Kyiasgs OM Oyner CTPeMUTBCA 3aHATH MOJIOMKeHue ocu abciuce. IToaTomy
ochb abCITIICC CUMTAIOT KacaTelbHO K mapaboie y = x° B Touke O.

Paccmorpum rpadux Hexoropot pyukumu f u Toury M (x; f(x,))-
B rouke x, npujasuM apryMeHTy mpupaileHne Ax U pacCMOTPUM Ha
rpadure Toury M (x; f(x)), rme x =x + Ax (puc. 18.4).

X

vk y
f (x,+ Ax)

Af
f(x,)

(0] x

oL
vV /Bl ox, x,tAx  x

Puc. 18.3 Puc. 18.4
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108 § 3. MpousBoaHas v ee NpMMeHeHne

W3 pucyHKa BUJHO, UTO eciu AX CTAHOBUTCA BCE MEHbIIIE U MEHbIIIE,
T0o Touka M, pBuUrasce 1o rpadpury, npubanmxaerca k Touke M. Ecau
npu Ax — 0 cexymas M M cTpeMuTCs 3aHATH [OJI0KEHNE HEKOTOPOi
npsivoii (Ha pucyHke 18.4 sro npsamas M T), To Takyio IpAMYIO Ha-
3BIBAIOT KacaTeJbHOH K rpadury pyHkumuu f B Touke M 0

ITycrs cexymas M M uwmeer ypaBHeHue y = kx + b u obpasyer ¢ 1o-
JIOXKUTEJBHBIM HalpaBJeHWeM ocu abciucc yroa o. Kaxk msBecTHO,
yrioBoi koaduunenT k npsamour M M paseH tg o, To ecTb k=tg ol
Ouesuzno, uro ZMM E = o (puc. 18.4). Torpa us rpeyronsuura MM E
moJyJaem:

ME _ Af
M,E Ax’

tgo =

Beeznem oGosnauenue k __(Ax) mis yriaoBoro koaddunyenTa cexyiei
M 0M , TeM CAMBIM IIOJYEPKUBAs, UTO IJIA HAHHOM (PpyHKIuU [ 1 PUK-
CHPOBAaHHO! TOYKU X, YIJI0BOH Koadduuuent cexymenn M M saBucur
TOJILKO OT IIpUpAaIenusa Ax apryMeHTa.

NUwmeem: k_(Ax)=— Af
Ax’

Cex

ITycrs racarensHas M T o6pasyer ¢ MOJOKUTEIbHBIM HallPABJIEHNU-
em ocu abenuce yron (B # 90°). Torna ee yriosoit Koadburuent k (x,)
paBen tg f3.

EcrecTBeHHO cUMTaTh, YTO YeM MeHbIe AX, TO TeM MeHbIIle 3HaUe-
HYEe YyIJI0BOTO K09(MMUIIMEHTa CEeKYIIell OTINYaeTCsa OT 3HAUEHUS YIJIO-
BoTO KoadduIimenTa kacareabHoi. UupiMu cioBamu, ecau Ax — 0, To

k. (Ax) —> k (x;). Boobuge, yrioBoii KoaQ@UIMEeHT KacaTelbHON K Ipa-
bury q)yHKILI/II/I [ B TouKe ¢ abcuucCoil X, ONPENEJAIT C IOMOIIBIO
(QOpMYyJIbI

k(x,) = Bg})km (Ax), TO ecTh

k(x,) = lim A _ i T +A%) ~ 1 (%)
Ax—0 Ax  Ax—0 Ax
") 0000

L 1. Y10 Ha3bIBalOT NpupaLleHeM PyHKLUN B TOUYKe?
2. Mo kakow hopmMyne onpeaensioT MrHOBEHHYIO CKOPOCTb?
3. Mo kakon hopmyne onpenensioT yrnoBown KO3MhULMEHT KacaTeNbHOM K rpa-
PUKY PYHKLMN B TOYKE?
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19. MoHATME NPOVU3BOOHON 109

L%‘?/ YMPAXKHEH/S I

18.1.° Halizure npupaiienue GyHKIUN [ B TOUKE X, €CJIA:
1) f(x)=2x-1, x,=-1, Ax=0,2;
2) f(x) = 3x% - 2x, x—2 Ax =0,1.

18.2.° Haiinure npupaiienue QyHKIUU [ B TOUKE X, €CJIU:
1) f(x)=4-3x, x,=1, Ax=0,3;
2) f(x)=0,5x%, x, :—2 Ax =0,8.

18.3.° lna q)yHIcuHH f(x) = x* — 3x BhIpasuTe mpupaieHue Af QyHK-
nuu f B TOUKe x, uepes x, u x. Halinure Af, eciu:
1) x,=3, x=2,5; 2) x,=-2, x=-1.

18.4.° Ina ¢yuknuu f(x)=x* BelpasuTe mpupaienue Af GyHKIAU f
B TOuKe X uepes x, u x. Haiinure Af, ecm x,=0,5, x=0,4.

A A
18.5." Ina dysxmum f(x) = x° — X ¥ TOYKH X, HalinuTe A7 u 11m—f
Ax Ax—0 Ax

18.6." Ina ¢pyurnuu f(x)=5x + 1 u Touxkn x, HafijuTe A u lim Af
Ax A0 Ax

18.7." MarepuaibHad TOUKA ABMKETCS IO KOOPAUMHATHOH IIPAMOIL IO
3akoHy s(t) =2t + 3 (mepeMeleHNe UBMEPAIOT B MeTPaX, BpeMsI —
B cekyHgax). HaiiiuTe MrHOBEHHYIO CKOPOCTh MaTepUaJIbHON TOUKHU
B MOMEHT t =2 c.

18.8." Teso ABMIKETCA IIO KOOPAUMHATHOM IMPAMOI 1O 3aKOHY S (1) = 5t®
(TIepemerrienne U3MEPAIOT B MeTPaX, BpeMsa — B ceKyHaax). Hatigure:
1) cpenHIo0 CKOPOCTH Tesa NpU U3MEHEHUU BpeMeHu oT t =1 ¢ xo

t, = 3c;
2) MI'HOBEHHYIO CKOPOCTH Tesla B MoMeHT ¢ =1 c.

@, rOTOBMMCS K U3YYEHUIO HOBOW TEMb|

18.9. UsBecTHO, uTOo tgou=1u a e (O; g) Haiigure yrom o.
18.10. NsBecTHO, uTOo tg 0l=—1 1 O € (g;n). Haiigure yroa o.

19. MNoHsATMe NPoOn3BOgHON

B npenwvigymiem myHKTe, pellias ABe pasHble 3aaull O MIHOBEHHON
CKOPOCTH MaTepUaJbHOM TOUKHU U 00 YIJIOBOM K03 (PUIEeHTe KacaTeb-
HOI, MBI HPUILJIA K OJHOW M TOU Ke MaTeMaTUUYeCKOW MOIed —
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110 § 3. MpousBoaHas v ee Np1MeHeHne

Ipenesly OTHOIIEHUS NpUpalieHusa QyHKINYN K IPUPaIleHu0 apryMeH-
Ta IPU YCJIOBUM, UTO IIpUpallleHUe apTyMeHTa CTPEeMUTCA K HYJIIO:

. As

U(to)=}t1ghz, (1)
. Af

k(x,)= E%E (2)

K amanoruunsiM (popMyJiaM OIPUBOAUT PEIIeHIe IIeJ0r0 pALa 3agad
GUBUKN, XMMUU, OMOJOTUHN, SKOHOMUKN W APYIUX HAYK. OTO CBHUIE-
TEJIbCTBYET O TOM, UTO paccMaTpuBaeMas MOJEJNb 3aCJyKUBaeT 0CO-
6oro BHUMaHUuA. Eif CTOUT IIPHUCBOUTL Ha3BaHle, BBECTH O00O3HAUeHNE,
U3YUYUTH €€ CBOMCTBA M HAYUUTHLCS UX IPUMEHSTh.

Onpenenenue. Ilponssoanoit pynkuuu f B TOYKe x, Ha-
3BIBAIOT UMCJIO, PABHOE IIPeely OTHOLIEHUA mpupaueHus pyukuuu |
B TOUKE X, K COOTBETCTBYIOIIeMy NPUPalIeHNI0 apIryMeHTa IPH yCJIo-
BUH, YTO MPUPAIEHUE apPryMeHTa CTPEeMUTCH K HYJIIO.

ITpoussonnyiwo pyuknunu y = f(x) B TOUKe X, 0003HAUAIOT TaK: ['(x,)
(4uTaroT: «3( IITPUX OT UKC HyJIeBOro») miau y’(x,). MoxHO 3ammucars:

[ (xy +Ax) —f(x,)
Ax

f (xo) = Al}glo

nJIn

F(x,) = lim 2L
Ax—0 Ax
Wcxons 13 onpeeeHUss MT'HOBEHHOI cKopocTH (1), MOXKHO caesiaTh
CJIEYIOIINI BBIBOA: ecaiu Y = S(t) — 3aKOH 08UNMCEHUSL MAmMePUALbHOU
MOYKU N0 KOOPOUHAMHOL NPAMOLL, MO ee MZHOBEHHASL CKOPOCMb 8 MO-
MeHm @pemeHu t, pA6HA 3HAUEHUI0 NPOou3sodHol PyHKYuu y=s(t)
8 MmoukKe to, TO €CTh

v(ty) = s'(ty)

9TO PaBEHCTBO BBIPAKAET MeXaHUUYECKHH CMBICJ MPOU3BOTHOM.

Ucxomsa us GopMyabl AJisg YIJI0BOTO Kos(duIlmeHTa KacaTelbHOI
(2), MOXXHO cIeaTh CIeNYIONINI BBIBOJ: 210601 KodaQpuyuenm Kaca-
mesbHOl, NpoederHoll K epauiy QynKyuu [ 6 moure ¢ abcyuccoi X ,
DPaser 3HAYeHUI0 Npou3eoonHol GyHKYuu [ 8 mouke x,, TO €CTh

k(x,) = f'(x,)

aro PaBEHCTBO BbIDpaXXaeT reome'rpnqecmnﬁ CMBICJI IIpOI/I3BOI.IHOI7[.
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19. MoHATME NPOVN3BOOHON M

Ecnu pyHKIIUS f ©MeeT IPOMU3BOAHYIO B TOUKE X, TO 9Ty (PYHKIIHIO
HasbIBalOT AU depeHInpyemMoil B TOUKe X,

Ecau ¢pyuxnua f gudpdepeHnupyeMa B KayKI0oH TOUKe o0JacTu
oIpefieJieHNs, TO ee Ha3bIBaloT Au(pdepeHInpyemMoii.

Omnepanuio HaX0KIeHUA TPOU3BOAHON (GYHKIINY [ Ha3LIBAIOT AUQ-
¢depernmupoBanuem GyHKIUU f.

3amaua 1. IIpomuddepennupyiire pyurnuio f(x)=kx +b.
Pewenue. Halinem npoussojHyio QyHKIUY [ B TOUKe X, I/ie X, —

IIPOM3BOJIbBHasA TOYKaA O6JIaCTI/I omrmpegesIeHud (I)yHKI_II/II/I f
1) Af = f(x, + Ax) = £ (x,) = (R (x, + Ax) + b) — (kx, + b) = kAX;

kA
g) LT,
Ax Ax A
3) mo ompejeseHNIO IIpousBogHON f'(x,) = hm—f =limk==k.

-0 Ax Ax—0
CrnenmoBarensHo, f'(x,) = k.
ITockonbRYy X, — IPOU3BOJIbHAS TOYKA 00JACTHU OIpe/eseHns PyHK-
muu f, TO ImocjenHee PaBEHCTBO O3HAUYAET, UTO AJIA JIF0O60oro x € R BBI-
mosHsaeTcss paBeHcTBO f'(x)=Fk. <«

BriBog o ToM, uTO mMpowsBOAHASA JMHENHOU (pyHKIuu f(x)=kx+b
paBHa k, 3aIMCHIBAIOT TAKJ}Ke B BHUIE

(kx+b) =k 3)
Ecnu B popmyay (3) moacraButh k=1 u b =0, To moayuum:
(%) =1
Ecau :xe B popmyie (3) moaoxuts k=0, To mIOJTydnM:
() =0

Ilocnennee paBeHCTBO O3HAUYAET, UYTO NPOU3BOOHAS PYHKUUU, A6-
A0Uelcss KOHCMAaHmoil, 8 Kaxc00il mouke pagHa HYJLIO.

3amaua 2. Haiigure nmpousBoguyio GyHKIUE f(x) = x°.
Pewenue. Halimem npousBoguyo QYHKIUYA [ B TOUKe X, THE X, —
IIPOMB3BOJIbHAA TOUKA 00JIACTHU OIpejesieHus PyHKIuu f.
_ _ _ 2 .2 2,
1) Af=7F(x,+Ax) = f(x,) = (x, + Ax)" — x5 = 2x Ax + Ax”;
2) Af 2x0Ax+Ax2
Ax Ax
3) ecin Ax — 0, To ipu sr060M X, € R 3HaueHws BelpaxkeHus 2x,+ Ax

=2x, + Ax;

crpemsares K uucay 2x,. CienosarenbHo,

f'(x,) = Aliglo(ZxO + Ax) = 2x,.
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12 § 3. MpousBoaHas v ee NpUMeHeHne

ITockoBKY X, — MPOUBBOJIbHASA TOUKA 00JIACTH ONpeeNeHus PyHK-
mun f(x) = x%, To g1 m060r0 x € R BHINIONHAETCS PABEHCTBO
' (x)=2x. <

HocnenHee PaBEHCTBO 3allMCBhIBAIOT TaKK€ B BH]IE

(x*) = 2x (4)

dopmyna (4) — vacTHBIN caydail 6oJsiee obIreit GopmMyabl

(x")Y =nx"",neN,n>1 (5)

’ 4
Hampuwmep, (x°) =5x*, (x7) =7x°.
dopmyna (5) ocraercA cupaBeqIuUBON A Jd06oro ne€Z u x = 0,
TO ecThb

1

(x") =nx"",neZ (6)

Hampuwmep, Bocmoab3yeMmcs popmyioii (6) i HaXOKIEHUA IIPOU3-

1
BogHoO# QyuKnuu f(x)=—. Umeem:
X

1 ’
(_) — (x—l)/ — _1.x—1—1 — _x—2 — -

x x
CraemoBaTenbHO, mOJsi J000oro x # 0 BBIIOJTHAETCS PAaBEHCTBO

(1)’ 1
=) =—=
X X

Dopmyay (6) Takke MOYKHO 0000IITUTh AJiA Jifo6oro r € Q u x > 0:

f(x)= —iz uimn
x

Y =rx ", reQ )

Hampuwmep, HaiimeMm mpous3BoAHY0 GyHKIIUU f(X) = \/;, BOCIIOJIB30-

1) 1 1
co( Y 1 o1 g
BaBIUCh (popmysoii (7). Umeem: (\/;) :(xz) =§x2 =Ex 2=
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19. MoHATME NPOVU3BOOHON 113

Boobie, mpousBoguyoo Gyurmuu f(x)= {‘/;, nelN, n>1, MOXHO
HaXOAUTh IO opMy.Je

(¥x) =—L1— )

Eciu n — HeueTHOe HaTypaJIbHOE UHCJIO, TO (popmyJia (8) mo3BoIseT
HaXOJUTbh IIPOU3BOAHYIO0 (YHKIIUY [ BO BCEX TOUKAX X TaKUX, uTo X # 0.

Ecniu n — uerHOe HaTypajJbHOE YHCJIO, TO (hopmyJia (8) mo3BoJISgET
HaXOAUTb MPOUBBOAHYI0 QYHKIMU [ IJIs BCEX IMOJOKUTEJIbHBIX 3HAUE-
HUU X.

O6paTuMcs K TPUTOHOMETPUUECKUM (DYHKIIUAM Y = SinXx U Yy = COsX.
AT PYHKIUUN SABIAAIOTCA IUPDepeHnupyeMbIMU, U UX IPOU3BOIHBIE
HaXOIAT IO CJAeRYIoNuM GhopMyaam:

(sinx) =cosx

(cos x) =—sinx

IIpu BBIYMCIEHNN TPOU3BOAHBIX YAOOHO IOJIB30BATHCA TaOIUIIEH
TIPOMB3BOJHBIX, IPUBEJEHHON Ha (hopaaie 2.

vd

i!‘?/ YMPAXKHEH/S I

19.1.° Ha#inuTe mpousBOAHYIO (GDYHKIIUU:

1) y=5x—6; 2)y=9; 3) y=8— 3x.
19.2.° HatiguTe Ipou3BOAHYIO (QDYHKITUU:

Dy-xh  Dy-x By-1i 4y
19.3.° HatiguTe Ipou3BOAHYIO (DYHKIIUN: *

Dy=%  Dy-L;  By-an  Ay-x
19.4.° Briuucaure 3Haqu;e NPOU3BOHON (DYHKIUU [ B TOUKE X

1) f(x)=sin x, x, :g; 2) f(x)=x7, x,=-2.
19.5.° BeiuucauTe 3HaUeHUe TPOU3BOAHON (GYHKIIMU [ B TOUKe x,:

1) f(x):\/;, x, =9 2) f(x)=cos x, x, :—E.

19.6." Ipoguddeperiiupyiite GyHKIUIIO:

1) y=4x; 2) y="a'; 3)y=%; Y y=
X

1
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14 § 3. MpousBoaHas v ee NpMMeHeHne

19.7." IIpoguddepernupyiite PyHKIIIO:
1
_ 9. _ 6/ 5. -
D) y=~x; 2) y=Nx’; 3)y—1\2/x—7-

19.8." Haiigure yriaoBo# Kosh(GUIMEHT KacaTeJbHOI, IIPOBeJeHHOMH
K rpadury QpyHKIHK [ B TOUKE C a6cunccoﬁ X,

D fx) =" x,=-1; 3) f(x)= 2,xo=2;

2) f(x)=+x, x,=4; 4) f(x)=sin x, x,=0.
19.9." Haiigure yrioBoil K0a(h(UIMEHT KacaTeJbHOH, IPOBEZeHHOI
K rpadury QyHKIUU [ B TOUKe C abCLUCCOM X

D (=", 2= -2 8) ()= %,=3;

2) f(x)=¥x, x,=27; 4) f(x)=cos x, x, =_g,

19.10." HaiizuTe ¢ momomibio rpadura Gyskmun f (puc. 19.1) sHaue-
Hua f'(x;) u f'(x,).

YA

Puc. 19.1

19.11." HajizuTe ¢ momomibio rpadgura GyHkmuy f (puc. 19.2) sHaue-
Hua f'(x;) u f'(x,).

77\ yA

o | m A8
3

Puc. 19.2
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20. MpaBuna BbI4YUCTIEHNS MPOU3BOIHbIX 115

19.12.” BrruncianTe 3HaUeHHe IPOU3BOAHON (PYHKIUU f B TOUKe X,
1) f(x)=xvJx, x,=81; 3) f(x)=+xVx, x,=16;
2
3 4 — 1. — x —
2) f()=x"Yx, x,=1; 4 f@) == %, =64.

19.13.” BrluncinTe 3HaUeHNeE IPOU3BOAHON (QPYHKIUK f B TOUKE X,

1) f(x) = x4z, x,=256; 2) f(x)=Yxx, x,=1.

Ml’lPA)KHEHVIFI AJ11 NOBTOPEHUS I

2
5 7 -9 7
19.14. YupocTure BhIpakeHme Z Al + ar 5 (a ) + Al a.
a®-81 (a-9) a+3 9+a

5 4 1

19.15. PemmuTe ypaBHEeHHE —; - — =0

X —dx+4 x*P-4 x+2

20. I'Ipanma BblHNcdjieHnss NnponsBogHbIX

IIpu BhIUMCIEHUY TPOM3BOAHBIX YAOOHO IOJIB30BATHCSA CJIELYIOIIH-
MM TeopemMamm'.

Teopema 20.1 (mpousrBomuaa cymMmsl). B mex moukax, 6 Ko-
mopouix dupdepenyupyemsvt pyuryuu y =f(x) u y =g (x), marice
aensemca dugpepenyupyemoii pynryus y =f(x) + g(x), npuwem dna
6écex MaAKUX Mo4eK 6blNOLHAECMCA PAEEHCME0

F(®)+gx) =1 (x)+g"(x).

KpaTtko roBoparT: npous3godHas cymmvl pagrHa cymme npou3sooHbLX .
Takixe IpUHATA CJELYIOIIasa YIPOIeHHAasA 3aIuCh:

(F+8)y =1+

Teopemy 20.1 MOXHO 0000IIUTE JIA JIFOOOTO KOHEYHOT'O KOJIMUECTBA
cJlaraeMbIX:

h+lh+ L)Y =+ +...+f.

1
YcanoBus Teopem 20.1-20.3 mpemycMaTpuBAIOT cJaeayioiiee: ecau QyHK-
muu f m g nuddepeHIUPyEeMbl B TOUKEe X,, TO COOTBETCTBEHHO PyHKIIUU

f(x
y=f(x)+gx), y=f(x)g(x) u y=
JKYTKe, COJlepiKaIleM TOUKY X .

oIpeneJsieHbl Ha HEKOTOPOM IIpoMe-
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116 § 3. MpousBoaHas v ee NpMUMeHeHne

Teopema 20.2 (mpou3BogHAsA Mpou3BegeHus). B mex mou-
Kax, 6 komopuvlx duggepenyupyemsvt pynryuu y =f(x) u y=g(x),
maxice aénsemcsa ouddepenyupyemoii pynryua y =f(x)g(x), npu-
wem OnA 6cex MAKUX MOUEK GbINOLHAEMCA PAEEHCME0

(F(x) g(x)) =" (x) g (x) + &' (x) f(x).

Taxxe IIpUHATA cjaeAylollaa YIIPOoIlleHHadA 3alnucCh:

(fg) =1'g+g'f

Caencreue 1. B mex moukax, 6 komopuix duddepenyupyema
dyunryua y =f(x), marsce aenaemca dudpdepenyupyemoi pyHKyul
y = kf (x), 20e k — nexomopoe wucno, npuiem 0na 6cex MAKUX moiex
6bLILONLHAEMCA PAEEHCME0

(kf (x))" = Ef’ ().
KpaTxko roBopAT: nocmosHHbLIL MHOMCUMENLb MOHHO BbLHOCUMb 34
3HAK NPOU3BOOHOU.
Taxke mIpUHATA CJIEeAYIONIas YIPOIIeHHAS 3alIUCh:

(kf) = Ef’

Horxaszamenvemeo. Ilockoabky QyHKRIUA Yy = B quddepeHIEpye-
Ma B JII0O00H TOYKe, TO, IPUMEHAA TeOPEMY O IIPOM3BOJHON IIPOU3Bee-
HUfA, MOXKHO 3aIIlcaTh:

(Bf (x))" = (B) [ (x)+ Ef" (x) =0 (x) + kf" (x) = kf’ (x). <

Cnenmcrsue 2. B mex moukax, 6 komopuix dudpdepernyupyemot
dynryuu y =f(x) u y = g(x), makxice agnaemca dudpdepenyupyemoi
dynryusa y =f(x) — g(x), npuuem 0na 6cex maxux moiex 6blNOAHA-
emcsa paeencmeo

(Fx)-gx)' =f"(x)-g"(%).
Hoxaszameavcmeo. Umeem:
(F(x)—g(x) = (x)+ (-1 g(x)) =(f(x)) +((-1)- g(x))" =
=)+ (1) g’ (x) =f"(x) - g’ (x). <
Teopema 20.3 (mpousBogHass yacTHOTO0). B mex moukax,
6 komopwvlx pynryuu y =f(x) u y = g(x) dudppepenyupyemv. u 3Ha-
f(x)

YenHue QyHKyuu g He paéHoO HYNI0, PYHKUUA Y = maxce A6n-

g(x)
emca dudgepenyupyemoil, npuiem 0na 6cex MaKux Mowex 6binou-
HAemca paéeHcmeo

(f(x)) ['(x)g(x) -8 ) [(x)
g(x) (g(x))’
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20. MpaBuna BbI4YUCTIEHNS MPOU3BOIHbIX 117

Taxxe IIpUHATA CaeAYIIaa YIIPOIleHHadA 3allncCh:

(i)':f’g—g'f

g g

. 1 .
3anmaua. Haiigure npousBognyo dysxmum: 1) y= — —sin x + 4x%;
X

2x7 +1
3x -2

Peuwernue. 1) Ilonbaysach TeOPEeMOH O ITPOU3BOSHOM CYMMBI U CJI€[-
CTBUSIMU W3 T€OPEMBI O TPOU3BOJHON IIPOMBBENEHNA, IIOJTyUaeM:

1
2)y=x2(bx—3); 3)y=x°cosx; 4) y=

X

y = (l—sinx+4x2) - (l) —(sinx) +4-(x*) =
X

1 1
:__z_cosx+4-2x:——2—cosx+8x.
X X

2) ITo TeopemMe 0 IPOU3BOAHOI TPOU3BENEHUA IIOJTyUAEM:
1 1y 1
y’=(x 2(5x—3)) =(x 2) Bx-3)+(bx-3) -x 2=
1 -2 Lo3- —5x+1
_l (5x_8)45.x2-5870%, B _8-Bx+10x_8+b5x

—_—t = = .
2 alx®  x adx? N

3) Umeem: y’ = (x* cosx)’ = (x?’), -cosx + (cosx) - x° =

=3x°cosx —sinx - x* = 3x%cosx — x®sin x.
4) ITo TeopemMe 0 IPOU3BOAHOM YACTHOTO IIOJIyUaAEM:

, (sz +1)' (2" +1)(3x-2)-(3x-2)' (2x* +1) _

3x—2 (3x - 2)°
_ 4x(3x-2)-3(2x° +1) 12x* -8x-6x"-3 6x*-8x-3
B (3x - 2)? B (3x - 2)?  (Bx-2)?
Hcmons3ys TeopemMy 0 IPOM3BOLHOM YACTHOTO, JIETKO JOKa3aTh, UTO
(tg %) = —
COoSs X

7
. , sinx (sinx)’cosx — (cosx)’sinx
HeticTBuTenbHO, (tgx) = = R -
cosx cos” x

. . 2 .2
cosxcosx —(—sinx)sinx cos” x +sin” x 1

2 2 - 2 °
cos” x cos” x cos” x
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118

D -

® ChopMynupynTe TeopeMy 0 NPOU3BOLHON: 1) CyMMbI; 2) NPOU3BeaeHNS;
3) YacTHoro.

ﬂ—!‘?‘/YHPA)KHEHI/ISI B

20.1.° HaiiguTe mTpou3BOAHYIO (DYHKITUH:

1) y=x*-3x*+6x - 10; 4) y =4 sin x — 5 cos x;
2) y=4x° +20+/x; 5) y=tg x — 9x;
3) y:x8+7x6+é—1; 6) y=2x7+3x7°.
X
20.2.° Hatigure TpoOU3BOAHYIO (DYHKITUN:
1) y=2x"—x; 8) y=-3sin x + 2 cos x;
2) y=x" —4x; 4) y=0,4x" ++/3.
20.3." HaiinuTe IpOU3BOLHYIO (DYHKIIHN:
1) y = (8x + 5)(2x% - 1); 3) y=(2x+1)Vx;
2) y = x°sin x; 4) y=+Jxcosx.
20.4." HafizuTe Ipou3BOAHYIO (DYHKIUN:
1) y=(x"-2)(x*+1); 3) y=x"cos x;
2) y = (x+5)x; 4) y=x tg x.
20.5." HaiinuTe IpOM3BOLHYIO (DYHKIIHN:
x-1 x 3—x*
1) y= ; 3) y= H 5) y= ;
) x+1 )Y x* -1 ) 4+2x
5 x® x* —5x
2 =—; 4 = ; 6 =
)Y 3x -2 )y cosx )Y x—-7
20.6." HafizuTe IpOoN3BOAHYIO (DYHKIUN:
3x+5 2x° x* -1
) y= ; 3) y= ; 5) y= ;
)Y x-8 )y 1-6x )Y 22 +1
7 sinx 2% +6x
2 = ; 4) y= ; 6) y=——1.
)Y 10x -3 )y x )y x+2

20.7." Yemy paBHO 3HAUEHIE IIPOUBBOAHON (PYHKINH [ B TOUKE X, eciuu:

1 f(x)=%+5x-2, %,=2 4 f(x)=(1+3x)x, x,=9;

2) f(x)=2—32x, X, ="38; 5) f(x)=3%x-10%x, x,=1;
X+
x2+2 . )

3) f(x)= 5 ~2sinx, x,=0; 6) f(x)=xsinx, x,=0?

x —
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21. YpaBHeHwe KacaTenbHom 119

20.8." Beruucaure 3HaUeHNe IIPOMB3BOSHON (DYHKIIUH [ B TOUKE X,

D f)=r-16x, x, =75 3)[(0)=x 42, x,=2
2
2) f(x)=""5, x,=0; 4y fly =223 .
1-x x+1

20.9.” MarepraIbHaA TOUKA Maccoil 4 KT IBUIKETCS II0 KOOPIMHATHOM
IpAMOii Mo 3aK0HY S(t) = t° + 4 (mepeMelieHIe U3MEPAOT B MeTpax,
BpeMa — B ceKyHaax). Hatinure umnyisc P(t) = mv(t) MaTepraibHON
TOYKM B MOMEHT BpeMeHu ¢ =2 C.

20.10.” Tesno mMaccoi 2 KI ABMIMKeTCS 110 KOOPAUHATHOMH IIPAMOH IO 3a-
KOHY §(t) = 3t° — 4t + 2 (mepeMelIieHre U3MEPAIOT B METPAX, BPEMA —

mo® (%)

B cekyHaax). Haligure KuHeTHUecKyio sHepruo E(t) = Teaa

B MOMEHT BpeMeHu ¢ =4 c.

, rOTOBMMCS K M3YYEHUIO HOBOW TEMb| I

20.11. 3anumure ypaBHEeHME IIPAMOI, IIPOXOAAIIEll uepe3 TOU-
Ky M (—2; —3) u mapaJjjaeabHOIl ocu abcIuce.

20.12. CocraBbTe ypaBHEHHE IIPAMOM, NIPOXONAIIEH Uepe3 TOUKY
M (1; —4), ecau yraoBoii KodhGUIIMEHT 9TO¥ mpsaMoii paBeH: 1) 4;
2) 0; 3) 1.

21. YpaBHeHuMe KacaTenbHOMN

ITycrs dynrnus [ nuddepennupyema B Touke x,. Torna k rpapury
GyHKnWMY [ B TOUKe € abCIUCCOl X MOYKHO IPOBECTU HEBEPTUKAIBHYIO
KacaresabHyI0 (puc. 21.1).

W3 rypca reomerpuu 9 Kjacca BbI vl
3HAeTe, YTO YPaBHEHNE HeBePTUKAJIbLHOM!
npsaMoil umeeT Buf y=kx+b, rme B —  f(x)f----
YIJIOBOM KO(M(PUIIMEHT STON MPSIMOI.

Wcxonsa us reoMeTpuUeCcKOro CMbICIA

7 / X,

IPOM3BOIHOM, IOJyUYaEM:
k=1"(x,). / -
Torma ypaBHeHUe KacaTeJIbHON MOMK- *
HO 3amucaTh B CJIEeVIOIIeM BHUIE: Puc. 21.1
y=1"(x,) - x+0b. (1)

Jdra npsamas npoxoxut depes Toury M (x;; f(x,)). CaenosarenbHo,
KOOPAMHATHI 9TOIl TOUKHU YIOBJIETBOPAIOT ypaBHeHUO (1).
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120 § 3. MpousBoaHas v ee NpUMeHeHne

Nmeem: f(x,)=7"(x,) x,+0.

Orcrogma b =f(x,)—1"(x,) " x,.

Torga ypasHeHue (1) MOKHO IIepenucaTh CIEIYIOIINM 00pa3oM:
y=1"(x)) x4+ 1) =1 (%) " .

CaenosarenbHo, ecnu QyHKIMA [ nuddepeHnupyeMa B TOUKe X, TO

ypaBHEeHHE KacaTeJbHOM, IPOBedeHHOI K rpadury (pyHKIuY [ B TOUKe
¢ abcuccoi X,, IMeeT BUJ

y= f’(xo)(x_xo)"'f(xo)

3amaua. CocraBbTe ypaBHEHHE KacaTeJbHOU K rpaduKy QyHKIIUNT
f(x) =2 - 4x — 3x* B TouKe ¢ abemuecoi x, = —2.

Pewenue. Umeem: f(x,)=f(-2)=2-4-(-2)-3" (-2)* =-2;

f'(x) =—-4-6x;
f(x)=1"(-2)=-4-6-(-2) =8.

IloxcTaBuB HalileHHbBIE YKCJIOBbIE 3HAUCHUS B yPAaBHEHUE KacaTeb-
HOIT, mosyuyaeMm: y =8 (x +2)— 2, To ecTh y = 8x + 14.

Omeem: y=8x+14. 4

'|) -

®  Sinuwure ypaBHeHe KacaTeflbHOW, NPOBELEHHON K rpaduky dyHKuMn f

B TO4Ke C abcumccont x,.

i—!‘?’/ YMPAXKHEH/S I

21.1.° CocTaBbTe ypaBHEHUE KacaTeabHOI K rpaduKy QyHKI[UU [ B TOU-
Ke C aﬁcuI/Iccon X,, €CJIu:
1) f(x)=x*+3x, x, =—1; 4) f(x)=sin x, x,=0;

0
2) f(x)=—, X, =l; 5) f(x)=cos x, x,=T;
x 2
3) f(x)=4vx -3, x,=9; 6) f(x)=——, x,=-2.
x+1

21.2.° CocTaBbTe ypaBHEHUE KacaTeJbHON K rpaduKy PyHKIIUU [ B TOU-
Ke ¢ abciuccoin X,, ecaun:

1) f(x) = 2x* - 3x, x,=1; 3) f(x):cos x, X, =g;

2) f(x)=0,5x>— 2x + 2, x,=0; 4) f(x )— ;x, x =3.

0

21.3." Banumure ypaBHeHNe KacaTeIbHOH K rpaq)mcy dyurmuu f(x)=
= x%— 3x — 3 B TOUKE €ro IepeceueHns C OChI0 OPAUHAT.
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22. Mpvi3HaKM BO3pacTaHna 1 yobIBaHUA DyHKLMM 121

21.4." Banumure ypaBHeHNe KacaTeIbHOH K IpaduKy GyHKRINH f(x) =
=2x% - 5x + 2 B TOUKe ero mepecedeHnsd ¢ OCHIO OPAMHAT.

21.5." CocraBbTe ypaBHEHHE KacaTelbHOH K rpaduKy (YHKIUH f B TOUKE
€ro IepecevyeHusi ¢ 0OChI0 abCIuce:

1) f(x)=8x*—1; 2) f(x):x—l.
X

21.6." CocTaBbTe ypaBHEeHHE KAacaTeJbHOH K rpadrKy GYHKIINY f B TOUKe
ero IepeceveHusA C OChIO abcIimcc:

1) f(x) = ;f ; 9) F(x) = 3% — x°.

roOTOBUMCSH K U3YYEHMIO HOBOM TEMb| I

21.7. PeriuTe HepaBeHCTBO:

1) x*+x-12> 0; 3) 6x—x*>0;
2

2) x*—3x-10<0; gy T oA o
-6x+9

22. Mpu3Haky Bo3pacTaHus 1 yobiBaHUS (PYHKLN

Bu1 sHaeTe, uTo ecyu QYHKIUA SBJISETCS KOHCTAHTON, TO ee IIPOus-
BOJHAS paBHA HYJII0. BodHUKaeT BOmpoc: ecau PyHKIUS f TAaKOBA, YTO
Ui BCeX X U3 mMpomeskyTka I BeimosiHsercsa paBeHcTBo f'(x)=0, To

ABJsAETCA JU PYHKIMS [ KOHCTAHTON HA mpoMeskyTKe [?

Teopema 22.1 (mpusHak moctodHcTBa pyHknuu). Eciu dna
6écex x u3 npomexcymra I evinonnsemes pasencméo f'(x)=0, mo

dynryus [ aenaemca KOHCMAHMOU HA IMOM NPOMeNYMKe.

Ha pucymke 22.1 usobpaxeH rpaduk dyHrmun f£(x) = x°. Ora GyHKIIA
o0JIalaeT CJIeAYIOIMMY CBOMCTBAMU: HA IPOMeEKYTKe (—o0; 0) oHa yOBIBa-

eT, a Ha mpoMmesxyTKe (0; +o0) Bospacraer. IIpu sTOM Ha TPOMEIKYTKE
(—o0; 0) mpomsBomHasa f’(x)=2x HpUHUMAET OTPUIATEIbHbLIE 3HAUEHUS,

a Ha mpoMerkyTKe (0; +00) — MOI0KUTeIFHBIE 3HAUEHUS.

. Y
JroT IIpuMeEp IIOKa3bIBa€eT, YTO 3HAK ITPOM3BOOHOU

GyHKIUU Ha HEKOTOPOM IIPOMEKYyTKe I CBA3aH C TeM,
ABJIsieTCA JU 9Ta (PYHKIIUA Boa3pacTaroleil (yObIBaio-
miei) Ha IMpoMesKyTKe I.
CBs3b MEXKIY 3HAKOM IIPOM3BOAHOI M BO3PaCTaHUEM 0 x
(yObIBaHMEM) (PYHKIIUK YCTAHABJIUBAIOT CJIEAYIOIINE
IBE TEOPEMBI. Puc. 22.1
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122 § 3. MpousBoaHas v ee NpUMeHeHne

Teopema 22.2 (mpusHak Bo3pactanua GpyHKnuu). Eciu dna
6cex x u3 npomesxcymra I éstnonnsemcsa nepasencmeo f’(x)>0, mo

dynryus f 603pacmaem na Imom npomercymee.

Teopema 22.3 (npu3Hak yo6riBaHuda byuxkuun). Ecau dns
écex x u3 npomexcymra I évtnonnsemca nepasencmeo f’(x) <0, mo

dynryua f yovieaem na amom npomeixymee.

3amaua 1. Haiigure mpoMesKyTKU Bo3pacTaHUA 1 yObIBAHUS (QYHK-
mun f(x) = x%— 2x.
Pewenue. Umeem: f'(x)=2x—2. Pemup HepaBerncTa 2x — 2> 0
u 2x — 2 <0, npuxogum K BeiBoAYy: f’(x)>0 Ha mpomerxyTire (1;+00);
f’(x) < 0 ma mpomexkyTre (—o0;1). CremoBaTenbHo, GyHKIUA [ Bo3pac-
TaerT Ha mpoMeXKyTKe (1;+00) m yOnIBaeT Ha mpoMe:kyTKe (—oo;1).
Ha pucynke 22.2 umsobpaxeH rpaduir GyHKIIUHN
y f(x) = x* — 2x. VI3 pucyHKa BUIHO, UTO HA CAMOM JeJie
dyuKIINA f Bo3pacTaer Ha mpoMeKyTKe [1;+00) u yObI-
BaeT Ha MpoMeKyTKe (—oo;1], BKJIOuas TOUKy x = 1.

1
0 5 x IIpu sanmcu orBeTa OyaeM PYKOBOJICTBOBATHLCS
cJIeOYIOINM HpaBUJIOM: ecau pyHKRIUA aupdepeHn-
pyeMa B KaKOM-TO U3 KOHIIOB IIPOMEXKYTKa Bo3pacTa-
Puc. 22.2

HUA (yOBIBAHUA), TO ATy TOUKY IIPUCOEAUHIIOT K DTOMY
MPOMEXKYTKY. B mpuBemeHHOM NnpuMepe (QPyHKIIUS
f(x)=x* — 2x nuddepeHIUpPyeMa B TOUKe X = 1, IOTOMY 3Ty TOUKY
IPUCOeIUHUIN K IMpoMekyTKaMm (1;+0) u (—oo; 1).

Omeem: Bo3pacraer Ha [1;+00), yb6biBaeT Ha (—o0;1]. <

3amaua 2. Haiizure npoMe:KyTKU BO3pacTaHUA U YObIBaHUA (HYHK-
mun f(x)=x>+3x>—9x + 1.

Pewenue. Imeem: f'(x)=3x>+6x—-9=3(x+3)(x-1).

WUccnenyem 3Hax mpoumsBOAHOU (puc. 22.3)

u yureMm nudepeHIInpyeMocTb QYHKIIUY [ B TOU- D@A

-3 1
kKax x=-3 u x=1. Ilonyuaem, uro pyHxIua f P 4 \
/Y

BO3pACTAET Ha KaXKJOM U3 IIPOMEIKYTKOB (—o0; —3]

u [1;4+00) u yOnIiBaeT Ha mpomexyTKe [—3; 1]. « Puc. 22.3

',) -

L 1. CchopMynmpynTe NpU3HaK NOCTOAHCTBA PYHKLAN.
2. ChopmynupymTe NprsHak BO3pacTaHns QyHKLAN.
3. CchopmynmpymnTe Npm3Hak yobIBaHNA QYHKLNN.
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22. Mpv3HaKM BO3pacTaHna 1 yObIBaHUA DyHKLMM 123

;,,-7/ YMPAXKHEH/S I

22.1.° HaliguTe MpOMeKYTKU BO3PACTAHUA 1 YObIBAHUA (PYHKITUM:

1) f(x)=x*+4x-T7; 3) f(x)=—x*+9x® + 21x;
1
2) f(x)=2x% - 3x%* + 1; 4) f(x)=zx4—8x+9.
22.2.° HaiimuTe IPOMEXXYTKU BO3PACTAHUS M yObIBAHUSA (DYHKI[UH:
1) f(x)=—x+6x—5; 3) f(x)=x*+4x — 20;
2) f(x)=x*+ 3x* — 9x; 4) f(x)=8—-4x—x>.
22.3." HaiiguTe IPOMeKYTKY BO3PACTAHUA U YOLIBAHUA (DYHKI[AN:
1 1 2 2 -
D f@)=gx'—ox' =T 3) [ =2+ 5) [ =
3 x x+2
3 + 5 9
2) 1(x)=" 1) 1) =2+ 6) f(x)=——
22.4." Hanan're IIPOMEXKYTKU B03paCTaHI/IH u yObIBaHUA (QYHKIUU:
1) f@)=9+4x —x  3) f(x )—x *ox, ,
9r 0 -4 Yhy =f'(x)
2) f(x)= ;
x-5

22.5." Ha pucynke 22.4 nsobpaskeH rpaduK IIPOM3-
BomHOU GyHKIUU f, nuddepeHIUPYeMOi Ha MHO-
JKeCTBe [IeMCTBUTENLHBIX UYuceJa. ¥ KaKUTe IIPo-

Puc. 22.4
MEXKYTKU yObIBaHUA QyHKIUU f.
22.6.” Ha pucyuke 22.5 usobpaskeH rpaduk GOyHKITIN =7
y=f(x), ompeneneHHO! Ha MHOKECTBE [IelCTBU-
TeJbHbIX umces. Cpenu mMpuBeeHHBIX HA PUCYH- =x
Ke 22.6 rpauKOB YKaKNUTE TOT, KOTOPBII MOKET
O0bITh TpauromM Qyuriuu y = f’(x). Puc. 22.5

s T /0 & /0N

a
Puc. 22.6

®
Y

v 1 1
22.7.” Ilokaxute, uTo (PyHKIUA f(x)=6-x+ Exz - §x3 ABJIAeTCA

yOBIBAIOIIIEH.
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124 § 3. MpousBoaHas v ee NpUMeHeHne

22.8." Mokaskute, uro PyHKIuA f(x) = 10x® — 9x* + 24x — 90 ABIAETCA
BO3pacTamleii.

/YI'IPA)KHEHl/Iﬂ 019 NOBTOPEHUS IS
2x 27 6

+— = .
x+4 2x"+7x-4 2x-1
22.10. Pemure HepaBeHcTBO X /7 —x > 0.

22.9. Pemure ypaBuenue 1+

23. Touykun aKcTpeMmymMma PyHKLUN

3HaKOMSACH C MOHATHEM AUDDEPeHIIuPyeMoCcTr (GYHKIIMYU B TOUKE,
MBI HCCJIeJOBAJIX TOBeleHVe (YHKIIMHU BOJIU3U STON TOUKHM WU, KaK
IPUHATO F'OBOPUTH, B €€ OKPECTHOCTH.

Onpenenenue. IIpomexyTor (a; b), comepskanuii TOUKY X, Ha-
3BIBAIOT OKPECTHOCTHIO TOYKH X.

Hampumep, mpome:kyTok (—1; 3) — oaHa M3 OKPECTHOCTEH TOU-
Ku 2,5. BmMecTe ¢ TeM 9TOT MPOMEKYTOK He SABJSETCA OKPECTHOCTHIO
TOYKU 3.

Ha pucyuke 23.1 nzobpaskeHbl rpapuky ABYX QYHKIUHA. OTU QYHK-
[UU UMeT OOLIYI0 OCOGEHHOCTD: CYIECTBYET OKPECTHOCTb TOYKU X
Takas, YTO JJIS BCeX X U3 9TOM OKPECTHOCTU BBHIMOJIHAETCS HEePaBEHCTBO

f(xy) = f ().

Onpenenenne. Touky x, Ha3BIBAT TOYKON MaKCHUMyMa
(dyHKEUMHE f, ecIH CYIIECTBYeT OKPECTHOCTh TOYKM X, TaKas, YTO /A
BCeX X U3 9TOI OKPECTHOCTHU BBINOJHAETCA HEPaBeHCTBO f(x,)> f(x).

I o
HaHpHMep, TOYKa X, = E ABJIAETCA TOYKOU MaKCHUMyMa (I)YHRIII/II/I

y =sin x (puc. 23.2). 3anuceBamwT: X__ = U

max o
2

= <

: /.
% n\_/27: x

Puc. 23.1 Puc. 23.2

/

K

Ha pucynke 23.1 x _ =x,.

ax 0
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23. TO4KM 3KCTpeMyma dyHKLIN 125

Onpenenenne. Toury X, Ha3bIBAIOT TOYKOI MUHUMYyMa (PyHK-
1y f, eCIu CyImeCTBYeT OKPECTHOCTh TOYKHU X, TAKasd, YTO IAJIA BCEX X
M3 3TOH OKPECTHOCTHU BBIMOJHAETCA HepaBeHCTBO [(x,) < f(x).

T .
Hanpumep, Touka x, = - ABJIAAETCA TOUYKOH MUHUMyMa (QPYHKIUI
. 939 . _om
y =sin x (puc. 23.2). S3anuceIBamwT: X _, = s

Ha pucynke 23.3 msobpakeHbl rpaduKu QYyHKIINN, IJIId KOTOPBIX
X, ABJIAETCA TOYKOW MUHUMYMa, TO €CThb X . =X,.

]y

x, x, X
Puc. 23.3 Puc. 23.4

Touku MakKcuMyMa ¥ MUHHMyMa HMMEIOT o0lllee HasBaHUE: UX Ha-
3BIBAIOT TOYKAMH dKCTpeMymMa pyHKI U (OT JIaATUHCKOrO extremum —
Kpai, KOHeIlr).

Ha pucynke 23.4 Touxku X5 Xy Xy X, Xy, X SBISAIOTCSA TOYKAMU
SKCTpeMyMa.

Ha pucynke 23.5 usobpakeH rpadpux pyHKIuM f, KoTopas Ha IPo-
MeyTKe [x,; x,] ABasieTcsa KoHCTaHTOU. Touka x| ABJISAETCA TOUKOM
MaKCUMyMa, TOYKa X, — MHUHHAMYMa, a Ji00asd TOUYKa IPOMEXYTKA
(x5 x,) sIBAsIETCS OZHOBPEMEHHO KAK TOYKOM MAaKCUMyMa, TaK U TOYKOM
MUHEMYMa QPYHKIAHA f.

Hanuumne sxctpemyma QYyHKIMM B TOYKE X, CBA3AHO C IIOBE/lEHUEM
GYHKIIMY B OKPECTHOCTHU dTOM TOuKHU. Tak, anda QyHKIUHN, rpaduru
KOTOPBIX 1M300paskeHbl HA pucyuke 23.6, uMmeeM: Ha pucyHke 23.6, a
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126 § 3. MpousBoaHas v ee NpUMeHeHne

(GyHKIMA BO3pacTaeT Ha IPoMexKyTKe (a; X ] 1 yObIBaeT Ha IPOMEKYT-
ke [x; b); Ha pucynke 23.6, 6 QyHKIUA YObIBAaET HA IPOMEXKYTKE (a; X]
7 BO3pacTaeT Ha MPOMeKyTKe [X; b).

Brbl 3HaeTe, YTO C IIOMOIIBIO IIPOM3BOAHON MOYKHO HAXOAUTH IIPO-
MeXKYTKU BodpacTranusd (yoniBauus) auddepeHnupyemoit pyaxinuu. [[Be
TEeOpeMbl, IPUBEJEHHLIE HUKE, ITOKAa3hIBAIOT, KaK C IIOMOIIBIO IIPOU3-
BOAHOM MOJKHO HaXOAUTH TOUKU SKcTpeMyMa AuPdepeHIIupyeMoit
GyHKIUH.

Teopema 23.1 (IpM3HAK TOYKH MaKCUMyMa (PpYHKI[HH).
ITycmov pynryusa f dudpdpepenyupyema na npomescymre (a; b) u x, —
HekKomopas mouka amozo npomexcymka. Ecau dna écex x € (a; x ]
evinonnsemcs nepagencmeo f'(x)>0, a dna écex x € [x; b) évinon-

Haemca Hepagencméo ['(x)<0, mo moura X, A6naemcs MowKou
maxcumyma ¢pynryuu f (puc. 23.6, a).

Teopema 23.2 (mpu3HAK TOYKHM MHUHHUMYMAa (PYHKI[HMN).
ITycmo gpynryus f dupdepenyupyema na npomexcymxe (a; b) u x, —
Hexomopas mouka 3mozo npomexcymra. Ecau dna écex x € (a; x]
evinonnsemcs nepagencmeo f'(x)<0, a dna écex x € [x; b) évinon-

naemcsa nepagencmeo f’(x)>0, mo mouka x, aénsemca MoLKow
munumyma gynryuu f (puc. 23.6, 6).

WnHorga ymo6HO IMOJB30BATHCA YIPOIIEHHBIMU (HOPMYJIMPOBKAMU
9THUX JIBYX TEODEM: eC/U Npu nepexode wepe3 MOUKY X, NPOU3BOOHAS
MeHsem 3HAK € NLIOCA HA MUHYC, MO X, — MOUKA MAKCUMYMA; eCaU
npou3so0Has MeHsem 3HAK ¢ MUHYCA HA NAIOC, MO X, — MOYKA MU-
HumMyma.

Urak, pna GyHKIUN [ TOYKU SKCTPEMyMa MOYKHO MCKATh IIO CJe-
IYIOIITeN cXeMe.
1) Haitru f'(x).
2) UccrnenoBaTh 3HAK IIPOM3BOITHOM.
3) ITonb3ysch COOTBETCTBYIOIIMMU Te€OpeMaMU, HANTU TOUKU DKC-
TpeMyMa.
3amaua. Halimzure ToOuKu sKcTpeMyMa (GyHKIIUU:
2
x"—x+4
1) f(x)=2x* - 3x* - 12x; 2) f(x)= —
x—
Pewenue. 1) Nmeem:
f(x)=6x>—6x-12=6(x>—x-2)=6(x+1)(x—2).
Hccnenyem 3HAK IPOM3BOAHON B OKPECTHOCTAX TodeK X, =-—1,
x, =2 (puc. 23.7). Ilonywaem: x _=-1, x . =2.

mn
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23. TO4KM 3KCTpeMyMa dyHKLIM 127

TN 7 T~ ; P

12 11 3
Puc. 23.7 Puc. 23.8
2 , , Py
2) Umeem: f'(x)= (" —x+4)(x —(i)_—l()ﬁz—l) (" -x+4) _
C@x-Dx-1)-(x"-x+4) x°-2x-3 (x+1)(x-3)
(x-1)° (x -1 (x-17

Pemras HepaBeHCTBO x° — 2x — 3 > 0 u yumTsBag, urto (x — 1)> > 0
npu x # 1, moayuyaem, uro f’'(x)>0 mHa mpomemxyrrax (—o0;—1) u
(3; +o0). Paccys:kmas aHAJOTHYHO, MOYKHO YCTaHOBUTHL, uTo f’'(x)<0
Ha mpomeskyTkax (—1; 1) u (1; 3). Pucynok 23.8 umimiocTpupyeT IIo-
JIyYEeHHBIE€ Pe3yJIbTaThI.

Temepb MOYKHO ceiaTh CJIEAYIOI[HE BBEIBOIbI: x = -1, x

ax

_=3. <

m

p B
® 1. Kaxoin MPOMEXXYTOK Ha3blBAIOT OKPECTHOCTHIO TOUYKM X7
2. Kakylo TO4KY Ha3blBaloT TOHKOW MakCMMyMa YHKLMN? TOHKON MUHMMYMa
PyHKUNN?
3. ChopMynmpymrTe Npr3HaK TOHKN MaKCUMyMa; TOHKM MUHUMYMA.

ﬂ—!‘?/ YMPAXKHEH/S I

23.1.° Ha pucyuke 23.9 usobpakeHs rpaduk pyHrnuu y = f(x), onpeze-
JeHHOU Ha mpoMme:kyTKe [—10; 9]. Yramure:
1) TOuKM MUHUMYMA; 2) TOYKM MakCcUMyMa.

\ vk

\
[uiy

L~

5=

|
S
S
RY

Puc. 23.9
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§ 3. lMpousBofHas 1 ee NpUMeHeHne

23.2.° Ha pucynke 23.10 usobpakeHn rpaduk dyaxmuu y = f(x), ompene-
JIeHHOII Ha mpoMexKyTKe [—7; 7]. YrakuTe:
1) TOUKM MUHUMYMA; 2) TOuKu MaKcUMyMa.

vk

/’

-

|
=J
(=]
-3
wY

Puc. 23.10

23.3.° Haligure TOUKY MUHHUMYyMa U MakKCUMyMa (DYHKITUN:

1) f(x)=0,5x" 3) f(x)=12x — x%

2) f(x) = x*— 6x; 4) f(x)=x*—6x>—15x+ 1.
23.4.° HaliguTe TOUKM MHUHHMYyMa M MaKCHUMyMa (DYHKI[UN:

1 3
1) f(x)=§x3—x; 3) f(x)=%+3x2—7x+4;
2) f(x)=—-x"+4x - 3; 4) f(x)=2x* — 4x* + 2.

23.5." ®ynknusa y = f(x) guddepeHIIEpyeMa Ha MHOKeCTBe JefiCTBUTe N b-
HbIX uncey. Ha pucyuke 23.11 nzobpasker rpa)K ee IIPOU3BOSHOM.
VEKa)KuTe TOUKM MaKCUMyMa U MUHuUMyMa GYHKIUU y = f(x).

YA yi
/’\\\ yl=lf'(x
/ 1 N I
ol1 3 y=1(x)
N \ >
| 0 x
Puc. 23.11 Puc. 23.12

23.6." dyHKIUA y =f(x) ompeneneHa HA MHOYKECTBE J€HCTBUTEIHHBIX
Yyces ¥ MMeeT MPOU3BOAHYIO B KAMKI0M TOUKe 00/1aCTU OIIPeIeIeHU .
Ha pucynxke 23.12 usobpasket rpadpuk Gyurmuu y = f’(x). CKoIbKO
TOUYEK dKCcTpeMyMa mmeeT QyHKIUS y = f(x)?

23.7." HaiizuTe IpOMeKYTKHU BO3PACTAHUSA U YOBIBAHUA U TOUKU DKC-
TpeMmyMa QPyHKIIUU:

1) f(x)=x+§; 2) f(x)=——;  3) fx)=2"%

b

2241 x+2
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24. Hanbornbliee 1 HavMeHblLee 3HaYeHUs hYHKLMN 129

23.8." HaiifnuTe IpOMeXYTKH BO3PACTAHUSA 1 yOBLIBAHMUSA U TOUKU DKC-
TpeMmyMa QyHKITUN:

D f@=x+s ) f@)=— £ 3

; 3) f(x)=

x*+3 x

, rOTOBMMCS K M3YYEHUIO HOBOW TEMb| I

23.9. HaiinguTe HamMeHbIlee 3HaueHMe QYHKIUM y=3x”— 18x + 2 Ha
IPOMEXKYTKeE:
1) [-1; 4]; 2) [-4; 1]; 3) [4; 5].

23.10. Haiigure Haubosblnee 3HaYeHne QYHKINK y = —x° — 8x + 10 Ha

MIPOMEIKYTKeE:
1) [-5; =3]; 2) [-1; 0]; 3) [-11; -10].

24. Hano6onbliee N HaMMeHblUuee 3HaYeHUs
PyHKUUN

Kaxoe KommuecTBO MPOAYKIIMU JOJIPKHO BBIMTYCTUTH IIPEAIPUATHE,
UyTOOBI MOJYUYUTh HAMOOJBINYI0 TpubblIb? Kak, mmMesa orpaHnmueHHBIE
pecypchl, BHITOJTHUTEH IPOU3BOACTBEHHOE 3aflaHme B KpaTuyaliimii cpox?
Kak opranmsoBaTh JOCTaBKYy TOBapa Ha aBTOMOOUJIE B TOPTOBbIE TOUKH
Tak, YTOOBI PACXOJ TOIJIMBA ObLT HauMeHbITuM? Taxue u MomOOHBIE
3aauy HaA TOWCK OITHMMAJIbHOTO PeIlleHUs 3aHUMAIOT 3HAUUTeIbHOe
MeCTO B ITPAKTHUUECKOM MeATeJLHOCTH UeJOBeKa.

B sToM myHKTE MBI BBISICHUM, KaK MOKHO HAalTU HaWOOJIbIIIee 1 HAU-
MeHbIllee 3HAUeHUs (QYHKIIUM Ha TPOMeRYyTKe [a; b]. OrpaHuummcs
paccMOTpeHUEM TOJBKO AuBdepeHIupyeMbIX (QYHKIIUH.

MosxkHO moKasaTh, uTo AuddepeHIIUpyeMasa Ha IPOMeEXYyTKe [a; b]
GYHKIINS IPUHUMAaET Ha 5TOM IIPOMEKYTKe HauboJIbIllee 1 HauMeHbIIIee
3HAUEHUA WU Ha KOHIIaX OTPEe3Ka, MM B TOUKAX 9KcTpeMyMa (puc. 24.1).

' y II y I’
bx O/ x x,b x 0" ax, x,b x
r[{.l}br]l f(x)={f(a) I[r‘};ibrll f(x)=71(a) r[nlbr]I f(x)=1(x,)
max f(x)=71(®) max f(x)=1(x)) max f(x)=1(x))
a 0 8

Puc. 24.1
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130 § 3. MpousBoaHas v ee NpUMeHeHne

Wcxonma us3 9TOr0, MOUCK HAMOOJBIIIEr0 U HAWMEHBINIET0 3HAUEHUN
nuddepernupyemMoll QyHKIIUN Ha IPOMEXYTKe [a; b] MOKHO IIPOBO-
JIUTH, TOJb3YACH CIEAYIOIIEeNl CXEeMOI.

1. HatiTu Touxku (pyHKIUYT f, B KOTOPBIX €e IIPOM3BOAHAA paBHA HYJIIO.

2. BoruucauTh 3HaueHuA (QYHKIMU B TeX HAWAEHHBIX TOUKAX, KO-
TOpBIE NIPUHAJIEKAT PACCMATPUBAEMOMY IIPOMEKYTKY, U Ha KOHIIAX
3TOTO IPOMEIKYTKA.

3. U3 Bcex HaliJleHHBIX 3HAUEHUI BHIOPATh HAMOOJIbIIIee 1 HaMeHBIIIee.

3amaua 1. Haligure HauboJIbIllee 1 HaMMEHbIIIee 3HAUEHUA PYHK-
mun f(x) = 4x® — 9x® — 12x + 6 ua npomeskyTke [—2; 0].
Peuwernue. Hatinem npousBoaHyI0 JaHHON QyHKIIUU. UMeeM:
f'(x)=12x" -18x-12.
Teneps pemum ypasHenue 12x* — 18x — 12 = 0. Orcrona
2x® —3x—2=0;

1
Xx=2wum x=——.
2

1
IIpomexxkyTKy [—2; 0] mpuHAIIEKUT TOTBKO TOUKA X = 5

Nmeewm: f(—%) = ?:1—7, f(=2)=-38, f(0)=6.
CremoBaTeIbHO, max f(x)= f(—%) = ¥, min f(x)=7(-2)=-38.

Omesem: %; -38. «

3amaua 2. IIpeacraBbTe UMCJIO 8 B BUAE CYMMBI JBYX HEOTPHILA-
TeJbHBLIX ULCEJ TaK, 4TOOLI CyMMa Ky0a IIepBOro UmMCJa W KBagpara
BTOPOTO umcjia Obljia HauMeHbBIIIEeH.

PeweHnue. IlycTh mepBOEe YMCJIO PABHO X, TOTJA BTOPOE UKCJIO
paBHO 8 — x. U3 ycimoBusa ciaenyet, uto 0<x <8.

PaccmorpuMm GQyHKIHO f(x)=x°+(8 — x)*=x+64 — 16x + x%,
ompeziesieHHYI0 Ha npoMeskyTKe [0; 8], u Haiimem, mpu KakoMm 3HaYe-
HUY X OHA IPUHUMAaeT HauMeHbIllee 3HAUEHUeE.

Nnmeem: f’(x)=3x"+2x—16. Pemum ypasaernue 3x° + 2x — 16 = 0.

8
ITonyuaem: x =2 uau x = 3

Cpenu HalijeHHBIX KOPHEHN mpome:kyTKy [0; 8] mpuHaaIe:KUT TOIb-
Ko umcyo 2. Umeem:
f(2)=44, f(0)=64, f(8)=512.
CrnemoBaTenbHO, GYHKIIUA [ IPUHUMAET HaUMEHbIIIee 3HaUeHne IIPU
x=2.
Omeem: 8=2+6. 4
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24. Hanbornbliee 1 HavMeHblLee 3HaYeHUs YHKLN 131

p B
1 OnuwwuTe, Kak HanT1 HanbonbLlee U HaMMeHbLUee 3Ha4YeHNs AnddepeHLm-
pyemou yHKUMM Ha npomexyTke [a; b].

vd

i!‘?/ YMNMPAXKHEH/S I

24.1." Haiigure Hanbosbllee U HaUMeHbIIlee 3HAUEHNSA (PYHKINH f Ha
YKa3aHHOM IPOMEKYTKeE:
1) f(x)=3x" -, [-1; 3]; 3) f(x)= 2x3 -9x” -3, [-1; 4];

2) f(x)=x' - 24+ 5, [0; 21; 4) f(x )—x 8

7> [73: 0]

24.2." Haiinure Hanbosblllee 1 HaWMeHbIIee 3HAUEHUS (DYHKIUH f Ha
YKa3aHHOM IPOMEXKYTKe:

1) f(x) = §x3 _4x, [0; 3]; 3) f(x) = 22" — 8x, [-2; 1];

2) f(x)=x—-1-x*—x% [-2; 0]; 4) f(x) = ——8x, [-1; 2].

24.3." IIpencraBbTe UMCIO 8 B BHUAE CYMMBI JBYX TAKHX HEOTPHILA-
TeJbHBIX YKCEJI, YTOOBI IPOMU3BENeHNe OJHOr0 U3 TUX YMCE] U Kyda
BTOPOTO umcja ObLJIO HAMOOJIBIITNM.

24.4." TIpexcrasbTe unciao 12 B Bue CyMMBI IBYX TAKUX HEOTPHUIIATEb-
HBIX UYmCeJ, UYTOOBI MPOMBBEAEHIEe KBaapaTa OJHOTO U3 STUX YUCEJI
U YABOEHHOTO BTOPOTO YKCJIa OBIIO HAMOOJIBIIINM.

24.5." IIpexcraBbre yncao 180 B BuIe cyMMBI TpeX HEOTPUIATEIbHBIX
cjJaraeMbIX TaKHX, UTOOBI ABA M3 HUX OTHOCHJIKUCH Kak 1 : 2, a mpo-
u3BeJIeHNe BCeX TPeX CJaraeMbIX ObIJI0 HAMOOJIBIIIIIM.

24.6.” IIpexcraBbTe umcao 18 B BUAe CyMMBI TpeX HeOTPHIATeTbHBIX

yucesJ TaKuX, YTOOBI JBa M3 HUX OTHOCUJIMWCH Kak 8 : 3, a cymma
Ky0OOB 3THX TPeX UuceJ OblIa HAMMEHbIIIEH.

rOTOBMMCS K M3YYEHUIO HOBOW TEMb| I

24.7. HauepTtuTre rpa@uk Kakom-HUOYAb (PYHKI[MM, 00JadatoIei cie-
IYIOIIUMU CBOMICTBaAMU: 00JIACTHIO OIIPeeIeHUS SIBIAETCS IIPOMEKY -
TOK [—3; 4]; o0sacThi0 3HAUEHUN — MIPOMEKYTOK [—2; 3]; mHyam
dyurmuu paBubl —1 u 2; f'(x) >0 aas a1000T0 X M3 IPOMEIKYTKOB
[-3; 0) u (2; 4]; f'(x) <0 pgusa moboro x us mpomeskytra (0; 2).
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132 § 3. MpousBoaHas v ee NpUMeHeHne

25. MNocTtpoeHue rpacdpmnkoB PyHKLNN

Korma B mpeApIaAyIinx Kjaaccax BaM IPUXOIUIOCH CTPOUTH rpaduKu,
BbI, KaK MIPaBUJIO, IIOCTYIIAJHN CJEAYIOIINM 00pas3oM: OTMeUaJIu Ha KO-
OPAUHATHON IJIOCKOCTUA HEKOTOPOE KOJMYECTBO TOUEK, IPUHAIIEKAIIINX
rpaduKy, a 3aTeM COeIUHSANN UX. TOYHOCTH ITOCTPOEHUS 3aBHCeJa OT
KOJIMYeCTBA OTMEUEHHBIX TOUEK.

Ha pucynke 25.1 n3o0paskeHbl HECKOJBbKO TOUEK, MPUHAAJIEKAIITX
rpaduKy HEKOTOpo# GyHKIuU y = f(x). T TOYKM MOYKHO COEIUHUTH
m0o-pasHoOMY, HaIpuMep TaK, KaK MOKas3aHO Ha pucyHkKax 25.2 u 25.3.

y . .T 7]
e 1 ©® o |
1 Y ® 1
hd i ° i
! i ! L .
x| X3 X3 X, X I x
Puc. 25.1 Puc. 25.2

OpmHaKo ecoiu 3HATDh, YTO QYHKIUS [ BO3pacTaeT Ha KaKIOM U3 IIPO-
MeXKYTKOB [x; x,] u [x,; x,], yObIBaeT Ha mpoMexyTKe [X,; x,] u ABIA-
ercsa auddepeHIIupyeMoii, To, CKOpee BCero, 0OyIeT IIOCTPOoeH rpaduk,
IpUBEIEHHBIA HA PUCYHKe 25.4.

Y Y

1
1
| x x, | x, x, X x

Puc. 25.3 Puc. 25.4

BbI 3HaeTe, KAaKMMHU OCOOEHHOCTAMH 00JIaJal0T IpPa@UKH UYeTHOI,
HEUeTHOI, IepUuoAUUYecKoil (PYHKIUN U T. . BooOine, ueMm OoJbIiiie
CBOMCTB (DYHKIINU yJaeTCA ONPEeJeJUTh, TeM TOUHee MOKHO IIOCTPOUTH
ee rpauk.

WccinepoBanue cBOCTB (DYHKIIUU OyAeM IIPOBOAUTE IIO CJIEAYIOIIEMY
nJaHy.

1. Haiimu o6aacms onpedesenus QYHKYUU.

2. Hcceanedosamv QYHKUUIO HA 4eMHOCMb.

3. Haiimu Hyau QYHKUUU.

4. Hatimu npomexymKu 603pacmanusi U Yobl6AHUA PYHKUUL.

5. Hatimu mouxku skcmpemyma u 3HAYeHUs QYHKUUU 6 MOUKAX

aKempemyma.
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6. Burasums Opyzue ocobeHHocmu QyHKyuu (nepuoduynocms QYHK-
yuu, nogedenue PYRKYUU 6 OKPeCMHOCMAX 0MOeJbHbLX BAHCHBLX
moyex u m. n.).

3aMETI/IM, qTo HpHBeI[eHHLIfI IIJIaH HCCJIeJOBaHUA HOCUT PEKOMEH-

I[aTeJILHBIfI XapaKTep U He ABJIAETCA IIOCTOAHHBIM U NCUEPIIBIBAIOIIIIM.
IIpu ucciemoBanuu QYHKIIUU BasKHO OOHADPYKUTH TaKue ee CBOICTBa,
KOTOpBIE TO3BOJIAT KOPPEKTHO MTOCTPOUTH TpaduK.

3amaua. Uccaenyiite pyurmumo f(x)= §xz —lx3 ¥ TIOCTPOHTE ee
rpaduk. 2 4

Pewenue. 1. ®DyHKIIUA OoTpeesieHa Ha MHOYKECTBE TeHCTBUTEIb-
HBIX yuces, To ectb D (f) =

2. Nmeem: f(—x)= g(—x)2 ~(-x)® =—x + ix Orcropa f(—x) # f(x)

u f(—x) # —f(x), TO ecTh (I)yHKuI/IH Y= f( X) He COBIIafaeT HU C (PyHK-
nueit y=f(x), Hu ¢ Gyuknueir y=—f(x). Takum obpasom, maHHAasS

GYHKIUA He ABJIAETCA HU YETHOM, HU HEUETHOMU.
2

3. Umeem: f(x)z%x2 —Zx3 =xI(6—x). Yucna 0 u 6 aBiaaioTca

HyJaaMu QyHKIUH f.
, 3x* 3x
4-5. Umeem: f'(x)=38x— Ve = Z(4 —x). UccnemoBaB 3HAK TIpPOU3-

BogHO# (puc. 25.5), IpUX0oAUM K BBIBOLY, UTO

dyuxus f Bospacraer Ha mpome:xxkyrke [0; 4], ?%

yOBIBaeT Ha KaXKIOM M3 IIPOMEXKYTKOB (—o0; 0] 0 4

u [4;+0c0). CnemoBaTenbHO, x = 4, x . = 0. ~

Nwmeem: f(4)=38, f(0)=0. Puc. 25.5
YuuThIBasa MOJyUYeHHBIE PE3YIbTAThI, CTPOUM

rpaduk Gpyurmuu (puc. 25.6). <«

S S

6| x

Puc. 25.6
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g -

® Onuwnre nna 1ccnefoBaHUsa CBOWNCTB PYHKLMN.

-
~—T7/ YMPAXHEH/S I

25.1." HccaenyiiTe JaHHYI0 (PYHKIMIO U IIOCTPOHTE ee rpaduK:
1) f(x)=3x—x*-2; 4) f(x)=x%—3x*+2;

9) f(x) = 2x* — 3x° + 5 5) f(x)=§x2 _ 2

3

x
3) f(x)= 3x—?,

25.2." HccnenyiiTe JaHHYIO (QYHKIUIO U IIOCTPOHTE ee rpaduk:
1) f(x) = 2"+ 8x% 3) f(x)=x—x°.

2) f(x)= 4x—%x3;
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' FMABHOE B NAPATPAO®E 3 B
[

Ilpupamenne aprymenra x B TOUKe X,

Ax:x—xo

ITpupamenne GpyHKuuu [ B TOUKE X,

Af =1 (x, +Ax) — f(xy) mnm Af = f(x) = f(x,)

IIpousBoguas pyHKIIMHN

ITpoussonHoll GpyHKIUU [ B TOUKe X, HA3BIBAIOT YMCJO, PABHOE
npe/iesly OTHOIIEHWS Npupaiienus GpyHKIuu [ B TOYKe X, K COOT-
BETCTBYIOIIIEMY IMIPUPAIIEHUI0 apryMeHTa IPU YCJIOBUM, UTO IIPU-
pallieHre apryMeHTa CTPEMUTCS K HYJIIO.

, . e +A%) — f(%) Af
Pl =t == mm )= fm

T'eomeTpuYecKHUl CMBICJ IIPOU3BOTHOM

YrioBoit KoahUIMEeHT KacaTeJlbHOU, IPOBEeJeHHON K rpaduky
GyHKIMY [ B TOUKe ¢ a0CIUCCON X, PABEH 3HAYEHUIO IIPOUSBOAHON
GyHKIUY [ B TOUKE X,.

MexaHUYECKHI CMBICJ MTPOU3BOTHOM

Ecin y = s(¢) — 3aK0H ABMIKEeHUA MaTePUAJIBHON TOUYKU IO KOOPIU-
HATHO¥ IPSIMOM, TO €e MI'HOBEHHAsl CKOPOCTb B MOMEHT BPEMeHH I
paBHA 3HAYEHWIO NPOUBBOAHON (PyHKUMU Y = S(t) B TOUKe £ .

Huddepennupyemocts GyHKIIUA
Ecnu ¢pyHKIUA NMeeT IPOM3BOJHYIO B HEKOTOPOIl TOUKe, TO ee Ha-
3bIBaIOT nuddepeHIpyeMoil B 3TOM TOUKe.

Ecin dyurnus f nuddepeHmupyemMa B KaKA0o¥ TOUKe obGjacTu
OIlpe/ieJIeHNUsI, TO ee Ha3bIBAIOT AuddepeHIInpyeMoii.

YpaBHeHUe KacaTeJbHOI, MPOBeaeHHol K rpaduky ¢byHkuuu f B ToU-
Ke ¢ abcumccoi x

y= f,(xo)(x_xo)"'f(xo)
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HpaBP[JIa BBIYMCJIEHUA MPOU3BOTHBIX

IIpousBoAHASA CYMMBI F+e)=f+g

IIponsBosHaa nponsBeeHNA (fe) =f'g+g'f

IIponsBoAHAA YACTHOTO (i) _TIs —2g f
g g

IIpusHak mocTodgHCTBa (PyHKIIUH

Eciu pnsi Bcex X u3 HNPOMEKYTKA I BBIMOJHAETCS PAaBEHCTBO
f'(x)=0, To pyHKIUs f ABIAEeTCA KOHCTAHTON HA 9TOM IIpPOMe-

JKYTKe.

IIpusnak Bo3pacTraHuA (PYHKIIUU

Ecau nna Bcex x m3 mpoMeskyTKa | BBITOJHSETCS HEPaBEHCTBO
f’(x) >0, To pyHKIMUS [ BO3pacTaeT Ha STOM IIPOMEKYTKE.

IIpusHak yopiBaHuA (hyHKIUU

Ecau nia Bcex X M3 MPOMEsKYTKa | BBHIMOJHSETCA HEPABEHCTBO
f’(x) <0, To pyurnusa f yObIBaeT Ha 5TOM IIPOMEIKYTKE.

OKpecTHOCTh TOUKH

ITpomexyTox (a; b), comepsRamuii TOYKY X, HA3BIBAIOT OKPECTHO-
CTBIO TOYKH X,,.

Touku skcTpeMyMa (PyHKIMU

Toury x, Ha3bIBAIOT TOUKON MakcumyMma QyHKIUU f, eciu cyIe-
CTBYeT OKPECTHOCTb TOUKH X, TAKas, UTO [JIsI BCEX X M3 ITOU OKPeCT-
HOCTH BBIIIOJTHAETCA HePaBeHCTBO [(x,) > f(x).

Toukry X, Ha3bIBAIOT TOYKOI MUHHUMYMa (PYyHKIUY f, €CIU CYIIeCTBY-
eT OKDECTHOCTb TOYKHU X, TaKas, UTO IJA BCEX X U3 BTOU OKpecT-
HOCTH BBIIIOJIHAETCA HEPaBeHCTBO f(x,)<f(x).

Toukyu MaKCcUMyMa M MUHUMYyMa Ha3bIBAIOT TOUKAMU SKCTPeMyMa
byHKIUA.

IIpusHaku TOYeK MaKCHMyMa U MUHHMYyMa

ITycrs pynrnusa f auddepennupyema Ha mpomeskyTKe (a; b) u x, —
HEKOTOpas TOYKA 9TOT'0 IPOMEKYTKA.

Mpago ans i iapy B Mepexi IHTepHeT mae
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Ecnu mnsa Bcex x € (a; x,] BeImosHsIeTCA HepaBeHCTBO ['(x)>0,
a s BCeX X € [x; b) BeImONHseTCA HepaBeHCTBO ['(x) <0, TO TOU-
Ka X, ABJAETCA TOUYKOH MaKkcuMyMa QyHKIUH f.
Ecan nns Bcex x € (a; x,] BoinonHsercs HepaseHcTBO ['(x)<0,
a s Bcex X € [x; b) BeImonHAEeTCA HepaBeHCTBO [’(x) >0, TO TOU-
Ka X, ABJISAETCS TOYKOM MuHUMyMa pyHKIMM f.

IInan nccaemoBaHUs CBOMCTB (hyHKIIUHN

HaiiTu o6sacTs onpeznesieHus GYHKIIAN.

WccnenoBaTh GyHKIINIO HA YETHOCTD.

Haiitu aynn QyHKIUN.

HaiiTu mpoMe:KyTKU BO3pacTaHUA U yObIBAaHUA (DYHKI[UU.
HaiiTu TouKu sKcTpeMyMa U 3HaueHUs QYHKIIMU B TOYKAX JKC-
TpemMyMa.

BuisaBuTh apyrue oco6eHHOCTH GYHKIUU (IEPUOAUUYHOCTL DYHK-
1IUY, moBeleHNe QYHKIINN B OKPECTHOCTAX OTAEJIbHBIX BarKHBIX
TOYEeK U T. II.).

QU W DN

e
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26. Ynpa>xHeHus A NOBTOPeHUSA Kypca
anre6pbl 1 Ha4an aHanusa 10 knacca

1. ®yHKIIUMN, X CBOMCTBA U rpad)uKu

26.1. Haiigure 06JiacTb ompeneaeHnss (DYHKIIUN:

1) 7(x)=x—5; 9 1=
1 Tx+13
2) f(x)_m’ 5) f(x)_x2_7x,
3) f(x)— — 6) f(x)=vx+5++/3—x.
26.2. HaI/I,I[I/ITe 0071aCTh 3HAUEHUN (QYHKIIUNI:
1) f(x)=vx+1; 3) g(x)=3-x%
2) f(x)=x -2 4) f(x)=x"+2.
26.3. Haiinute o6JsiacTh OIpeiesieHUs U MOCTPoiTe rpaduK QyHKIIUN:
x -4 x2—6x+9
1) f(x)_x+2, 2) f(x)—T.
26.4. Hatinure Hynu GyHKIINNI:
1) f(x)=~x+T7 3) f(x)=vx*-6;
2)f(x)=w' 4) f(x)=(x-3)Vx—4
x-1 e o
26.5. NccuenyiiTe HA Y€THOCTh (PYHKIUIO:
1) f(x)="Tx% 4) f(x)=x"-x+1;
2) 1(x)=3x" - 2x'; 5) 1) ==

3) f(x)=+9-x%;

26.6. HaiinuTe 3HaueHre BBIPAMKEHUS:
3
1) 45%-5/—%4—3%/6) . 2) 3h0+73 - 310-

26.7. HatinuTe o6sacTh ompeaeeHusa PyHKITUN:

1) y=438x-5; 3) y=Yx—4;

2) y=Y—x; 4) y=Y6x—-x".
26.8. YmpocTtuTe BhIpaKeHUe:

1) ¥a°, ecom a>0; 3) e

2) Vb*, ecu b<O0;

Mpago ans i iapy B Mepexi IHTepHeT mae
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26.9. IToctpoiiTe rpadpuK QPYHKITAM:
1)) y=(my; 3) y=(ﬁ)8;
2) y={(x-2); 4) y={(x-2)".

26.10. YopocTuTe BBIpasKeHUe:

D {2-7) -7 2) {7 35)" ~{(v35 -6

26.11. BeinecuTe MHOMKUTENDb U3-II0]] 3HAKA KOPHS:

1) 4a"; 2) 4162m™n"; 3) 4-243y°.
26.12. CpaBHUTE UmCIaA:

1) ¥80 u ¥9; 3) Y15 u V/3;

2) 46 u \5; 4) 427 u ¥9.
26.13. Cokparure ApoOhH:

)\/g—\/g. 2) 9/5—2. 3) m— é/m_
Ya+ 4o’ Yo -4 Jm = 4m

26.14. BeruncanTre 3HaYeHNE BbIPAYKEHU:
1

3

272

1) 31,2 . 3—0,7 . 31,5; 4) _1;
32
_4 3 1 1 A _2
2) 113 -11 4-11'2; 5) 0,125 3 +0,81 2 -0,216 3.
3) 367 -6
26.15. [TokasKuTe TOXKIECTBO:
1 1 1
m-n m? —n? n)2 EO
D=1 -7 = (;) =m'-n';
m* +m2?n* m* +nt
2 2
2) a+b ~ ~b _a3—b3=bé_aé‘

z 11 2 2 11 71 1
a® —a?b® +b% a®+adb® +b% a®-b3

26.16. Pemute ypaBHEHUE:

1) V4x+20 =x+2; 5) Vx+11-+/3x+7=2;
2) V6 —x =3x—4; 6) V2x+5+3—-x =4;
3) VA+2x—x® =x-2; 7 Jx-Yx-5=0;

4) J2x® —14x+13 =5-x; 8) Yx? —4x+4+2¥x-2-3=0.
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2. Tpuronomerpuuyeckue (PyHKIIUH

26.17. CpaBHUTE ¢ HyJeM 3HaueHUE BBIPAKEHUA:
1) sin 168° cos 126°; 2) tg 206° cos (—223°).
26.18. HaiinuTe 3HaUeHNE BLIPAYKEHUA:

1) sin 780°; 2) cos 1200°; 3) cos%

. 3
26.19. Boeruncaure sin o, eciu tgou=3, T< o< ?n

26.20. Hatigure maumbojblilee ¥ HaUMEHbIIee 3HAUEHUS BBIPAKEHUS
2 cos® 0. — 8 sin”a.
26.21. YopocTuTe BhIpasKeHUe

sin (oc + g) sin (Tt — o) + cos ((x + gj cos (2n — ).

3 3
26.22. Mano: sin o.=-0,8, cos f=0,6, T <o < ?n, ?n < B < 2n. Haiigu-
Te cos (o + ).

26.23. [TokaKuTe TOMKIECTBO:
2sino cosP —sin (o —B)
P 2 tg (o +B);

cos (oo —PB) —2sina sinf

\/Ecosoc—2cos(§+oc)
. T .
2sin (Z+aj—\/§smo¢

2) =tga.

26.24. YupocTure BhIpajKeHUE:
sin 20
1+cos20’
2) sin 60 tg 3o+ 2 cos® 3a;
3) cos’ o — sin® o — cos 20 + sin® o cos® o

2 2 cos® 20 + sin 20 — 1

sin20 — sin® 20 + cos® 20,
26.25. Pemture ypaBHenue:

1) 2sin(f+l)+2zo; 3) 3+\/§tg(x_ﬁ):o;
6 12 4

2) 2cos(3—f)+ 3=0; 4) tg (——3):—1.
3 2 5 5
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26.26. HaiinuTe HAaUMEHBIIUN IOJIOXKUTEIbHBIM KOPEHb YPaBHEHUA

. ( n) 1
sinfx+—|=-.
3 2

26.27. Hatigure HaAMOOJBINUNA OTPUIlATENbHBI KOPEHb ypaBHEHUA

( 27‘6) \/5
cos 2x—§ =——.

2

26.28. CKOIbKO KOpHeil ypaBHEHUS tg§= —1 mpuHagIexKaT IIpoMe-

9
KYTKY [O; ?n}

26.29. Pemure ypaBHEeHUE:

1) 2cos’x =3sinx +2; 4) 3tg’x — 8 cos’x +1=0;
2) cos 2x + sin x = 0; 5) sin x + 2 cos x = 0;
3) 2cos 2x —3cos x +2=0; 6) sinx=cos4§—sin4g.

3. IlpousBogHasa M ee MpUMEHEHHE
26.30. HalimuTe mpousBOAHYIO (PYHKITUU:

1) y=3x* - 227 +5; 3) y=2_2Jx+7;
X
2
2) y=4x>-=; 4) y=5sin x — 7 cos x.
X
26.31. Halimure mpousBOIHYIO DYHKITUM:
1) y=(x>-1)(x®+ 2); 3) y = Yx cosx; 5) y= \/;2
+
2)y=x3Sinx; 4)y=2x+3- G)y:x —-3x
3x -2 cosx

26.32. Haiinure abcrucey Touku rpaduka GyHKIun f(x) = x> — 5x, B Ko-
TOPOI KacaTeJbHas K 9TOMY rpaduKy o0pasyer C IOJO0MKUTETbHBIM
HaIpaBjJeHueM ocu abcrucc yroa 45°.

26.33. HaiiguTe yriioBoil KoaUITMEHT KacaTeJbHON K rpaduKy QyHK-

x—2
nun f(x)=—; . B TOUKE €ro0 IepeceueHmna ¢ OChI0 OpAMHAT.
x°+

26.34. CocraBbTe ypaBHeHHE KacaTeJbHOI K rpadury GyHKIuu f
B TOUKe ¢ abCcIuccoii X, ecau:

1) f(x)= 2" +x, xy=-1; 8) (0=, x,=3;

0

2) f(x)=x"—x, x,=4; 4) f(x)=sin x, x, =_§,
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26.35. CocraBbTe ypaBHEHUs KacaTeJbHBIX K TIpaduKky (QYHKIUUN
f(x) = x* —4x B TOUKAX €ro IepeceueHHs C OChI0 aOCITHCC.

26.36. Teno mBuUIKeTCA II0 KOOPAMHATHON MPAMOI MO 3aKOHY ()=
=t?+ 3t — 2 (mepeMellleHNe M3MePAIOT B MeTpPax, BPeMsS — B ce-
KyHZax). B Kakoii MOMEHT BpeMeHUH { CKOPOCTh IBUIKEHHSA TeJja
cocrasaser 10 m/c?

1 1
26.37. Jlokaykure, yTo QYHKIUA Y = §x3 - Exz +x—5 gBIfeTCH BO3-

pacTaroIei.

26.38. Haiigure TpoMeKyTKY BO3pPACTaHUS U YOBIBAHUA U TOUKH DKC-
TpemyMa QyHKIIUU:

1) y=3x—x% 4) y:x+i2;
X
x5
2) y=?—x“—3; 5) y=x"(x-3);
16 2.3
3) y=x+— 6) y="""".
x x+1

26.39. Haiigure HamboJIbIllee 1 HaMeHbIlee 3HaYeHUs GyHKIuMU [ Ha
YKa3aHHOM IIPOMEXKYTKe:

1) f(x) = x* —3x, [-2; O]; 2) f(x) = =

, [-2; 4].
2% +1 L I

26.40. ITpencraBbre umciao 64 B BUZEe CyMMBI ABYX IIOJOXKUTEIbHBIX
cjlaraeMbIX TaKWX, YTOOBI CyMMa MX KBaJApaToOB OblIa HAWMEHBIIIEH.

26.41. HaiiguTe IOJOKUTEJIbHOE UMCJIO, AJIS KOTOPOTO Pa3HOCTH €ro
YTPOEHHOTO KBajApaTa U ero Kyba sBJIsgeTcs HanOOJbIIIeH.
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NMAPAJIJIEJIbHOCTD
B MPOCTPAHCTBE

B 3ToM naparpade Bbl 03HaKOMUTECh C OCHOBHBIMY MOHATUAMU CTepeoMe-
TPUW, aKCMOMaMK CTEPEOMETPUN U CIeACTBUAMM 13 HMX. PaclumpuTe cBOU
NpeacTaBneHns O MHOrorpaHHMKax. Bbl y3HaeTe 0 B3aMHOM PacrionoXxeHnm
LBYX MPAMbIX, MPSAMORN 1 NIOCKOCTN, ABYX MIOCKOCTEN B MPOCTPAHCTBE.
O3HaKOMWTECH C MPaBUIaMW, MO KOTOPbIM M300paKatoT MPOCTPaHCTBEHHbIE
Urypbl Ha MNOCKOCTY.

27. OCHOBHbIe NOHATUA CTepeoMeTpUMn.
AKCHUOMbI CcTepeoMeTpUumn

Wsyuyas maTeMaTuKy, BBl CO MHOTMMU MOHATUSAMU O3HAKOMUJINCH
Cc mMoMoIIbio ompenenaenuii. Tak, U3 Kypca IIJIAaHUMETPUHU BaM XOPOIIIO
3HAKOMBI OINpefiesIeHNs YeThIPeXYTOJbHUKA, TPalelnu, OKPYIKHOCTU
u 1p.

OmpenesieHre JTI000T0 MOHATHS OCHOBAHO HA APYTUX MOHATHUAX, CO-
Jep)KaHme KOTOPBIX BaM yKe M3BecTHO. Hampumep, paccMoTpum
ompezesieHue Tpamnenumu: «Tpameryeili Ha3LIBAIOT YETHIPEXYTOJbHUK,
Yy KOTOPOTO JIBé CTOPOHBI IapajjiebHbI, a ABe APYrre He MapajlyiebHbI».
Buawum, uTo onpesesieHne TpaIeIuy OCHOBAHO HA TAKUX YK€ BBEIEHHBIX
MOHATUAX, KAK YeThIPEXYTOJbHUK, CTOPOHA UeThIPEXyTOJbHUKA, ITapaJl-
JieTbHBIE U HelapaJijieJlbHble CTOPOHBI u Ap. WTak, ompeneseHus: BBO-
OATCA [0 MPUHITUIIY «HOBOE OCHOBAaHO Ha cTapoM». Torma scHO, 4TO
JOJI?KHBI CYIIIECTBOBATH IIePBOHAUAJIbHBIE HMOHATHUS, KOTOPHIM OIIpE/e-
JeHUH He naiorT. VX HaA3BIBAIOT OCHOBHBIMU MOHATHAMHU (pumc. 27.1).

HoBoe mouaTue

Puc. 27.1
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B usyuenHOM BaMmu Kypce IJIAHUMETPUU OIPeIesIeHUs He JaBajiu
TakuM GurypaMm, KakK TOuKa 1 Inpamas. B crepeomerpuu, KpoMe HUX,
K OCHOBHBIM ITOHATHUSIM OTHECEM eIlle OTHY (PUTrypy — ILIOCKOCTH.

HarssimHoe mpeacTaBieHre O IJI0OCKOCTH JAOT TOBEPXHOCTDH BOJOEMA
B 0E3BETPEHHYIO IMOTOMY, MOBEPXHOCTh 3€PKaJia, ITOBEPXHOCTh MOJIUPO-
BAQHHOI'O CTOJIA, MBICJIEHHO IPOJOJKEHHBIE BO BCeX HANIPABJICHUIX.

Hcnosb3ys moHATHE IOCKOCTH, MOMKHO CUUTATD, UTO B IIJIAHUMETPUN
MBI PACCMATPUBAJIN TOJBKO OAHY ILJIOCKOCTH, X BCEe M3ydaeMble (DUTYPHI
MPUHALJIEKATN 3TON ILJIOCKOCTH. B cTepeoMeTpuu »Ke paccMaTpPUBAIOT
0eCKOHEYHO MHOI'O IJIOCKOCTEH, PACIIOJIOKEHHBIX B MPOCTPAHCTEE.

Kak mpaBuio, ImJIOCKOCTH 0003HAUAIOT CTPOUYHBIMU I'DEUYECKUMU
OykBamu O, f3, Y, ... . Ha pUCYHKaX IJIOCKOCTA M300pa’KarT B BUJE
napaJenorpamMma (puc. 27.2) uiam APYTUX OTPAHUYEHHBIX YacTei
miaockoctu (puc. 27.3).

L/

Puc. 27.2 Puc. 27.3

IInockocTh, TaK 2Ke KaK U IpAMasi, COCTOUT U3 TOUEK, TO €CTh ILJIO-
CKOCTh — 9TO MHOYKECTBO TOUYEK.

CyiecTByeT HECKOJIBKO CIyYaeB BBAUMHOTO PACIOJIOMKEHUA TOUEK,
IPAMBIX ¥ IIJIOCKOCTel B mpocTpaHcTBe. IIpuBeneM mpuMepHI.

Ha pucynke 27.4 usobpaskeHa Touka A, TPUHAATIEKAIIASA IJIOCKO-
ctu o. Tak:Ke TOBOpPAT, UTO MoOuka A Jexum 8 nJOCKOCmuU O UJIN
naockocms o npoxodum uepe3 mouxky A. KpaTko 970 MOXKHO 3amnmcaThb
Tak: A € O.

Ha pucynke 27.5 uzobpakeHa Touka B, He mpuHaAJIexKaIas Ijo-
ckoctu . KpaTko sT0 MOKHO 3ammcaTh Tak: B ¢ f.

Ha pucynke 27.6 usobpaskeHa npaMasa @, IPpUHALIEKAIIAA IJI0CKO-
ctu o. Taxike TOBOPAT, UTO NPAMASL A JAeH UM 6 NJIOCKOCMU O UJIU
naockocmu 0. npoxodum uepe3 npamyi a. KpaTko sTo MOKHO 3anucaThb
Tak: a C 0.

L7 £ 7 L7

Puc. 27.4 Puc. 27.5 Puc. 27.6
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Eciu npsiMmas u IJIOCKOCTh MMEIOT TOJBKO OJHY OOIIYI0 TOYKY, TO
TOBOPAT, UTO HMpPAMAas MepecekaeTr IJIOCKoCcTh. Ha pucynke 27.7 mso-
OpaskeHa mpsMas @, mepeceKarolas MmJI0CKOCTh O B TOuKe A. 3amuchl-
BaroT: aNo = A.

B
\ a ‘\
/ A / a
(0 \
\
Puc. 27.7 Puc. 27.8

B ,ZEaJIBHefIH.IeM, T'OBOpPA «aB€ TOUYKH», «TPU TOUKHN», «JAB€ IIJIOCKO-
CTU» U T.II., 6y,aeM HNMETh B BUOY, UTO 9TO Ppa3HbIe TOUKH, Pa3HBIE
IPSIMbIE M PA3HbIE IJIOCKOCTH.

Ecau gBe MIOCKOCTH MMEIOT OOIIYI0 TOYKY, TO T'OBOPAT, UTO 3THU
IJIOCKOCTH TepeceKaroTcs.

Ha pucynke 27.8 n3o0paskeHbl IIJIOCKOCTH O 1 3, IepeceKarlnecs
1o mpsiMOii a. 3amuceiBaT: o.NP = a.

Ha Haua/JIbHOM dTalle M3yUYeHUs CTEPEOMETPUY HEBO3MOKHO JOKAa-
3bIBATh TEOPEMBI, OITNPAACH Ha APYyTUue YTBEPHKAEHUA, IIOCKOJIBKY 9TUX
yTBep:KIeHUi eme HeT. II0aTOMY IepBhIe CBOMCTBA, KACAIOIIEC TOUEK,
IPSAMBIX U IIJIOCKOCTEH B IIPOCTPAHCTBE, MIPUHUMAIOT 03 J0Ka3aTellb-
CTBa 1 Ha3bIBAIOT aKCHUOMaMMU.

OTMeTHM, UTO PAJ AKCHOM CTEPEOMEeTPHUHU II0 (hOPMYJHUPOBKAM I0-
CJIOBHO COBIAZAIOT CO 3HAKOMBIMHI BAM AaKCHOMAMU IIJIAHUMETPHUMH.
Hanpuwmep:

® KaKo8a Ovl HU ObLIA NPAMAS, CYULECMEYIONM MOYKU, NPUHAOLeHca-

wue amoil npamoil, u mouku, He npuHadexcawue eil;

e yepe3 n100ble 086 MOUKU MONCHO Nposecmu NPAMYK0, U NPUMOM

MOoJbKO 00HY.

Msl He OyJgeM 3HAKOMUTBLCS CO CTPOTMM AKCHOMATHYECKHM IIO-
CTPOEHWEM CTepeoMeTpuu. PaccMOTpUM JIUIITL HEKOTOPBIE YTBEPIKIE-
HHUs, BBIPAKAIOIINE OCHOBHBLIE CBOMCTBA ILJIOCKOCTEH IIPOCTPAHCTBA,
OCHOBBIBASICH HA KOTOPBLIX OOLIYHO CTPOAT KYPC CTEPEOMETPUH B IIIKOJIE.

Axcuoma Al. B n0060# IIJIOCKOCTY ITPOCTPAHCTBA BBIIIOJHSIIOTCS BCE
aKCHUOMBI IIJIaHNMETPUN.
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Eciu B m1060# mIOCKOCTH IIPOCTPAHCTBA BBIIIOJHAITCA aKCHOMBI
IIAHUMETPHUM, TO BBIIIOJIHAIOTCA U CJIE€ACTBUA U3 3TUX aKCHUOM, TO €CTh
TeOpeMBI IIJIaHNMETPUM. CJIeI[OBaTeJILHO, B CTepeoOMETPUHN MOMHO IT0JIb-
30BaThCA BCEMU M3BECTHBIMU HaM CBOMCTBAMM IIJIOCKUX (pI/II‘yp.

Axcuoma A2. Yepes srr00ble TPU TOUKU IPOCTPAHCTBA, He JIesKaIIlue
Ha OJHOU HPSAMOIi, ITPOXOIUT IIJIOCKOCTh, M IPUTOM TOJIBKO OIHA.

Pucyurgu 27.9-27.11 uaaiocTpUPYIOT 9Ty aKCHUOMY.

Puc. 27.9 Puc. 27.10 Puc. 27.11

W3 aT0if aKCUOMBI CJIeyeT, YTO TPU TOUYKHU IIPOCTPAHCTBA, HE JieKa-
e Ha ONHOY MPAMOI, OTMPENeIA0T eIUHCTBEHHYIO MJIOCKOCTD, IIPO-
XOQAIYI0O Yeped 3Tu TOUKHU. [losToMy AJsi 0003HAUEHUSA TJIOCKOCTU
MOJKHO yKasaTh JI00ble TPU ee TOUKM, He JiesKalliue Ha OJHOU MPAMOI.
Hanpuwmep, Ha pucyHke 27.12 usobpaskeHa miaockocts ABC.

3anuck M € ABC o3HauaeTr, 4yTo Touka M TPUHAAJIEKUT IIJIOCKO-
ctu ABC. 3anucy M N c ABC osHauaer, uto upamasa M N npuHaAIe KuT
nnockoctu ABC (puc. 27.12).

YT Ty

Puc. 27.12 Puc. 27.13

Axcuoma A3. Eciu nBe TOUKM HNPAMOI HPUHAIJIEKAT ILJIOCKOCTH,
TO 1 BCA MPAMAasA MPUHAMJIEIKUT 3TON MIOCKOCTH.

Hanpumep, Ha pucyuke 27.13 Touku A, B u C nmpuHaajgexar ILjIo-
cxoctu ABC. Torpma moxxuo sanucats: AB — ABC, BC < ABC.

W3 sT0li aKCHMOMBI CIIeAyeT, YTO €CJU MpAMAasd He MPUHAIJIEHKUAT
ILJIOCKOCTH, TO OHA UMEET C JaHHOU IJIOCKOCTHIO He 0oJiee OMHOM o0IIeit
TOUYKH.
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YTBepKAeHUE, cHOPMYJUPOBAHHOE B aKcuoMe A3, YacTO HCIIOJb-
3YIOT HA MPaKTHUKE, KOTJa XOTAT IIPOBEPUTD, ABJISIETCS JU JaHHAS I10-
BEPXHOCTH POBHOMU (IJIOCKOIT). [ 3TOTO K IOBEPXHOCTH B PasHBIX
MecTax MPUKJIAALIBAIOT POBHYIO PENKYy M MPOBEPSIOT, €CTh JIM 3a30D
MeKIy PeNKOM 1 IMOBepPXHOCThIO (puc. 27.14).

Axcuoma A4. Ecau aBe IIJIOCKOCTH MMEIOT OOIIYI0 TOUKY, TO OHU
mepeceKaroTCs IO IPSAMOM.

9Ty aKCUOMY MOJKHO MPOWJLIIOCTPUPOBATH C IIOMOIIBI0O COTHYTOTO
Jucta 6ymMaru WJM ¢ IOMOIIbIO Balero yuebHuka (puc. 27.15).

Puc. 27.14 Puc. 27.15

O—w 3apgaua. Jlokaxure, 4TO eCOU [Be IJOCKOCTH HMEIOT 00-
Y0 TOYKY, TO OHU IIePECEeKAaIOTCs 110 MPSIMOIi, IIPOXOIAIell Yepes aTy
TOUKY.

Pewenue. Ilycth Touka A ABIseTCS OOINeH I ABYX IIJIOCKOCTEH
ou P, Toectb A€ o u A€ P (puc. 27.16). ITo akcuome A4 miockoc-
™ O U [} mepecekaroTcs 1Mo mpsimoit. IlycThb
0o.NP = a. Torma Bce 06IIME TOUKY IIJIOCKOCTEH
o u  mpunagmesxat npsamoi a. Touka A sB-
JisieTcs obIei ays miaockocreit oo u . Ciemo-

S BaTeJIbHO, A € a. <«

o Kpome axcuom, ecTh U Apyrue CBOMCTBA,

OIIMCHIBAIOIIME B3AMMHOE PACIOJIOKEHHe TO-

YeK, IPAMBIX U ILIOCKOCTeil B IPOCTPAHCTBeE.

Onupasch Ha aKCHOMBI, MOMKHO JOKasaTh,

Puc. 27.16 HAIIpUMep, CIeAYIOUe yTBepKIeHud (caes-
CTBUSA U3 aKCHOM CTePeOMeTPUH).

Teopema 27.1. Yepe3 npamyto u He npuradrexauyio eii moiky
npoxodum naocKoCcmsv, U LPUMoOM moavko oona (puc. 27.17).

Teopema 27.2. Uepe3 06e nepecexaioujuecs npamvie npoxodum
nAOCKOCMb, U npumom monvko odna (puc. 27.18).
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Lo/ L=</

Puc. 27.17 Puc. 27.18

W3 akcuombl A2 u Teopem 27.1 u 27.2 ciemyer, UTO NJOCKOCMb
00HO3HAUHO Onpedensemcs:

1) mpems mourkamu, He JeHAUUMU HA 00HOLL NPAMOIL;

2) npamoil u moukoil, He npuHadexcauieit Imoil npamoiL;

3) 0syms nepecekarOUWUMUCS NPAMbLMU.

Taxum oO6pasoM, MBI YKa3aJau TPHU CIIOCcO0a 3aJaHUsA IJIOCKOCTH.

p |
® 1. Kak B MaTemaTyke Ha3biBaloT nepBOHaYanbHble MOHATLS, KOTOPbIM He AatoT
onpeneneHns?

2. Kakue urypbl BXOAST B CMICOK OCHOBHbIX MOHSATUI CTEPEOMETPUIN?

3. B KakoMm cliy4ae roBopsaT, 4TO NpamMasn nepecekaeT MNoCckoCTb?

4. B KakoM CJly4ae roBopsT, YTO MIOCKOCTM NepecekaoTca?

5. Chopmynupymte akcmombl A1, A2, A3, Ad.

6. Kakuve cnefcrBms 13 akCMoM CTePeOMETPUM Bbl 3HaeTe?

7. YKaxuTe cnocobbl OAHO3HA4YHOrO 3a4aHMs NIOCKOCTA.

e\

YMPAXKHEHS I

27.1.° NI306pas3uTte IJIOCKOCTDH (, IPUHALIEIKAIIYIO eii Touky M u He
mpuHaIIeKaIryo eit Touky K. 3anumnre 5To ¢ IOMOIIHIO COOTBET-
CTBYIOIIIUX CUMBOJIOB.

27.2.° NlzobpasuTe IJIOCKOCTH Y, IPOXOAAIIYI0 Uepe3 HIpAMYO a. 3a-
MUIIUTE 9TO C IIOMOIIBI0 COOTBETCTBYIOIUX CHUMBOJIOB.

27.3.° 1300pasure IJIOCKOCTD O, U IPAMYIO b, IIepeceKalnyo JaHHYO
ILJIOCKOCTh B TOUKe A. SalIUIIIUTE 3TO C IIOMOIIbI0O COOTBETCTBYIOIIUX
cuuMBOJIOB. CKOJIBKO TOUEK IPAMOMN b IPUHAIJIEKUT IIJIOCKOCTU 07

27.4.° N306pasuTe IIOCKOCTH P 1 Y, mepe-
cekaromuecs II0 MPAMOU ¢. 3amUIIU-
Te BTO C IIOMOIIILI0 COOTBETCTBYIOIIUX

iy
CUMBOJIOB. /
D
27.5.° 3anumiuTe ¢ IIOMOIIbIO CHMBOJIOB E, F\/
4
B3aMMHOE PACIOJIOKEeHUEe TOYeK, MpH- a //

MBbIX ¥ ILJIOCKOCTH, M300pa’KeHHbIX HA
pucyuke 27.19. Puc. 27.19
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150 § 4. MapannenbHOCTb B MPOCTpaHCTBe

27.6." CKOIBKO ILTOCKOCTeH MOXSHO IIPOBECTH uepes JAaHHLIe IPAMYIO
U TOUKY?

27.7." Maums! Touku A, B u C takue, uro AB =5 c¢m, BC =6 cm, AC =7 M.
CKOJIbKO TIJIOCKOCTEIl MOXKHO IpoBecTu uepesd Touku A, B u C?

27.8." Nausl Touku D, E u F rakue, utro DE = 2 cm, EF = 4 cm, DF = 6 cMm.
CKOJIbKO ILJIOCKOCTEN MOXKHO IIpoBecTH uepes Touku D, E u F?

27.9.” IIpambie AB u AC mepeceKaioT ILIOCKOCTHL O. B Toukax B u C,
Touku D u E mpuHamiaexat aToit miockoctu (puc. 27.20). ITocTpoiiTe
TOUKRY nepeceuenus npamoil DE ¢ mimockocteio ABC.

A B
D
E
ic A |
/B/ oE/ / C
D o
o °
Puc. 27.20 Puc. 27.21

27.10.” TIpamasa BA mepecekaer IJIOCKOCTH O, B Touke A, mpamad BC —
B Touke C (puc. 27.21). Ha orpesxke AB oTMeTuIu TOUKY D, Ha OT-
peske BC — rtouky E. IlocTpoiiTe TOUKY mepeceueHus npamoii DE
C IJIOCKOCTBIO Ol.

27.11." Ilpamas m — JUHNSA epecedeHns IIocKocTeit o 1 fB (puc. 27.22).
Touku A 1 B MIpUHAIJIEHKAT IIOCKOCTH O, a TouKa C — ILI0OCKOCTH [.
ITocTpoiiTe nuHUM TnepeceueHuA Ia0cKocTu ABC ¢ MJIOCKOCTBIO O
¥ C ILJIOCKOCTHIO [3.

27.12.” KBagparet ABCD u ABC,D, He nexar B OJHOII ILIOCKOCTH
(puc. 27.23). Ha orpeske AD ormernnu Toury E, a Ha orpeske BC, —
TouKy F. IlocTpoiiTe TOUKY IIepeceuyeHms:

1) npsawmoit CE ¢ nnockoctsio ABC ;
2) npsamoit FD, ¢ miaockocteio ABC.

Ce p

oB
Ae

Puc. 27.22 Puc. 27.23
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27.13.” Kak c IOMOIIBIO JBYX HUTOK CTOJIAP MOKET IIPOBEPUTD, JIeKAT
JIV KOHITHI YeThIPeX HOMKEK CTyJia B OJHOM IJIOCKOCTU?

27.14."” Touka M — o0mas Touka AByX miaockocreiit ABC u BCD. Haii-
nute orpesoxk BC, ecniu BM =4 cm, MC =T cm.

27.15.” Touxka K — obmas Touka ABYX miaockocreii MNF u MNE.
Haiigure orpesok MN, eciu MK = KN =5 cMm.

YNMPAXXHEHNA AJ1 MOBTOPEHS I

27.16. Ha Bricore BD paBuoOGeapennoro tpeyroabuuka ABC (AB = BC)
orMmeTuan Touky M. HalimuTe OoTHOIIIeHME ILJIONIAAN TPEYyTrOJbHUKA
AMC x nnomanu Tpeyroabuuka ABC, eciu BD =12 cm, BM = 8 cm.

28. [pocTpaHCcTBEHHbIE PUrypbl.

Ha4vanbHble cBegeHnsa o MHororpaHHuKax
B crepeomeTrpun, KpomMe TOUEK, IPSIMBIX U IJIOCKOCTEH, paccMaTpu-
BAIOT MPOCTPAHCTBEHHBIE (DUTYDPHI, TO €CTh (PUTYPHI, HE BCE TOUKU KO-
TOPBIX JIeJKAT B ONHOI IIOCKOCTH. HeKOoTOphie M3 MPOCTPAHCTBEHHBIX
duryp Bam y:Ke 3HaKoMbI. Tak, Ha pucyHKe 28.1 1300pakeHbl ITUIUHID,
Komyc u map. ITogpobro 5TM Qurypsr BeI Oygere usyuars B 11 riacce.

BAQ

Puc. 28.1 Puc. 28.2

Ha pucynke 28.2 uzobpaskeHa ellle oJHA 3HAKOMAas BaM IIPOCTPAH-
cTBeHHasA purypa — nupamuzga. 9ta purypa sABJaseTcss YaCTHBIM BUIOM
MHOTOTPAHHUKA.

IIpuMepsl MHOTOTPAHHUKOB IIOKa3aHbl Ha pUcyHKe 28.3.

Puc. 28.3
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152 § 4. MapannenbHOCTb B MPOCTPaHCTBe

IloBepXHOCTH, MHOTOTPAHHUKA COCTOUT M3 MHOTOYTOJBHUKOB. X
HaA3bIBAIOT IPAHAMH MHOrorpaHHunka. CTOPOHBI MHOTOYTOJbHUKOB Ha-
3BIBAIOT pedpaMu MHOTOTPAHHUKA, a BEPIIIUHLI — BePUIMHAMU MHOTO-
rpaHHuKa (puc. 28.4).

PeGpo Bepmiunaa
l F
A 5 A C
I'pasb B C B
Puc. 28.4 Puc. 28.5 Puc. 28.6

Ha pucynke 28.5 nszobpakena naruyroiabHas nupamuna FABCDE.
IToBepXHOCTH 3TOT0 MHOTOTPAHHUKA COCTOUT U3 MATU TPEYTOJbLHUKOB,
KOTOpbIe HA3LIBAIOT OOKOBBHIMHU IPAHAMM MHUPAMHMIBI, U OTHOTO IISATHU-
YTrOJbHUKA, KOTOPBIH HAa3bIBAIOT OCHOBAHUEM mupamMuasl. Bepmuuy F,
0011TyI0 /i BceX OOKOBBIX I'paHell, Ha3bIBAIOT BEPIIMHON MUPaMMIbI.
Pebpa FA, FB, FC, FD u FE Ha3bIBaloT 00KOBBIMHU pedpaMu MHUPaAMU-
obl, a peopa AB, BC, CD, DE n EA — pe6paMu OCHOBAHUS ITAPAMU/IbI.

Ha pucynke 28.6 msobOpaskeHa TpeyrosbHas nupamugza DABC.
TpeyroapHyI0 MUPaMUIy HA3bIBAIOT TaKKe TETPa3apPoM.

Emte oqHUM YacTHBIM BUJOM MHOTOTPAHHUKA ABJsAeTcA mpusMma. Ha
pucyHKe 28.7 m3obOpaskeHa TpeyronbHas npusma ABCA BC,. 9toT

MHOTOI'DAHHUK HMeeT IATH I'PaHell, ABe M3 KOTOPHIX — paBHBIE Tpe-
yroapHuKU ABC u A B/C,. VIx Ha3pIBaloT OCHOBAHHSIMM IIPHU3MBI.

OcrasibHBIE TPAHU TPUBMBI — ITapaJliejiorpaMMbl. VIX Ha3hIBAIOT OOKO-
BbIMH rpansavu npusmsl. Pe6pa AA , BB, u CC, Ha3bIBalOT GOKOBBIMH
peépaMu IPU3MBI.

A, C,

N

B

Puc. 28.7 Puc. 28.8
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Ha pucyuke 28.8 wusobOpaskeHa 4UYeThIPeXyroJibHas IIpU3Ma
ABCDA,B,C,D,. Ee 1moBepXHOCTb COCTOUT U3 IBYX PaBHBIX YeThIPEX-
yroasHukoB ABCD u A B C D, (ocHOBaHUs NPU3MBbI) U YeTHIpEX Ia-
paniaeaorpaMmMoB (0OKOBbI€ T'PDAHU HMPU3MBI).

BbI 3HaKOMBI TaKsKe ¢ YACTHBIM BHUIOM YEThIPEXYTOJbHOMU IIPU3MbBI —
NpAMOYToJbHBIM mapaJjurendenunenom. Ha pucynxe 28.9 mzobpakeH
npAaMoyroabHbIil napaanenenunen ABCDA B C D,. Bce rpasu nps-

MOYTOJIBHOT'O IIapaJijiesienuiiefa ABJIAIOTCA IIPAMOYTrOJIbHUKaAMU.

B, ¢

Al ' D1 '

: v

(] [}

Bf: -------- ———- C E
’4” ’)'"""'

A D f"

Puc. 28.9 Puc. 28.10

B cBoio ouepenb, YaCTHBIM BUAOM IPSMOYTOJLHOTO ITapaJijieielnu-
nena aBasercAa Ky6. Bece rpanu Kyba — paBHBIe KBagpaTsl (puc. 28.10).

YeTsIpexyroJbHYO IPU3MY, OCHOBAHNEM KOTOPOI ABJISIETCS Iapal-
JeJI0OTPaMM, HAa3bIBAIOT MapaJliieIennuIeoM.

B Kypce reomerpum 11 Kjacca BbI 6oJiee IOAPOOHO 03HAKOMUTECH
C MHOTOTPDAHHUKAMH U UX YACTHBIMU BUIAMU.

3anmaua. Ha pebpax AA u DD, xkyba ABCDA BC D, ormerniu

coorBeTcTBeHHO TouKu M m N rtak, uto AM # DN (puc. 28.11). Ilo-
CTPOITE TOUKY IepeceueHusa npamoir MN c miockocTtbio ABC.

B, c, B, c,
Af——p, Af——p,
M | M\
R B B S
”l B N' "’ B N
Puc. 28.11 Puc. 28.12

Pewenue. Touku M u N mpuHAIIEKAT IIJIOCKOCTHU AAIDI. Torma
mo akcuome A3 mpsamaa MN TPUHAAJEKUT 9TOU IJIOCKOCTH. AHaJo-
ruyHO npsamas AD Takke IpuHALIEKUT IockocTd AA D, . U3 nianu-
MEeTPpUU M3BECTHO, UTO MPSAMBIe, JeiKallue B OJHOHN IIJIOCKOCTU, WUJIU
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154 § 4. MapannenbHOCTb B MPOCTpaHCTBe

mapaJiieJbHbI, UJIKU IepecekaioTca. Ilockonbky AM # DN, To mups-
mbie AD u MN nepecekatorcs. Ilyctb X — TouKa MX IepeceuyeHus
(puc. 28.12).

Touku A u D npuHagie:xat miaockoctu ABC. Torga mo akcuome A3
npamasa AD IpUHALJIEKNAT 9TOH Ke IIocKocTr. Touka X mpuHALIEKUT
npamoii AD. CiegoBaTebHO, TouKa X OPUHALJIEKUT aockoctu ABC.
ITockonbry Touka X TakKe OIpUHALIEKUT npamoit M N, to npamas MN
nepecekaer miaIockocTb ABC B Touke X. «

'I) |
® 1. HasosuTe M3BECTHBIE BaM NPOCTPAHCTBEHHbIE PUTYPbI.
2. /13 Kakunx puUryp COCTOUT NOBEPXHOCTb MHOTOrPaHHMKa? Kak X Ha3blBatoT?
3. Y10 Ha3bIBalOT pebpamMm MHOTrorpaHH1Ka? BepLUMHAMU MHOTOrpaHHMKa?
4. Kakvie B1UObl MHOTOrPaHHUKOB Bbl 3HaeTe? OnuLnTe 3TV MHOTOTPaHHUKN.

YMPAXHEH/S I

28.1.° Ha pucyuke 28.13 usobpaskeH IpAMOYTOJbHBIN ITapaieIeInies
ABCDA B C D,. Yraxure:
1) ocHOBaHUsA IapaJijesenunena;
2) OOKOBBIE I'PaHU MapaJliesenuIena;
3) 60KOBBIE pebpa ImapaJijiesenunesa;
4) pebpa HUKHETO OCHOBAHUA IapaJjeenuIesa.

B, C, M
A, : D,
! A C
- F— R T
A - D B
Puc. 28.13 Puc. 28.14

28.2.° Ha pucyuke 28.14 usobpaskena nupamunga MABC. Ykaxure:
1) ocHOBaHUE TUPAMUBI;
2) BepIINHY TUPaMUIBI;
3) 60KOBBIE I'PAHU THUPAMUIBI;
4) 60xOBBIE pedpa MUPaMUILI;
5) pebpa oCHOBaHUA TUPAMUJBI.
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28.3." Ha pe6pe BC Terpasapa SABC ormerunau Touky D. Kakas npamas
ABJIAETCA JUHMEN nepeceuenus miockocreii: 1) ASD u ABC; 2) ASD
u BSC; 3) ASD u ASC?

28.4." Touka M npunaniexur rpaau ASC Terpasapa SABC, touka D —
pebpy BC (puc. 28.15). ITocTpoiiTe TUHUIO IIEPECEUEHUA IIJIOCKOCTU
ABC 1 JIOCKOCTH, IIPOXONAIIEll uepes IIps-

My SD u Touxky M. S

28.5." Ha 60x0BBIX pedpax SA u SB nupaMums
SABCD oTMeTUJIN COOTBETCTBEHHO TOUKU M
u K. IlocTpoiiTe TOUKY IIepeceueHmrs MIPs-
moit MK c¢ miockocthio ABC, ecau mpsambie
MK u AB He mapaJjjiesbHbI.

28.6." Ha 60x0BBIX pedpax SA n SC mupaMugbl
SABCD oTMeTHJI COOTBETCTBEHHO TOUKU M
u K. ITocTpoliTe TOUKY IIepeceueHusd IPAMON
MK c nnockoctbio ABC, eciu npsambie MK Puc. 28.15
u AC He TapajjiebHbI.

28.7." ITau xy6 ABCDA,B,C,D,. IloctpoiiTe mpsiMble, 110 KOTOPBIM
ILJIOCKOCTB, IpoxosAmas 4epes Touku A, C u B, nepecexaer rpanu
KyoOa.

28.8." INamsr npusma ABCA,B,C, m ILIOCKOCTH, NMPOXOIAIIAA UePe3
npsamele AC, u AB. IlocTpoiiTe mpsAMble, 10 KOTOPBIM 3Ta IJIOCKOCTh
mmepeceKaeT I'pPaHU IPU3MHBI.

28.9.” Touxa M npunamie:xur rparu ASB rerpasapa SABC, Touka K —
rpauu BSC (puc. 28.16). ITocTpoiiTe Touky mepeceuenus npamon MK
¢ miIockocThio ABC.

S

B D

Puc. 28.16 Puc. 28.17

28.10." Tourka M mpumamme:xut rpasu ASB nupamunsr SABCD, Tou-
ka K — rpauu CSD (puc. 28.17). IlocTpoiiTe TOUKY mepecedyeHus
npsamoit MK ¢ minockoctbio ABC.
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156 § 4. MapannenbHOCTb B MPOCTpaHCTBe

28.11." Mana nupamuna SABCD (puc. 28.18). S
ITocTpoiiTe JMHUIO TepeceUeHUA IIJIOCKO-
creit ASB u CSD.

28.12." Tana mupamuna SABCDE (puc. 28.19).
ITocTpoiiTe JTUHUIO TepeceYeHus IIJIOCKO- B
creit ASE u BSC.

28.13.” Ha pe6pax AB u CD Terpasgpa DABC
OTMETHUJIU COOTBETCTBEHHO TOouku E u F.
ITocTpoiiTe JIMHUIO TIepeceUeHUA IIJIOCKO- Puc. 28.18
creit AFB u CED.

28.14." NNana nupamuzna MABCD, touka K OIpuHALIEKNUT OTpe3Ky BD
(puc. 28.20). IlocTpoiiTe nuHMI0 mepeceueHusa Iiockocteit MCK
u MAB.

S
M
C
A B C
D
A
E D

Puc. 28.19 Puc. 28.20

D

YMNMPAXHEHNSA A1 MOBTOPEHS I

28.15. IuaroHasb paBHOOOKOU Tpamenuu pa3buBaeT ee Ha JBa PaBHO-
OepeHHBIX TPeyroJbHuKa. HaliguTe yribsl Tpamemun.

29. B3anMHoe pacnono)eHue gByX NpsiMbIX
B MPOCTPaHCTBE

W3 Kypca ILIaHMMETPUM Bbl 3HAETE, UTO ABE IPAMbBIE HA3BIBAIOT
[IePEeCceKaIUMUCI, €CJU OHM MMEIT TOJbKO OAHY OOIIYI TOUYKY.
Takoe ke oIpeeeHNe MEPECeKAIUXCA MPAMBIX TAIOT U B CTEPEO-
METPUH.

Bam Takske M3BECTHO, UTO JBE MPSIMbIe HA3bIBAIOT IIAPAJIeIbHBIMMU,
ec/ii OHM He IepeceKaroTcss. MOMKHO JIM 3TO OIpefesieHre IePeHeCTH
B cTepeoMeTpuio?
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Ob6patuMcsa K pucyHky 29.1, Ha KoTopoM
nsobpaskeH ky0 ABCDA B,C,D,. Kaxnaa us

npsamMeix AB u AA  He umeer ¢ upsmoii DC
obmux Touek. Ilpm srom mpsameie AB u DC
JIesKaT B ONHOM IIJIOCKOCTU — B ILJIOCKOCTH
ABC, a npsambIe AA1 u DC He jexxaT B OJHOI
ILJIOCKOCTH, TO €CTh He CYIIIeCTBYeT ILJIOCKOCTHU,
KoTopasi mpoxXoauJa Obl uepes 9TU IPsMbIe.
IATOT mpUMep IOKa3bIBaeT, UTO B CTEPEOo- Puc. 29.1
MeTPUU OJA OABYX NPAMBIX, HE MMEIOIUX
00X TOUEK, BO3MOKHBI JIBA CIyUYasi B3auM-
HOTO PACIOJIOMKEeHUS: IPAMBIE JIe;KaT B OJHOM IIJIOCKOCTU U IIPAMBIE He
JIesKaT B OQHOM MJIOCKOCTU. s KasKI0ro M3 9TUX CJAydYaeB JAaJUM CO-
OTBETCTBYIOIIlEe OIlpejiesieHIe.

B
AP

s Ll
\

.
\
\
\

\
"
'
[]
[]
'
'
)

aQ

Onpenenenmne. [[Be npaMbie B MPOCTPAHCTBE HA3BIBAIOT 1A Pa Ji-
JeNbHBIMU, €CJAN OHU JIeKAaT B OJHOH IJIOCKOCTHM M He IiepeceKa-
0TCA.

Ecau npsambie a 1 b mapajieiabHbI, TO 3alIUCLIBAIOT: a || b.

Onpenenenune. [IBe mpsaMbie B IMPOCTPAHCTBE HA3BIBAIOT CKD e-
IMUBAIMUMIUCS, €CIM OHU He JIeKAT B OMHON IJIOCKOCTH.

Hampuwmep, Ha pucynke 29.1 npsambie AB u DC — mapaJjjienbHbIe,
a npambie AA u DC — cKpeliuBaoIyecs.

MexayHapOaHbIN LeHTP KopabenbHbi nec Cpyb
KYNbTypbl U UCKYCCTB,
r. Knes
Puc. 29.2

HarasgHoe mpeacraBieHre 0O MapajjieIbHBIX IPAMBIX JAal0T KOJIOH-
HBI 3JaHUA, KopabelbHBIN Jec, OpeBHA cpyba (puc. 29.2).
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158 § 4. MapannenbHOCTb B NPOCTPAHCTBE

Puc. 29.3

Harnsimaoe mpeicTaBjieHre O CKPEIUBAIOIINXCA MPSIMBIX JAI0OT IIPO-
BOJIA JIMHUI 3JI€KTPOIepeaau, PasjndHble 9JIeMeHThI CTPOUTEIbHBIX
KOHCTPYKIuii (puc. 29.3).

Urak, CcyIecTBYIOT TPU BO3MOMKHBIX CJAydYas B3aWMMHOI'O PACIIOJIO-
JKeHUs ABYX MPAMBIX B IpocTpaHcTse (puc. 29.4):

1) upsimble IepeceKaTecs;

2) mpsAaMble TapajJiejibHbI;

3) mpAMbIe CKPeInBalTCs.

| [lBe npsiMble B NpocTpaHCcTBe |

A A
nexaT B OAHOWN
NOCKOCTU

CKpeLIMBaloTCS

Y Y
| nepecekaTcst | | napannenbHbl |

Puc. 29.4

IBa oTpeska Ha3bIBAIOT MAPAJIEIbHBIMHU (CKPEI[UBAIOIIUMUCSH),
ecJy OHU JIeXKaT Ha MapaleJbHbIX (CKPeIUBaINXCs) MPIMbIX.

Hanpuwmep, pebpa AA, u BB, TpeyrojabHOI

A, B, TPH3MBI ABCA,B,C, (puc. 29.5) aBadiorca na-

pastenbHbIMY, a pedbpa AC u BB, — ckpemu-
. BAIOIIMMUCH.

Teopema 29.1. Uepes 06e napannenvHbie
npamosie npoxodum NAOCKOCMb, U NPUMOM

A B moavko o0Ha.
Hokxasameavcmeo. Ilycts naHbl mapaj-
C JleJIbHBIEe IIpAMbBIe a u b. JlokaskeM, UTO cyIle-
CTBYeT eIUHCTBEHHASA IJIOCKOCTh Ol TaKas, UTO

Puc. 29.5 acoubca.
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CyIecTBOBaHUE IIJIOCKOCTU O, IIPOXOAAINEH uepe3 mpAMble a u b,
cJIefyeT M3 OUpefesieHus IapasaeJbHbIX NPAMBIX.

Eciu mpenmosiosKuTh, UTO CYIECTBYET eIlle OfHA IJIOCKOCTb, IIPO-
XOAAIasd uepes IpaAMbIe @ U b, TO Uepe3 IPAMYI0 @ U HEKOTOPYIO TOU-
Ky IpAMO# b OyAyT MPOXOJUTD ABE PA3JIUUYHBIE IIJIOCKOCTH, YTO IIPOTH-
Bopeuut Teopeme 27.1.

B m. 27 6bLIm yxKasaHbl TPU cIliocoba 3amaHus ILIocKocTu. Teope-
my 29.1 MOKHO paccMaTpuBaTh KaK eIle OJWH CIIOCcO0 3aJaHuA ILIO-
CKOCTH — C IOMOIIBIO JBYX MapajieJbHBIX MPSIMbIX.

VYcraHOBUTH HapaiiebHOCTh ABYX IPAMBIX, JEKAIlUX B OJHOM
ILJIOCKOCTH, MOYKHO C IIOMOIIbIO N3BECTHBIX BaM U3 Kypca ILIaHUMeTPUU
MPU3HAKOB MMapaLIeIbHOCTU ABYX MPSAMBIX. A KaK yCTaHOBUTH, ABJISA-
IOTCA JIU JBe MpsiMble cKperuBaiomiumuca? OTBEeTUTH HA 9TOT BOIIPOC
IIO3BOJIAET CJAEAYIOIasd TeopeMa.

Teopema 29.2 (IpuU3HAK CKPEN[UBAKWI[UXCA IIPAMBIX).
Ecau odna u3 déyx npamslx nexcum 6 naockocmu, a 0pyzas nepe-
cekaem 3my nAOCKOCMb 6 MouKe, He NpuHadredxcauiell nepeol nps-
Mmot, mo 0anHble npambie — ckpewuéarouueca (puc. 29.6).

D
\b
o v A C
\ B
Puc. 29.6 Puc. 29.7

Ha pucynke 29.7 pedbpa AB u DC rerpasapa DABC ABIAIOTCA CKpe-
muBalonuMucs. JletficTsurenbHo, mpamasa DC mepecekaet miockocTs ABC
B Touke C, He MpuHAaAJeKanieii npamoii AB. CiemoBaTesbHO, IO IPU-
3HAKY CKPEIUBAIOIINXCA IPAMBIX IpaMble AB u DC ABISIOTCS CKpe-
I BAIOIIUMUCS.

p -
® 1 Kakve [1Be NpsiMble B NPOCTPaHCTBE Ha3bIBalOT NapasieNbHbIMU? CKpeLyBalo-
wmmMmnca?
2. Kakue cyLlecTBYIOT C/ly4an B3aMMHOIO PacnofioXeHns ABYyX NpsMbIX B MPO-
CTpaHcTBe?
3. Kakve ABa 0Tpe3ka Ha3blBaloT NapannefibHbIMU? CKpeLLBaoLLMMUKCA?
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160 § 4. MapannenbHOCTb B MPOCTPaHCTBe

4. ChopMynmpyunTe Teopemy O NIOCKOCTM, KOTOPYIO 3a4at0T AiBe NapanfesbHble
npsmble.
5. ChopmynumpymTe Npm3HaK CKPeLLMBAIOLLMXCA NPAMBIX.

YMPAXKHEHS I

29.1.° Tau ky6 ABCDA B ,C D, (puc. 29.8). Hazosure ero peGpa: 1) na-
pamnenbHbie pedpy CD; 2) ckpemuBatoiiuecs ¢ pedbpom CD.

——C A 0,
A, D, A, .. L
,,']Jé-""" C C ',':’Biig:::;::: 3o
A% A D A% =D
Puc. 29.8 Puc. 29.9 Puc. 29.10

29.2.° YRaKUTe MOJEJU CKPEeIIUBAIOIINXCA IIPAMbBIX, UCIOJIb3Y IPeI-
MeThI KJIaCCHOW KOMHATHI.
29.3.° Hana mupamuna SABCD (puc. 29.9). HazoBure pebpa mupaMumbl,
cKpeluBawIuecsa ¢ pedbpom SA.
29.4.° Nau npsimoyrobHbii napauienenune ABCDA B C D, (puc. 29.10).
VKaKuTe B3aMMHOE PACIIOJIOMKEeHNE MPSIMbIX:
1) BCu AC; 3) BD u CC; 5) DC, u BB ;
2)ABu CD; 4) AB, u DC; 6) AA u CC,.
29.5.° BepHO J1 yTBEp:KIEHUE:
1) nBe mpsMble, He ABJIAMOINUECA MapaLJIeIbHBIMUI, UMEIOT OOIIYIO
TOUKY;
2) nBe mpsIMbIe, HEe ABIAIOIINECA CKPEITUBAIOIIIUMUCSH, JIEXKAT B OTHOMI
ILJIOCKOCTH;
3) IBe MpsIMbIe SBJAIOTCSA CKPEIUBAIOIINMIUICS, €CJIU OHU He Iepe-
CeKamTcA U He ImapajaelbHbI?
29.6.° lan xy6 ABCDA B,C D, (puc. 29.8). [loka:kure, 4TO IpsSMbIe
AA, n BC — ckpenjuBaoIiuecs.
29.7.° Tpeyronpauku ABC u ADB nexaT B Pas3JUUYHBIX IIJIOCKOCTSIX
(puc. 29.11). KakoBo B3auMHOe pacmojiokeHue npaAMbix AD u BC?
OtrBeT obocHYIiTE.
29.8." KakuM MosKeT ObITh B3BAMHOE PACIIOJIOMKEHIe IIPSIMBIX b 1 ¢, eciIum:
1) mpamble a 1 b mepeceKkarOTCs, a MPAMBIE @ U ¢ apaJljaeJIbHbI;
2) mpsaMbIe a 1 b mapaJjiesbHble, a IPAMBIE @ U ¢ CKpeIuBauec?
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D A
/
y /1 ¥

Puc. 29.11 Puc. 29.12

29.9." CKOJIbKO ILIOCKOCTEHl MOT'YT 3aaBaTh TPH IOIAPHO IIApaJLIeIbHEIE
npambie? CrpesaiiTe PUCYHOK.

29.10." Korer A oTpeska AB IPWHAIJIEKNT ILJIOCKOCTH O.. Uepes TOU-
Ky B u Toury C, mpuHAIJIEKAIIy0 0Tpe3Ky AB, MpoBeIeHbI Tapa-
JIelIbHBIE TIPSMbIE, IIePeCeKalnue IIOCKOCTh O B Toukax B, u C,
COOTBETCTBEHHO.

1) Haiinure orpesok BB,, ecniu Touka C — cepenuna otpeska AB
u CC, =5cm.
2) Hatigure orpesok CC , eciu AC : BC=3 : 4 u BB =28 cMm.

29.11." Komern C orpeska CD npuHagieskuT miockocty . Ha orpeske CD
or™MeTmau Touky E Ttak, uto CE =6 cm, DE =9 cm. Uepes Touku D u E
IIPOBEJIU HapaJlIeJIbHbIE IIPAMbIE, ITIEPECEKAIOIIIe ILJIOCKOCTS [3 B TOUKax
D1 u E1 CcoOoTBeTCTBeHHO. Haiimure oTpesok DDI, ecJu EE1 =12 cm.

29.12.” Ha orpeske AB, He IIlepeceKaroIeM IIJIOCKOCTE 0., OTMETHIIN TOU-
Ky C tak, uro AC =4 cm, BC =8 cm. Uepes Touxku A, B u C nposeyu
napaJsiiebHbIe IPSAMBIE, TIePeceKalolue IIOCKOCTh O B TOUKax A ,
B, u C, coorsercrenno. Haiinure orpesok A C,, eciu B,C, =10 cm.

29.13.” Touxka C — cepexmmHa oTpeska AB, He IlepeceKaloIero ILIO-
ckocThb 3. Yepes Touxku A, B u C mpoBeieHbI Tapa/ljieIbHbIe IPAMBIE,
mepeceKaroIue TIOCKOCTh 3 B Toukax A, B, u C, COOTBETCTBEHHO.
Hatigure orpesok AA , ecnu BB =18 cm, CC =15 cm.

29.14." Uepes KOHIIBI 0Tpe3Ka AB, IepeceKaoIero MIOCKOCTh O., X €r0
cepenuny C mpoBeAeHBI mapaJjijebHble NPAMBIE, IIepeceKarolue
ILJIOCKOCTH O B Toukax A, B, u C, coorsercrBeHHo (puc. 29.12).
Haiigure oTpesok CCI, ecunu AA1 =16 cm, BB1 =8 cmM.

29.15." Tpeyronsaux ABC He mMeeT OBIIUX TOUYEK C ILIOCKOCTHIO Ol.
Otpesoxk BM — menuana tpeyroabaurka ABC, Touka O — cepenquHa
orpeska BM. Uepes Touxku A, B, C, M u O 1poBeaeHbI IapaJijiejb-
HbIE IIPsMbIe, IepeceKalole MIOCKOCTh Ol B TOUKAaX A1’ B1’ C1’ M L
u O1 COOTBETCTBEeHHO. HaliguTe oTpe3ok BBl, ecan AAI: 17 cm,
CC, =13 cm, OO0, =12 cm.
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162 § 4. MapannenbHOCTb B MPOCTpaHCTBe

YMNMPAXKHEHNSA A1 MOBTOPEHS I

29.16. Touxka E — cepenuna menuaubl BM tpeyroabuuxa ABC. IIps-
mas AE mepecexaer cropony BC B Touke K. Haiimure oTHOIIeHUE,
B KoTopoM Touka K meauT orpes3ok BC, cumTas OT BepPIIUHBI B.

30. NMapannenbHOCTb MPSAMON U MSIOCKOCTU

B1 C Bam ViKe M3BEeCTHBI JBa BO3M(1}I€HBIX ciayduasa
A 4 1 B3aMMHOTO PACIIOJIOKEHUA IPAMOUN U ILJIOCKOCTH:
L E D, 1) npamas IPUHAJJIEIRUT IIOCKOCTH, TO €CTh
' BCe TOUKM MIPAMOI NPUHAIJIEIKAT IIJIOCKOCTH;

B:.'---.--- C 2) mpaMas mepeceKaeTr IIJIOCKOCTb, TO €CThb
2 IpsAMas WMeeT C IJIOCKOCTHIO TOJBKO OOHY 00-

A D IITYI0 TOUKY.
Puc. 30.1 ITonAaTHO, UTO BOBMOJKEH M TPETHH ciydaii,

KOrja mpsMas U IUIOCKOCTh He HMeT 00-
mux rtouek. Hampuwmep, mnpsamas, copepskamas pebpo A B, kyba
ABCDA,B,C,D,, Be numeeT o01mux Touek ¢ miockoctsio ABC (puc. 30.1).

Ounpenenenue. IIpamMyro ¥ MIOCKOCTh HA3HIBAIOT 1A PaJiJietb-
HBIMU, €CJIM OHU He UMEIOT O0IIUX TOYEK.

Ecim mpamast a  mIOCKOCTh (L TapaJlIeJ bHbI, TO 3alIMCHIBAIOT: @ || OL.
TakKke IPUHATO TOBOPUTH, YTO IPAMAas @ MapajesbHa ILJIOCKOCTH O,
a IJIOCKOCTH O MapaJsijieibHa MPAMO a.

Harnsagnoe mpeacTaBjieHre O MPAMO, MapajiebHOM IIJIOCKOCTH,
JAI0T HEKOTOPbIE CIIOPTUBHBIE CHAPAABI. Hampumep, 6pychs mapasiiesb-
HBI mJaockocTu moja (puc. 30.2). IIpyroit mpumep — BOAOCTOUHAS
Tpyba: oHa mapajjiejbHa IJIOCKOCTH cTeHbI (puc. 30.3).

Puc. 30.2 Puc. 30.3
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BrisicaaTs, mapasiiesnbHBl JIU JaHHBIE IIPAMAasg U IJIOCKOCTb, C IIO-
MOIITbIO OIIpe/iesIeHus 3aTpyAHuTeNbHO. ['opasmo addexkTBHEE IT0TIH30-
BaThCA CJeAYIOIel TeopeMoM.

Teopema 30.1 (pu3HAK MapajdJgeJbHOCTH NPAMONH U MJIO-
crkoctu). Ecnu npamas, ne npunadnencawan 0annol niockocmu,
napannenvra KaAKoi-1ubo npamou, nexcausell 6 Imol niocKkocmu, mo
0aHHaA NPAMAA NAPALTLENbHA CAMOU NAOCKOCMU.

Hanpuwmep, na pucyure 30.1 npamsie A B, u AB conepokar mpoTu-
BOJIeKAIllie CTOPOHBI KBaapaTa ABBIAI. IOTU OpsAMbIe IIapaJliebHBI.
ITockonbky AB — ABC, TO 10 TmpuU3HAKY MapajieIbHOCTH IIPAMOI
u maockoctu A, B, || ABC.

OTpe30oK HABBIBAIOT MapaJIeJbHBIM ILTOCKOCTHM, €CJIV OH IpPUHAI-
JIEKUT IPAMOI, mapajjieJbHON 3TOH miaockocTu. Hampumep, pe6po AB
Ky0a mapasnensHo miockoctu CDD, (puc. 30.1).

BBl ymeeTe ycTaHaBIMBATEH MapaIebHOCTD ABYX IMPAMBIX C IIOMO-
IIbI0 TEOPEM-IIPU3HAKOB, M3BECTHHIX W3 ILIAHUMeTpuu. PaccMoTpum
TeopPeMBbI, OMMCHIBAIOIIINIE JOCTATOYHBIE YCIOBUA IIAaPALICJIbHOCTH TBYX
IPSAMBIX B IIPOCTPAHCTBE.

Teopema 30.2. Eciu naockocms npoxodum uepe3 0aHHYIO nps-
myio, napannenvryio 0pyzolu naockocmu, U nepecekaem amy nio-
CKOCMb, MO NPAMAA nepeceienus niockocmel napanienvha 0aHHOU
npamou.

Ha pucynke 30.4 mpsamas a mapajjeabHa IIOCKOCTH o. ILi1ockocTs 3
IIPOXOJUT Yepe3 IPAMYIO @ U IlepeceKaeT IIJIOCKOCTh O II0 IPAMOK b.
Torga b | a.

B b
a_ P ¢
Puc. 30.4 Puc. 30.5

Teopema 30.3. Ecau uepe3 xaxdyto u3 06yx napanienbHulx
npamelx npoeedena NiOCKOCmb, NPuiem IMu NAOCKOCMU nepecexa-
omcea no npamol, omauinol om 06yx OAHHBLLX, MO IMA NPAMAA
napannenvha Kaxc0ol u3 086Yyx 0GHHBLX NPAMBLY.

Ha pucyuke 30.5 mpamble a 1 b mapajieabHbl, IJIOCKOCTEL O IIPO-
XOIUT uepes MPSIMYIO @, a IJIOCKOCTh [3 — uepes mpamyo b, aNP =c.
Torma cl|la u c||b.

Mpago ans i iapy B Mepexi IHTepHeT mae
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Teopema 30.4. Jée npamvie, napannenvrhvie mpembveil npamoi,
napannenvhvl mexndy coboii.

O—w 3agaua. JlokasxuTe, 9TO €CIM IPAMAs INAPAIEIbHA KAKION
U3 IBYX MepeceKarmluxcsA MJIOCKOCTeH, TO OHA mapajiesbHa MPAMOM
WX MepecevyeHms.

Pewenue. Ilycrs gaHbl OpsAMas @ U IIOCKOCTH O U 3 Takue, 4TO
allo, allB, aNP=>b (puc. 30.6). Hoxkaxkem, uTO
allb.

p B miockocTsaxX o U B HAMAYTCA COOTBETCTBEHHO

TaKWe OpAMbIe m W n, utro mila u n|l a. Ecan

b " xors Ger OJlHA M3 MPAMBIX M W 1 COBHAMAET C Hps-
m MO# b, TO yTBEP:KIAEHUE 3a1aun JoKasaHo. Eciu e
Kakaad U3 NPAMBIX m U N OTJIWYHA OT IpAMOU b,

<--t- To o Teopeme 30.4 m || n.
N |a BocnoansoBasmuck Teopemoit 30.3, mpuxoaum
K BBIBOAY, uTOo b||n. Ho n| a, ciemoBarenabHoO,
Puc. 30.6 allb. 4

',) -

® 1B xakom Cryyae NpsiMyio 1 NIOCKOCTb Ha3bIBAIOT NapannenbHeIMim?
2. CchopMynmpymnTe NpU3HaK napanienbHOCT NPSMOW U NIOCKOCTL.
3. Kakow oTpe30oK Ha3bIBalOT NapasienbHbIM MockocT?
4. CchopMynmpynTe TeOpeMbl, ONMCHIBAIOLLIME AOCTaTOYHbIE YCIIOBUS Napannens-
HOCTW ABYX NPSIMbIX B MPOCTPaHCTBE.

e\

YMPAXHEH/S I

30.1.° VraxuTe cpeiu OKPYKAWIUX TPEIMETOB MOJENU MJIOCKOCTH
U napajijaeJabHON el IpAMOM.

30.2.° Tan xy6 ABCDA B C D, (puc. 30.7). IliockocTaAM Kakux rpaHei
Ky0a mapasurenbHo pebpo: 1) AD; 2) C,D,; 3) BB?

B, C, B, C
1
A=, Ay D, {E
1 [}
?&I‘"' iy’ C B,;"-"-F:'--- C
A D A D

Puc. 30.7 Puc. 30.8
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30.3.° Man mnpamoyroabHblii mnapasiaenenunes ABCDA B C D,
(puc. 30.8), Touku E u F — cepepunnl pedep CC, u DD, cooTsert-
CTBEHHO. 3alUINIATE TPaHU Mapaliesenniiesa, KOTOPLIM IapaJliebHa
npamas: 1) AB; 2) CC,; 3) AC; 4) EF.

30.4.° TIlpamas a mapaJjuiejibHa ILJIOCKOCTH O. BepHo Ju yTBep:KAeHUe,
4TO MpsAMas a HapajejbHa JII000H IIPAMOi, JieKallell B ILJIOCKO-
crtu o?

30.5.° Haubl IpsaMbie @ 1 b U ILJIOCKOCTh O.. BepHO Jiu yTBEp:KIeHNTE:
1)ecau allo uw b|la, To al|b;
2)ecau allbubcao, T allo?

30.6.° IIpsmasi @ 1 TJIOCKOCTD O TapaJieIbHBI IpamMoii b. Kakum moskeT
OBITh B3aMMHOE PACIIOJIOKEHUEe MPAMOM @ W IJIOCKOCTH .7

30.7.° TIpamble a m b TepeceKarTcsd, a ILJIOCKOCTL O IapaJjesbHa
npamoii a. Kakum Mo)KeT OBITH B3BAMMHOE PaCHOJIOMKeHNe MPAMOIL b
U IJIOCKOCTHU 0.7

30.8." Touku M u K — cepequUHBI COOTBETCTBEHHO cTOpoH AB u BC
tpeyronbHUKa ABC. Touka D He mpuHamiaexKut miaockoctu ABC.
Hoxaxxkure, uro MK || ADC.

30.9." Touxku E u F — cepeqfuHBLI COOTBETCTBEHHO GOKOBBIX CTOPOH AB
u CD rtpaneniuu ABCD. Ilpavasa EF 1eXuUT B IMJIOCKOCTH O, OTJINY-
HOU OT ILIOCKOCTM Tpamenuu. okamkure, uro npambie AD u BC
mapaJiiebHbl IIJIOCKOCTH Ol.

30.10." Orpesxku BC u AD — ocHoBanusa tpanenuu ABCD. Tpeyrois-
Huk BMC u tpamenusa ABCD mHe jeXaT B OIHOHN IIJIOCKOCTU
(puc. 30.9). Touka E — cepenuna orpeska BM, Ttouka F — cepenu-
Ha orpedka CM. Hoxkakure, utro EF || AD.

M K
STy s ;

Puc. 30.9 Puc. 30.10

30.11." ITapanrenorpammel ABCD u AMKD He jieaT B OZHOH ILIO-
crkoctu (puc. 30.10). lokaxkure, 4TO 4eThIpeXyroabHUK BMKC —
mapaJijaeorpamMM.

Mpago ans i iapy B Mepexi IHTepHeT mae
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30.12." II;1oCcKOCTD O, ITapaJsIeJbHasd CTOPO- B
He AC tpeyrosrauka ABC, mepecekaeT
cropousl AB u BC B Toukax A u C, co- Alg
orBercTBeHHO (puc. 30.11). Haiigure oT- / S C1/
pesok A1C1’ ecsin AC =18 cm I/IAA A B= a
=7:5. A

30.13." II;1ocKOCTSD O, TapaJIe]bHAA CTOPO-
He AB tpeyronrHuka ABC, mepeceKaeTr Puc. 30.11
croporbl AC u BC B Toukax E u F coor-
BercTBeHHO. Haiinure oruomenue AE : EC, eciu CF : CB=3 : 11.

30.14.” Bepmuns: A u C Tpeyroabaunka ABC IpuHALIeKaT ILIOCKOCTH O,
a BepuInHa B He IpuUHAIJIEKUT 9TOMH II0cKocTu. Ha cropornax AB u BC
OTMETUJIA COOTBeTCTBeHHO Touku K u F tak, uro BA : BE = BC : BF.
Hokaskure, uro npamaa EF mapajiesbHa IIJIOCKOCTHU .

30.15.” Touka M — cepenuHa cTopoEEI AB Tpeyronsanka ABC. ILio-
CKOCTB Ol IPOXOIUT uepe3d TouKy M mapasnenbHo npsamoit AC u mepe-
cexaer ctopory BC B Touke K. Jlokaxxure, uTo Touka K — cepenuua
croporbl BC. Halimure miomanb uerbipexyroabuuka AMKC, ecau
mromazsb Tpeyronbauka ABC paBHa 28 cm”.

30.16.” Ha pe6pe CC, npsimoyrosnbHoro napasienenunesa ABCDA B C D,
ormetruau Touxky M (puc. 30.12). ITocTpoiiTe JUHUIO IIepeceueHnsd
nnockocreii: 1) ADM u BB C; 2) AAM u DCC,.

11’

B, c, x B c,
AT D, AT D,
: M :
BiooedoJo Bieoeeed-Jo
A% D A% D
Puc. 30.12 Puc. 30.13

30.17." Ha pebpe A B, TpPAMOYTOJBHOTO Tapajjesenuiena
ABCDA B,C,D, ormerunu Touky K (puc. 30.13). ITocTpoiiTe tuHMIO
nepeceuenus miaockocreii: 1) CC.K u ABB; 2) CDK u ABB,.

YMPAXHEHNSA A1 MOBTOPEHNS IS

30.18. BokoBbIe CTOPOHBLI MPAMOYTOJBHON TpameIlnyd OTHOCATCA Kak
3 : b, a pasHocTh ocHOBaHUI paBHa 16 cm. Haiigure mioimansb Tpa-
memun, ecjayd ee MeHbIIAasa AUaroHaab paBHa 13 cM.

Mpago ans i iapy B Mepexi IHTepHeT mae
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31. MapannenbHOCTb NJIOCKOCTEN

PaccmoTpuM BapraHTHI BOSMOYKHOT'O B3AMMHOTO PACIIOTIOKEHUS TBYX
TLJIOCKOCTE.

Br1 3Haere, 4TO ABE MJIOCKOCTH MOTYT MMETH A, D,
o01IMe TOUKM, TO eCTh nepecekarbcsa. [lonaTHO, w
YTO OBe IJOCKOCTU MOTYT U HE MMETh OOIIMX
rouex. Hanpumep, miockoctu ABC u A B C,,
colepsKaIlie OCHOBAHUA IIPU3MBI, HE HMEIOT

D
obmux Touek (pmec. 31.1). A
Onpenenenue. [[Be MIOCKOCTH HA3BIBAIOT B C
nmapaJjjeabHBIMU, €CJIU OHH HEe MMEIOT 00X
TOYeK. Puc. 31.1

Ecau mockocTy o0 u B mapaJiieabHbI, TO 3a-
nuceiBaor: ¢ || B. TakKe IPUHATO TOBOPUTH, UTO IJIOCKOCTD O, ITapaJI-

JIeJIbHA IIJIOCKOCTH 3 WJIM TJIOCKOCTH [3 mapaJsiiesbHa ILI0CKOCTH O.

Harssigaoe mpezicTaBienne 0 MapajjielbHbIX IIJIOCKOCTIX NAOT I0-
TOJIOK U II0JI KOMHAThI; IIOBEPXHOCTH BOALI, HAJINTON B aKBapUyM, U ero
nmo (puc. 31.2).

Puc. 31.2

W3 ompenesenus mapajiieabHBIX IJIOCKOCTEH CJefyeTr, 4To Ji06as
npamas, Jiexcaulas 8 00Hoil u3 08yx napanieibHblx NAOCKOCMell, na-
paanenvia Opyzoil NAOCKOCMU.

B Tex ciyuasix, Korja HaLO BBIACHUTH, ABJIAIOTCS JU [BE MJIOCKOCTHU
mapajjaelbHbIMU, YIO0OHO IIOJIb30BATHCS CIAEAYIOIIEN TeOPeMOii.

Teopema 31.1 (Ipu3HAK MapajJeJbHOCTH ABYX MJIOCKO-
creii). Ecau 06e nepecexarowuecs npamovie 00HOU NAOCKOCMU NAPAL-
lelbHbL COOMEemcmeenno 06ym npamovim 0pyzo0l naockocmu, mo
amu naockocmu napannienibrbl.
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168 § 4. MapannenbHOCTb B MPOCTpaHCTBe

2 ¢,
A ! A
! : D1 % y /
-
A D K /
Puc. 31.3 Puc. 31.4

Hampumep, Ha pucynke 31.3 uzobpaskeH TPAMOYTOJBHBIN mapa-
nenenunen ABCDA B,C\D,. Umeem: AA || DD, u A B, || D,C,. Torga
10 IpU3HAKY MapajllelbHOCTH ABYX Iockocreii AA B, || DD,C,.

Bynem roBoputs, 4TO IBa MHOTOYTOJbHUKA IAaPaJIJIEIBHBI, €CJIV OHU
JekaTr B IapajieibHbIX miockocrtax. Hanpumep, rpanu AA B B
u DD C,C npsmoyronsHoro napainesenunena ABCDA B C D, napai-
JaeabHbI (puc. 31.3).

PaccMoTpuM HeKOTOpPBIE CBOMCTBA IIapaJLIeJbHBIX ILJIOCKOCTEMH.

Teopema 31.2. Uepe3 mouky 6 npocmpancmeée, He npuHadLexca-
wyr 0anHOl naockocmu, npoxoodum niOCKOCMb, NAPALLENAbHAA
dannOU naockocmu, u npumom moavko odna (puc. 31.4).

Teopema 31.3. IIpamvsie nepecevenus 06Yyx napanieibHbvLx NiO-
ckocmell mpemuvell naockocmvio napanienvruvt (puc. 31.5).

O—wx 3amaua. [[okaKkuTe, YTO OTPE3KU IapaJlIeJbHbIX IPAMBIX,
3aKJIIOUEHHBbIe MEXAY I1apajje/IbHbIMU ILJIOCKOCTSAMM, DAaBHBI.

Pewenue. IlycTs naubl mapaJjiiebHble IIJIOCKOCTH O, U [3 U mapaJi-
nenbHble IpAMble AB u A B, Takue, uto A€ o, A, € o, Be §, B, €
(puc. 31.6). [loraxkem, uto AB=A B,.

ITapannensubie npsimble AB u A B, 3a1a10T HEKOTOPYIO ILJIOCKOCTS Y,
npuuem o.Ny=AA u BNy=BB,.

ITo Teopeme 31.3 moamyuaem: AA, || BB,. CirenoBaTesbHO, YeThIpEX-
yronsuauk AA B B — napaenorpamm. Orciona AB=A B,. <

Puc. 31.5 Puc. 31.6
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‘I) B
g 1. Kakume nnockocTv Ha3bIBalOT NapannensHbIMu?

2. CchopmynmpymnTe Npm3Hak NapanienbHoCTX ABYX MIOCKOCTEN.

3. B Kakmx ciy4asx roBopsT, YTO ABa MHOMOYrofibH1Ka napannenbHbl?

4. CchopmynupymrTe CBONCTBA NapasiesbHbIX MI0CKOCTEN.

YMPAXKHEH/S I

31.1.° BepHO /I yTBep:KIeHIE:
1) ecim nOBe TJIOCKOCTH TapajiieJbHBI, TO Ji00as mpAMas OTHOUN
IJIOCKOCTH IapaJjiiejbHa JII000H IIPAMON APYroii IIJIOCKOCTH;
2) ecyqu mpaMas, JieKallas B ONHOU TMJOCKOCTH, IapaJjjesibHa
OpAMOH, Jiekalneil B IPyroi MJIOCKOCTH, TO JAHHBIE IIJIOCKOCTHU
mapajaeabHbI?

31.2.° Tlapannemorpammbl ABCD u AEFD

He JIesKaT B ofHOU miaockocTu (puc. 31.7). E F
Hoxaxure, uro miaockoctu ABE u DCF
mapaJjjaeabHBbI. C
31.3.° MosKHO JI1 YyTBEP:KAATh, UTO IJIOCKOCTD A '
O, TapaJjuieibHa IJIOCKOCTU TPAIeIUi, eCJIn D
ILJIOCKOCTh O, IIapaJjjiejbHa:
Puc. 31.7

1) ocHOBaHUAM TpaNeIuu;
2) GOKOBBIM CTOPOHAM Tparemun?

31.4.° BepHO I YTBEepPKIEHUE: €CJU MPIMBIe MepPeceueHns ABYX ILIO-
CKOCTeH TpeThel IMJIO0CKOCTHIO MapaJliebHbl, TO JaHHbIE IIJIOCKOCTU
napaJieabHbI?

31.5.° TlmockocTu O 1 B mapajjielbHBI. B MJIOCKOCTH O BBIGPAHBI TOU-
ku C u D, a B mimockoctu 3 — touku C, m D, TaKume, 4TO IpA-
mble CC, u DD, napaienssbl. Haiinure orpesku DD, u C, D,, ecin
CD=12cm, CC, =4 cMm.

31.6.° Tpeyronbauxk ABC JIeXKUT B IIJIOCKOCTU O.. Uepes ero BepIINHBI

IIPOBEAEeHBl IapajjejbHble MMPAMBIE, KOTOPHLIE IIE€PECEKAI0T ILIO-
CKOCTB [}, mapajiejgbHYI0 IIOCKOCTH O, B Toukax A, B, u C,.

Hatinure nepumerp TpeyroabHuka A, B C,, eciu mepuMeTp TPeyroJb-
Huka ABC pasen 20 cwm.

31.7." Touku M, N u K — cepenunsl pebep AB, AC u AD rerpaszapa
DABC. Hoxkaxure, uto miaockoctu MNK u BCD mapajjiejbHBI.

Mpago ans i iap) B Mepexi IHTepHeT mae
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L=yl Ly
L S Ax

Puc. 31.8 Puc. 31.9

31.8." Ha pebpax DA, DB u DC rerpasgpa DABC OoTMETHJIH COOTBET-

DE DF DK
ctBeHHo Touku E, F u K tak, 4to — = . Hokaxwure, 4TO
DA DB DC

miockoctu EFK u ABC napaJijienbHbI.

31.9." Maus!r napasiensHble maockocT O 1 . OTpesok AB u Touka C
JIEXKAT B ILJIOCKOCTH (), Touka D — B miockoctu P (puc. 31.8). Ilo-
cTpoiiTe JUHUIO mepeceueHus: 1) miaockoctu  u miaockoctu ABD;
2) mrockoctu B u miaockoctu BCD.

31.10." Jans! napasrensHble miaockKocTu o u B. Touku M u N mexar
B ILIOCKOCTU O, Touku K u P — B miaockoctu [ (puc. 31.9). Ilo-
CTpOITE JUHUIO TepeceueHusi: 1) miIocKocTu o u miaockoctu MK P;
2) mrockoctu B u miockoctu MNK.

31.11." IlapasiienpHBle ILIOCKOCTH O, U [3 IepeceKaioT CTOpPoHy BA
yria ABC B Toukax A; u A, COOTBETCTBEHHO, a CTOpoHYy BC — B TO4-
Kax C1 u C cooTBeTCTBeHHO. Haiigure:

1) oTpesok A1C1’ ecau A,C,=36 cm, BA : BA,=5:9;
2) orpesok C,C,, ecnu A, C =1l4cm, A, C = 21 cm, BC =12 cm.

31.12.” Hnocxoc'm o u [} mapajesabHBL. TO‘-IRI/I A u B jexar B ILJIO-
croctH o, Touku C u D — B mrockocTu . Orpesku AC u BD mepe-

cekaiorcsa B Touke O.

AO BO
1) Ioxamxmure, 4T0 — = —
oc oD’

2) Haiimute orpesok AB, eciu CD =32 cm, AC : AO="7: 3.
31.13." Touka M npuHamxexur pe6py A D, xy6a ABCDA B.CD..

ITocTpoiite nmuuuio nepecedenus miockocret BDD, u CC M.
31.14." Touka E mpumagzexut pe6py B,C, xy6a ABCDA B.C D..

IMocrpotite nuauio nepecevenus miockocreit ACC, u BED.

YMNMPAXHEHNSA AN MOBTOPEHNS IS

31.15. [Tuarouanu xkBaapara ABCD mepecerkarorcss B Touke O. Ha or-
pesxe OC ormerunu Touky M Tak, utro CM : MO =1 : 2. Hatingure
tg Z/ZBMO.
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32. NapannenbHoe NpoeKTUpoBaHue

Muorue aBJIeHUA U IPOIleCcChl, HAOJII0JaeMble HAMU B IIOBCEIHEBHOI
JKU3HU, CJYKAT IpUMepaMu IMpeodpas3oBaHuii, MIPU KOTOPBIX 00pasoM
IIPOCTPAHCTBEHHON (DUTYPHI ABJIsIETCA ILJIOCKAA purypa. ¥ BUIETH OHO
U3 TaKUX SBJIEHUN MOYKHO B COJIHEUHYIO IIOTONY, KOTAa IIpeaMeT OT-
OpachIBaeT TeHb Ha ILJIOCKYIO MOBEPXHOCTH (puc. 32.1). IToT mpumep
WITIOCTPUPYET MpeodpasoBaHue (pUTyphbI, KOTOPOE HABHLIBAIOT MapaJi-
JeJBHBIM TpoeKTupoBaHueM. C MOMOIIIBIO 3TOT0 ITpeodpas3oBaHUA Ha
ILJIOCKOCTH CO3IAI0T M300PaKeHUs IMPOCTPAHCTBEHHBIX (DUTYD.

Puc. 32.1 Puc. 32.2

MHorre pUCYHKHY HACTOSIIETO YUeOHUKA, Ha KOTOPBIX 1300paskKeHbl
MIPOCTPaHCTBEHHBIE (hUTYPHI, MOKHO paccMaTpUBaTh KaK TeHU, OTOpa-
cbIBaeMble Ha IIJIOCKOCTH CTPAHUIIBI IIPeIMeTaMM, OCBEIleHHBIMU IIa-
palIeJbHBIMU JIYUaMU.

OsHakoMuMcsA IIOApoOHee ¢ MapajebHBIM IIPOeKTUPOBAHUEM.

IIycTs maHbBI IIOCKOCTH O, IpsAMasd [, mepeceKaroIas 9Ty IIJI0CKOCTb,
u durypa F (puc. 32.2). Uepesa Kaxkayi0 TOUKy (purypsl F mpoBenem
OpAMYI0, apaJjieJbHYI0 npaMoii [ (ecau Touka Qurypsl F mpuHaie-
JKUT mpAMoM [, To 6ymemM paccMaTpuBaTh camy npamyo [). Touku mepe-
CeueHUs BCeX IMPOBEAEHHBIX MPAMBIX C IJIOCKOCTBIO (L 00pasyioT He-
koTopyto Gpurypy F,. Onucannoe npeobpazosanue Gurypsl F Ha3bIBaIOT
napaJjuiebHbIM NpoeKTupoBanueM. Ourypy F| HasbIBAIOT NapaJlIesb-
HOM mpoekuueil (purypsl F HA IIOCKOCTH 0. B HANIPABJIEHUH NPAMOi [.
Taxsxe purypy F, HaseiBaioT uso0paxenneM ¢uryps: F Ha miockocTu
O, B HaNIpaBJEeHUHU NpAMOu [.

Bri6upas BBITOJHBIE TOJOMKEHUS IJIOCKOCTH O, ¥ IPAMOM [, MOMKHO
OOJIYUUTh HATJISTHOE M300pakeHme maHHOU urypsl F. 9T0 cBA3aHO
Cc TeM, UTO IMapaJijiejbHOe MMPOEKTUPOBaHUE obJiafaeT PSAAOM 3aMeya-
TeJILHBIX CBOUCTB (cM. TeopeMbl 32.1—32.3). Biaromaps aTuM cBoiicTBamM
u3obpaskeHue GUTyphI IIOX0Ke Ha caMy GUrypy.
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172 § 4. MapannenbHOCTb B MPOCTpaHCTBe

I IIycTs maHBI IMJIOCKOCTH O U mpaAmasd [,
TepeceKampllas 9Ty IJIOCKOCTh.
Ecnau npamasa mapasienbHa npamMoit [, To
/ \, * . / ee IPOEKIIMell Ha TIJIOCKOCTh (L ABJIAETCA TOU-
o '-\ \\\ kKa (puc. 32.3). IIpoekimueit mpamoit I TakxKe
ABJSETCA TOYKA.
Ecau orpesok mapaJsiiesieH mpAMou [ mau
JEeKUT Ha NPAMOU [, TO ero mpoekIjueid Ha
IIJIOCKOCTh O ABJIseTcAa Touka (puc. 32.3).

B crepyronux TeopemMax OygeM paccCMaTPUBATh MPSIMbIE U OTPE3KH,
He IapaJijieJIbHbIe IPAMON [ 1 He JieKaliue Ha Heu.

Puc. 32.3

Teopema 32.1. Ilapannenvnoll npoexyuell npamol Aéasemcs

npaman; napannienrvHol npoexyuel ompe3ka A6nAemMcA OmMpe3ox
(puc. 32.4).

\
\
\

o

=unll
awy L LI

T 1
Puc. 32.4 Puc. 32.5 Puc. 32.6

Teopema 32.2. [Iapannenvrol npoexyuell 06yx napaniienioHbLx
npamelx agararomcea uau npamasn (puc. 32.5), unu 0ée napanienvrvle
npamvie (puc. 32.6). Ilapannenvrvie npoexyuu 06Yyx napanieibHblLx

ompe3Kkoaé nexam Ha 00HOU NPAMOU ULU HA NAPALLELbHBLX NLPAMBLY
(puc. 32.6).

Teopema 32.3. OmHouleHue NAPANLENbHBLY NPOEKY UL OMPE3KO0E,
nexcauux Ha 0OHOU NPAMOU ULU HA NAPALLELbHBLY NPAMBLX, DAEHO
OmHouLeHuto camux ompe3sroé (puc. 32.7).

PacecmoTpuM n306pakeHnsa HEKOTOPBIX B D
MHOTI'OYTOJILHAKOB HA IIJIOCKOCTHA O B Ha- l
MIpaBJIeHUN TPSIMOi L. A A c

Ecin npamas [ mapasiiesbHaA IIJIOCKOCTH 7
MHOTOYTOJbHUKA WJIN IIPUHALIEKNUT 3TOKN 4B CMDI
ILJIOCKOCTH, TO N300PaKeHreM MHOT'OYTOJIb- a \\ 1L P16/
HUKA ABJISETCS OTPE3OK.

P . AB, AB

Temepb paccMOTPHUM cCJydail, KOTLa it Wl

npsamas | mepecekaeT IIOCKOCTH MHOTIO- ¢D, €D

YroJIBHUKA. Puc. 32.7
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32. MapannenbHoe NpoeKTMpoBaHme 173

W3 cBoiicTB mapajieIbHOTO MPOEKTUPOBAHUSA CJIEAYEeT, UTO MapaJi-
JIeILHOM TTPOEKITNell TPeyroabHUKA ABIAETCSI TPeyroabHUK (puc. 32.8).

B B
l’ C l

A D’,' 0 l
; C / / ’
/ NS e yd<s=l),

\

Puc. 32.8 Puc. 32.9 Puc. 32.10

ITockonbKy IIpU MapajiebHOM IIPOEKTUPOBAHUYN COXPAaHSIETCs IIa-
paLIeIbHOCTH OTPE3KOB, TO M300parkeHreM IapaJJiesorpaMmma (B 4acrT-
HOCTH, IIPSIMOYTOJbHIKA, poMOa, KBaJpaTa) SIBJISETCA MMapalaeorpaMM
(puc. 32.9).

Taxsxke u3 CBOICTB ImapajiIebHOTO IPOEKTUPOBAHUA CJIEOAYET, UTO
n300pasKeHneM TpAaIeluy ABJSIEeTCA TPpaIelus.

IlapaiesnbHON TPOEKIIME OKPYIKHOCTH ABJISAETCA (hUTrypa, KOTOPYIO
HasbIBAIOT 3aauncom (puc. 32.10).

WN3zobparkeHns 00bEKTOB C IOMOIIBIO ITapaJJIeIbHOTO TPOeKTUPOBA-
HHUA IMINPOKO MCIIOJB3YIOT B CAMBbIX Pa3HBIX 06JIaCTﬂX IIPOMBIIIJIEHHO-
CTU, HAaIpUMep B aBToMoOmIecTpoenuu (puc. 32.11).

1782

1410

1554
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174 § 4. MapannenbHOCTb B MPOCTPaHCTBe

® 1 onvwwre npeobpa3oBaHve hUrypbl, KOTOPOe Ha3bIBaOT MapasebHbIM Npo-
eKTNPOBAHNEM.
2. ChopMynvpyiTe CBOMCTBA NapanienibHOro MNPOeKTUPOBaHMIS.

YMPAXKHEH/S I

32.1.° ®durypa cocTouT U3 Tpex Touek. M3 KaKOoro KOJIMUYECcTBa TOUEK
MOMKET COCTOSTDH IapaJjiieibHasl IPOEKIIUA 3TON (PUTYPHI?
32.2.° MoskeT s mapajyieIbHON IPOEKIUeld NBYX IIepPeceKaroImXcs
TPAMBIX OBITH:
1) 1Be mepecekaroIIuecs IPAMBIE;
2) IBe mapaJiiebHbIE IIPSIMbIE;
3) npamas;
4) mpamad u ToOuKa BHe ee?
32.3.° Kakas reomerpuueckas purypa He MOKeT ObITh ITapajiebHON
IpOeKIlrell ABYX CKPEeIMBAIOIIUXCA IPAMBIX:
1) n1Be mapajjebHbIE IPAMEIE;
2) IBe ImepeceKaroIiuecsa IpsaMbIe;
3) mpamMas;
4) mpsAMas U TOYKa BHe ee?
32.4.° 1) MoryT i paBHBIE OTPE3KU ObITh IapaJlJIeIbHEIMU IPOEKIIUIMUI
HEPaBHBIX OTPE3KOB?
2) MoryT 11 HepaBHbBIE€ OTPE3KU OBITh ITapPaJIIeIbHBIMU ITPOEKIIUIMU
PaBHBIX OTPE3KOB?
3) Mosker jin mapaJjiaeabHas IPOEKI[Ns OTPe3Ka OLITH OOJILIIIEe JTaH-
HOT'0o OoTpe3Ka?
4) MooxkeT Jiu mapaJjieabHas IPOeKIINA IPAMOI ObITH ITapaslIe IbHOMR
IaHHOM IPaMO?
32.5.° Moxxer su (purypa, nsobpaskeHHas Ha pucyuke 32.12, ObITbH
mapaJiaeJbHON IMPOeKIIMeld TPeyroJabHuKa?

A B, ¢, €1

\?\‘C
A, D, A, B,

Puc. 32.12 Puc. 32.13 Puc. 32.14
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32.6.° MoskeT Jiz TapaJIIebHON TPOEKITNEeN Tpanenun ObITh YeThIPeX-
yroasuuk A B C D, yrast kKotoporo A, B, C, u D, COOTBETCTBEHHO
PaBHBI:

1) 10°, 40°, 140°, 170°; 2) 50°, 130°, 50°, 130°?

32.7.° MoskeT Ju mapaJlIesIbHON IMPoeKIuell mapaJjiiesorpaMMa OBITh
YeTHIPEeXYTOJbHUK €O cTopoHamu 6 cm, 8 cM, 6 cm, 9 cm?

32.8." Touku A, B, u C| ABIATCA NapajIelbHBIMU [IPOEKIUAMY
COOTBEeTCTBEHHO ToueK A, B u C, jexamniux Ha OJHOUN nNpsaMoii (Tou-
ka B nexur mexny roukamu A u C). Haiigure orpesok B C, eciu
AB=8cw™m, BC=6 cwm, AlB1 =12 cm.

32.9." Touknu A, B, u C, sBAAIOTCA NapaljiellbHBIMU [POEKIUIMU
COOTBETCTBEHHO ToueK A, B u C, jekaniux Ha OJHON mpAMOIi (TOU-
Ka B, nemxur mexay roukamu A, u C)). Haiinure orpesok A C,, ecan
AB=10cm, AC=16 cm, B,C, =3 cm.

32.10.” Hapasnenorpamm A B C D, AB1AeTcsa H300paKeHUEM IIPAMO-
yroabHUKa ABCD (puc. 32.13). IlocTpoiiTe n3obpakeHue IepHeH-
IUKYJIAPA, OIMYIIEHHOTO U3 TOUKY IIepeceueHns TUuaroHajaei mpsamo-
yroJibHUKA Ha cTopory BC.

32.11." Tpeyromsuuk A B,C, AB/IseTCA H300DaKEHIEM IPAMOYTOIBHOIO
TpeyroabHuKa ABC ¢ runiorenysoit AB (puc. 32.14). ITocTpoiiTe uso-
OparkeHUe IIePIeHIUKYISIPa, OMYIIeHHOTO U3 CePeAUHbBI TUIIOTeHY3bI
Ha Karet AC.

32.12." Tpeyronsuux A B C, — msoGpaxenue Tpeyrompuuka ABC.
ITocTpoliTe m3obOpaskeHue OucceKTpuchl Tpeyroabuura ABC, mpo-
BelleHHO# u3 BepInuHbl B, eciimt AB : BC=1 : 2.

32.13." TpeyroJbpHHUK A B,C, — usobpaskeHue paBHOOGEJPEHHOTO Tpe-
yroabauka ABC ¢ ocuoBanueMm AC. ITocTpoiiTe nsobparkeHue MeHTpa
OKPY?KHOCTH, BIUCAHHOII B Tpeyroabuuk ABC, eciu AB : AC=5: 4.

YMPAXHEHNSA ONA MOBTOPEHNS IS

32.14. B mpamoyroabuuke ABCD wusBecTHO, uT0 AB=6cM, AD=
=23 cm. Haiigure yron mexkay npavmbimu AC u BD.

Eﬁ B YKPAVHE ECTb TAJTAHTD!! IE——

Kak cio:XuTh amneabCUHBI B 00JIBIIYI0 KOPOOKY, UTOOBI IIOMECTUIOCH
MaKCHUMaJbHO BO3MOMKHOE KOJMYecTBO? Y 3TOTO BOIIpPOCA, Ha MEPBbIi
B3TJIS IIPOCTOTO U HECephe3HOoro, AaBHsAA ucropus. B 1611 r. memerr-
Kuii acTpoHoM, maremaTuk u ¢uiaocod Morann Kensiep, maBecTHBIN
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176 § 4. TapannensHOCTb B NPOCTpaHCTBe

OTKDBITHEM 3aKOHOB ABUKeHUA maaHeT CoJTHEeUHOH cucTeMbl, chopMy-
JIIpOBaJ 3aiauy 00 ONTMMAJIBHON yIIaKOBKE IIIapOB B IIPOCTPAHCTBE.
Kemep BBIABUHYJ TMIIOTE3Y, COTJIACHO KOTOPOH ONTUMAJIBHBIM OyAeT
VJIOXUTH IIapel TAK, KAK MHOTOA BBIKJIAABIBAIOT all€eJIbCHHBI B Marasm-
HaxX WU Ha pPbIHKax (puc. 32.15).

B teuenue 400 serT Bemylmue MaTeMaTUKM MHpa IpoboBau 000-
CHOBATh 3TO mpefmnookenre. OKoHUATESbHAS TOUKA B 9TOM BOIIPOCE
ObLi1a mocrasyieHa ToabKo B 2017 roxy. [lokasaTenbcTBO rumnore3nl Ke-
maepa, KOTOPOe COAEePIKaio KOMIIbIOTEPHBIN mepebop OrPOMHOTO KOJIH-
YecTBA BAapHAHTOB W KOTOPOE TIIaTeJbHO IpoBepanau 19 jer, GbLIO
HaKOHEeIl IPU3HAHO KOPPEKTHBIM.

Baxxnyio posb B 9TOM MHOIOBEKOBOU HCTOPUU CBHITPATIU MOJIOABLIE
yKpauHcKue matreMaTuku A. Borgaperko, M. Basosckasa u II. Paguen-
KO, BOCHUTAHHUKY KHEBCKOro HAIMOHAJIBHOTO YHUBEPCHUTETA WMEHU
Tapaca IlleBuenko. B 2016 r. BBIIILIN CTaThU C pellenueM 3amauu Ke-
mwIepa aJjs caydaeB 8- u 24-mepHoro mpocrpamcTsa. Mapuma Basosckas,
aBTOP ATUX cTaTel, Oblja HarpamaeHa npemueit Canema. 9ta IpeMus
Yype3BBLIUANHO ITpecTUKHA. Brlmle Hee aulllb TpemMus Puiaca — aHAJIOT
HoGeneBckoit mpeMuu B 00J1aCTU MaTeMaTUKH.

Jro GaecTsIee NOCTUKEHNE YKPAMHCKUX YUEHBIX!

Puc. 32.15
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FmaBHoe B Maparpade 4 177

' FMABHOE B NAPATPAO®E 4 B
]

OcHOBHBIE aKCHOMBI CT€PEOMEeTPUH

Al. B 11060#1 JI0OCKOCTU IIPOCTPAHCTBA BBIIIOJHSIOTCA BCE aKCUOMBI
ILJIaHUMETPUU.

A2. Yepes n1100bIe TPU TOUKU IIPOCTPAHCTBA, He JeKallue Ha OJHOM
MIPSIMOIi, MPOXOJUT ILJIOCKOCTh, M IIPUTOM TOJBKO OJHA.

A3. Eciu nBe TOUKHM NMPAMOII HIPUHALJIEKAT IJIOCKOCTH, TO U BCS
npsiMasi MIPUHAJJIEKUT 9TOI IJIOCKOCTH.

A4. Eciu nBe IJIOCKOCTA MMEIOT ODIIYIO TOUKY, TO OHU IIepeceKa-
OTCA II0 IIPSAMOM.

IInockoCcTh OMHO3HAYHO onmpeneadaeTrcda:

1) TpeMs ToUuKaMu, He JIeXKAIIIUMU HA OJHOM IIPSIMOIL;

2) mpaMo¥ M TOUKOIi, He IPUHALIEKAIIEH 3TO TPAMOIL;
3) IByMsA IepeceKarIUMUCI TPAMBIMU;

4) n1ByMsA TapajiebHLIMU IPAMBIMHA.

BzaumHoe pacnosio:keHne IBYX IMPAMBIX B IPOCTPAHCTBE

IIBe mpsAMbIe HA3BIBAIOT MEPECEKAIOIIUMICS, €CJIU OHU UMEIOT TOJIb-
KO OOHY OOIIYIO TOUKY.

I_[Be IIpAMBIE€ B IIPOCTPAHCTBE HAa3bIBAIOT ITapaJljieJIbHbIMM, €CJIN OHU
JiexatT B Ol[HOfI IIJIOCKOCTH 1 He€ IIePeCEKaroTCd.

IIBe mpsiMble B IPOCTPAHCTBE HA3HIBAIOT CKPEIINBAIOIINMUCSH, €CJIU
OHU He JIeXKaT B OJHOU IIJIOCKOCTH.
CBoiicTBO mapaJjIeTbHBIX MPSIMBIX

Yepes naBe mapajiiesbHbIe IPSAMbI€ IPOXOAUT IIJIOCKOCTb, U IPUTOM
TOJILKO OJHA.

IIpu3sHaK CKpennBarOUINXCA MPSIMBIX

Ecan OoHa U3 ABYX IIPAMBIX JIEKUT B IIJIOCKOCTH, a Apyrad Iiepe-
CEeKaeT 9Ty IIJIOCKOCThb B TOUYKe, He anHanneﬁcameI‘/’I HepBOI;’I l'IpHMOfI,
TO HaHHBbIE IIPAMBbIE€ — CKpPeEIIMBaIOIINeCcd.

IlapaniensHOCTH B IPOCTPAHCTBE

IIpsasMyio U IIJIOCKOCTH HA3LIBAIOT MapaJleIbHLIMU, €CJAU OHU He
NMEIOT OOIIX TOUeK.

IBe IJIOCKOCTM Ha3bIBAIOT HAapAaJJIeJbHBIMU, €CJIU OHU HEe MMEIT
O0IIMX TOUEK.
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§ 4. lNapannenbHOCTb B MPOCTPaHCTBE

IIpusHak mapaJjiieIbHOCTH HMPSIMOI M IIJIOCKOCTH

Ecau npsamas, He IpUHAAJIEKAIAA JaHHON IIJIOCKOCTH, ITapaJljiesb-
Ha KaKoM-JIub0 IIPAMOM, JerKallleil B 9TO# IIJIOCKOCTH, TO AAaHHAS
mpsiMasi mapaJjijiejbHa cCaMOM IIJIOCKOCTH.

YcnoBusa nmapajyieIbHOCTU IBYX NMPAMBIX B IPOCTPAHCTBE

Ecau moCKOCTh IPOXOAUT Uepes NJaHHYI0 MPSIMYI0, MapajiebHyi0
IPYroil IJIOCKOCTH, U IIePeCeKaeT 9Ty ILJIOCKOCTb, TO IMpsMasi mepe-
ceueHUs ILJIOCKOCTell mapaJjijiebHa JaHHO IPSIMOIA.

Ecim uepe3 KaskAyio U3 ABYX ITapajlIeIbHBIX HPAMBIX IPOBeIeHA
IJIOCKOCTh, MIPUYEM STHU IIJIOCKOCTU TepPeceKaloTcs MO IPSIMOM, OT-
JUYHOH OT JBYX MAHHBIX, TO ATa IpAMAas IapajebHa KaKI0U 13
IBYX MaHHBIX MMPAMBIX.

IBe mpAMbIe, TapaJieJibHbIe TPeThell IPAMOil, mapailelbHbl MeXK-
Iy cobotii.

IIpusHak mapajiIeTbHOCTU IBYX IIJIOCKOCTEH

Eciu JABe IIepeCeKanIiuecd IIpaMbIe O,HHOfI IIJIOCKOCTH ITapaJijieJIbHBI
COOTBETCTBEHHO ABYM IIPDAMBIM IZ[pyI‘OI‘/JI IIJIOCKOCTH, TO 3THU IIJIOCKOCTHU
ImapaJjijieJIbHBI.

CroiicTBa mapaiIeIbHBIX IIJIOCKOCTEH

Yepes TOUKY B IPOCTPAHCTBE, HE MPUHAAIEIKAIIYIO JAHHOM ILJIOCKO-
CTH, IIPOXOAUT ILJIOCKOCTH, IlapajliejibHas NaHHOW IIJIOCKOCTH,
U IPUTOM TOJBKO OXHA.

IIpambie mepeceueHUsA ABYX IMMapajjelbHBIX IIJIOCKOCTeIl TpeTrbeit
ILJIOCKOCTBIO MapaJjieIbHbI.

OTpe3Ky mapaIesbHBIX MPAMBIX, 3aKJJIIOUEHHBIE MEKY TTapajljiesIb-
HBIMH IJIOCKOCTAMU, PaBHEI.
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NEPNEHANKYNAPHOCTb 5
B MPOCTPAHCTBE

B 3ToM naparpace Bbl 03HaKOMUTECh C MOHATUAMU Yra MexXay npsMbiMU
B MPOCTPAHCTBe, yrna MexXay NpsMOR 1 MioCKOCTbio, Yriia Mexay ABYMS
MAIOCKOCTAMM; y3HAEeTe, YTO TaKOe OPTOroHasbHas NMPOEeKLMS, U3y4nTe CBOM -
CTBO OPTOTrOHANIbHOM MPOEKLIN MHOTOYTOfbHIKA.

33. Yron mexxay npssMbIMU B NPOCTPaHCTBE

TlockoJbKY ABe JII00BIE IIEePeceKaroluecs IPSMble IPOCTPAHCTBA
JIEXKAT B OJHOM ILJIOCKOCTH, TO YIrOJ MEXKIy HUMU OIpPeNeuM TaK Ke,
KaK B ILJIAHUMETPUMU.

Onpenenenue. YrjaoM MesKIAy IBYMS IepeceKalOI[UMMCI
NpAMBIMHX HAa3BIBAIOT BEJIMYHUHY TOI'O U3 yIJIOB, OﬁpaSOBaBIIII/IXCH npun
HX MepeceyeHnu, KOTopslil He nmpessimaetr 90° (puc. 33.1).

Yeon mexndy 0syms napanniesbHblMU NPAMbLMU CHUMAIOM PA6-
Hotm 0°. CiemoBaTeIbHO, €CJIM () — YrOJ MEXKAY ABYMs IPAMBIMU,
JIeJKAIIUMU B OJHOMU IJIOCKOCTH, TO 0° <@ <90°.

BBemem moHATHE yriia MeMKAy CKPEIUBAIOIUMUCS IPIMbBIMU.

OnpengeneHue. YriaomM MeKaAy ABYMSA CKPEN[MBAIIIMMUCSHI
MPAMBIMY HA3BIBAIOT YTroJI MEJKAY MEePeceKarol[MMUCH MPIMBIMH,
COOTBETCTBEHHO ITIapaJjeJbHbBIMM JAHHBIM CKPeEIIUBAIIUMCA IIPA-
MBIM.

b,
M a, b

= =

Puc. 33.1 Puc. 33.2

IIycTh mpsaMbIe a u b cKkperuBaIiuecs. Yepes Touky M mpocTpaH-
CTBa IPOBEZEM IpsAMbIe a4, U b, Tak, uro a, |l a, b ||b (puc. 33.2). Ilo
OIlpeieJIEHNIO YTOJI MeXKIY CKPeIUBAIOIUMUCA IPAMBIMU a 1 b paBeH
YTJIy MEKIy IePeCeKaloIuMUCs IPAMBIMU @, U b..

BosHukaer ecrecTBeHHBIN BOIIPOC: 3aBUCHUT JIX YyIoJI MeXAy JaHHBI-
MU CKPEINBAINNMUCA IIPAMBIMU d U b or BLIﬁOpa TOYKINU M‘) O’I‘BeTI/ITL
Ha 9TOT BOIIPOC IIOMOTaeT CJeAYIOIas Teopema.
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180 § 5. MepreHanKynapHOCTb B MPOCTpaHCTBe

Teopema 33.1. Yzon mesxndy 06yma nepecexaou,umucsa npamol-
Mu paéen yany medxndy 06yma 0pyzumu nepecexarouumMucs npambl-
MU, COOMEEMCMEEHHO NAPANLENbHBLMU OAHHBLM.

BocmoabsoBaBiuck Teopemoii 33.1, MOMKHO IIOKasaTh, YTO Y20
Mmencly CKpewusanwumMucs npamsvlmu a u b pagen yeay mexdy nepe-
CeKAWUMUC NPAMBLMU a U b, 20e b, || b.

Hamnpumep, Ha pucyHke 33.3 ms3oOpakeHa TpeyroJibHasd IpuaMa
ABCA B/C,. Yron mexnay ckpemusaiomumucs npameivu AA, u BC
paBeH yriy MeskAy nepeceraiomumucs npsamsimu BB, u BC.

Onpenenenue. /IBe mpsaMbie B MPOCTPAHCTBE HA3BIBAIOT IIe€ P-
NMEeHIUKYJISPHBIMU, €CJIN YyroJ Me:xay HumMu paseH 90°.

3aMeTuM, YTO IEPIEHANKYISPHBIE IPAMbIe MOTYT KaK IepeceKaTbCs,
Tak U OBbITh CKPEIUBAIOIIUMUCS.

Ecnu npsambie a u b mepneHAUKYJISPHBI, TO 3alIUCHIBAIOT: a L b.

IBa oTpe3Kka B IPOCTPAHCTBE HA3BIBAIOT NMEPIEHINKYIIPHBIMHU, €CJIT
OHU JIe)KaT Ha MePUeHIUKYISAPHBIX MPIMbBIX.

Hanpuwmep, pebpa AD u CC, xy6a ABCDA B C D, nepnesauxyJsp-
HBEI (puc. 33.4). IelictBuTenbHo, nockoabKy DD, ||CC;, To yrox
mesxay npsameivu AD u CC, pasen yriay mexay npameiva AD u DD,.
Ho AADD1 =90°, mosTromy AD L CCl.

3anaua. Ha pucynre 33.5 usobpasken ky6 ABCDA B C D,. Haii-
aute yroa mexay npambivu A, D u D C.

Pewenue. Coenuaum touku A u B. Ilockoasry A D, || BC, To
TOUKU Al, D, C u B ne:xaT B OJHOI IIJIOCKOCTH. JTa IIJIOCKOCTDH IIepe-
cexaeT mapajuienbHble MI0cKocTd AA B u DD C mo napajjiejabHbIM
npsameiM A B u D C. CaenosarenbHo, yron meskay npsamsimu A D u D, C
pasen yruy DA B.

Coenunum touku B u D. Orpesku A D, A B u BD paBHBI KaK aua-
TOHAJIM PAaBHBIX KBanpaToB. CiemoBaresbHO, TpeyroabHuk A BD paBHO-
cropounnuii. Torna /DA B =60°.

Omeem: 60°. <

AICI

B A D A D

Puc. 33.3 Puc. 33.4 Puc. 33.5
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‘r) -

® 1. 4ro HazbiBalOT YrIIOM MeXAY ABYMSs NepecekaloLLMMNCs NpsMbIMUnA?
2. YeMy paBeH yron Mexay ABYyMs napannensHbIMy NpsMbIMA?
3. Y10 Ha3bIBAIOT YrIOM MeXAy ABYMsi CKPELLMBAOLWMMUCS NPSAMbIMIA?
4. Kakvie fiBe npsiMble B MPOCTPAHCTBE Ha3blBaOT NepreHaNKyIspHbIMIA?
5. Kakue gBa oTpeska B MpOCTPaHCTBE Ha3blBAIOT NepreHaNKYNapHbIMA?

YMPAXKHEH/S I

33.1.° CKOJIBKO TIPAMBIX, IIePIEeHAUKYISIPHBIX JAHHON IIPAMOIA, MOMKHO
IIPOBECTH B IIPOCTPAHCTBE Uepesd TOUKY: 1) mpuHaIeKaIlyo JaHHOH
npsAMOIi; 2) He IPUHAAJIEKAIIYIO JaHHON IPAMO?

33.2.° Tan ry6 ABCDA B ,C D, (puc. 33.6). Haiinure yron memxny
npsameivu: 1) CD u BC; 2) AA uC D,; 3) AA u D .C; 4) ACu B D ;
5)AC u AC.

33.3.° lan xy6 ABCDA B C D, (puc. 33.6). Halinure yromn mesxay nps-
meivu: 1) ABu BB; 2) ABu B D; 3) ADu BC; 4) BD uCC.

33.4.° Touka M, He HpUHAAJEKAIAA ILJIOCKOCTH IIPAMOYTOJbLHUKA
ABCD, TtakoBa, uto TpeyroabHuK CM D paBHOCTOPOHHUM (puc. 33.7).
Haiigure yron me:xay npambeimu AB u MC.

Bl Cl E

D, M /\
B c D A

Bi-.{.Jo / /

. A D

A D C B

A,

A}

Puc. 33.6 Puc. 33.7 Puc. 33.8

33.5.° Touka M He HIpHUHAAJEKUT IIJOCKOCTH KBaapara ABCD,
ZMBA =40°, ZMBC =90°. Haiinure yroa mexay upambeimu: 1) M B
u AD; 2) MB u CD.

33.6." Tpanenus ABCD c ocaoBarusamu AD u BC u tpeyronsaux MEF
He JIe)KaT B OJHOI IJIOCKOCTH, TOuKa E — cepenuHa oTpeska AB,
Touka F — cepenuna orpeska CD, ME =FE, /MEF =110°. Haiigure
yroa mexxkay npambiMu: 1) AD u EF; 2) AD u ME; 3) BC u MF.

33.7." Ilapamnenorpamm ABCD u tpeyronsuuk AED He je:xaT B OZHOI
miaockoctu (puc. 33.8). Hatimure yron mexay npavmbimu BC u AE,
ecau LZAED ="170°, ZADE = 30°.

Mpago ans i iapy B Mepexi IHTepHeT mae
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D D
C
. K M
gn A C A C
, M E F
B B

Puc. 33.9 Puc. 33.10 Puc. 33.11

o

33.8." Ussectno, uto AB | AC, AB 1 AD, AC 1 AD (puc. 33.9). Haii-
nute orpe3ok CD, ecaiu BC=17 ecm, AB=15cm, BD = 3@ cM.
33.9." UssectHO, uTo AB 1. AC, AB | AD, AC L AD (puc. 33.9). Haii-
nute otpesok BC, ecau CD = 2@ cMm, BD=12cm, LABD =60°.
33.10.” Kasxzmoe pebpo Terpasipa DABC paBHO a, Touku M u K —

cepenuubl pedbep AB u CD coorBercTBeHHO (puc. 33.10). Haiigure
oTpe3ok MK.

33.11." Touku E, F, M u K — cepeflHBI COOTBETCTBeHHO pebep AB,
BC, AD u BD rerpasapa DABC (puc. 33.11). Haiigute yrom Mexay
npameiMu EF u MK, ecniu Z/BAC = q.

33.12." Jluaronamu rpanu ABCD xy6a ABCDA B ,C D, nepecexaiorcs
B Touke O. Haiigure yron mexay npsameivu OB, u A C,.

33.13.” OcHOBaHIEM IIPAMOYTOILHOTO MTapaJLIeIelInIea ABCDAlBICID
SABJIAEeTCS KBaApaT, CTOPOHA KOTOPOro paBHa a. Halgure yrou

medxay npsambiMu AD, u B, C, eciiu 60K0Boe peOpo mapaJuiesenumnena
paBHO a\/g.

YMNMPAXKHEHUSA AJ11 MOBTOPEHS I

33.14. Huaronanu AC u BD mnapannenorpamma ABCD paBHBI COOT-
BercTBeHHO 24 cM u 10 cm, AD =13 cm. Haiigure nmepumerp mapagi-
JiejiorpaMma.

34. NepneHaUKYNAPHOCTb NPAMOW U MJIOCKOCTU

B moBceHEBHO JKMB3HU MBI TOBOPUM: (DJIATIIITOK MEPIEHIUKYIAPEeH
moBepxXHOCTHU 3eMJu (puc. 34.1), MaUTHI TapYCHUKA MEPIEeHIUKYIAPHbI
TOBepPXHOCTU Tasyosr (puc. 34.2), mypyn BKPYUYUBAIOT B NOCKY IIep-
MeHIUKYJISIPHO ee moBepxHocTH (puc. 34.3) u T.1.

Mpago ans i Py B Mepexi IHTepHeT mae
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34. MNepneHaVKyNApHOCTb NPAMOW 1 NIOCKOCTY 183

Puc. 34.1 Puc. 34.2 Puc. 34.3

OTHU IIPUMEPHI JAIOT IIPeAcTaBJIeHNe O IIPAMOM, IePIeHANKYIAPHOI
ILJIOCKOCTH.

Onpenenenue. IIpAaMyro HA3BIBAIOT NMEPIEHTUKYIAAPHON IJI0-
CKOCTH, €CJIM OHA NEePIeHTUKYISIPHA JII000I MPSIMOii, JIesKallei B 3TOM
miaockoctu (puc. 34.4).

Ecau npsamvasi a meprueHIUKYJIAPHA IIJIOCKOCTU O, TO 3aIllMCLIBAIOT:
a 1 o. Taxk:xe IPUHATO TOBOPUTH, UTO IJIOCKOCTH O, IIEPIEHANKYJIAPHA
MPSIMOM @ WY OIPAMAs @ U ILJIOCKOCTh O MePIEeHIUKYISIPHBI.

W3 ompenesieHus ciaenyer, UTO e€CJaU IpAMas @ IIePIeHIUKYJISPHA
ILJIOCKOCTH O, TO OHA IEPeCceKaeT 3Ty IJIOCKOCTb.

OTpesoK HA3BIBAIOT MEPHEHIUKYISIPHBIM ILIOCKOCTH, €CJIU OH IIPU-
HaJJIeKUT OPAMOIi, IePIeHINKYIAPHON 9TOM IIJIOCKOCTHU.

a B, C,
A, i D,

=
| A D
Puc. 34.4 Puc. 34.5

Hanpuwmep, HHTYUTHBHO MOHATHO, YTO pe6po AA, NPAMOYTOJIBHOIO
napasenenunesa ABCDA B C D, nepneHfukyjspHo miockoctu ABC
(puc. 34.5). [loxasaTh 5TOT GaKT HETPYAHO, BOCIIOJb30BABIINCH CJIe-
IYIOIIEed TeopeMoii.

Teopema 34.1 (IpU3HAK NEePHNEHIUKYJIAPHOCTH HPAMOU
u naockoctn). Ecau npamas nepnenduxkynapua 06ym nepecexaro-
WUMCA NPAMBLM, LEeHAUUM 6 NILOCKOCTU, MO OHA NnepneHiuKynip-
Ha camoil naockocmu.

Mpago ans i iApy B Mepexi IHTepHeT mae
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184 § 5. MeprneHankynapHOCTb B MPOCTpaHCTBe

Ha pucynxe 34.5 npsamasa AA, nepneHIuKyJIAp-
Ha ABYM IlepeceKaIumca npamMmbeiMm AB u AD mio-
cxkoctu ABC. CiemoBaTeIbHO, IO IIPU3HAKY IIePIIECH-
AVKYJIAPHOCTH HpsAMON u miaockoctu AA | ABC,
a 3HauuT, u pebpo AA TaKKe MEePHeHAUKYJIAPHO
miockoctu ABC.

Teopemy 34.1 yacTo UCIOJB3YIOT HA IPAKTUKE.
Hampuwmep, moacTaBKa IJisi HOBOTOLHEH eJIKU MMeeT
dbopmy KpecroBuHBI. Ecau eIKy yCTaHOBUTH TaK,
4TOOBI €e CTBOJI ObLI MEePIEeHAUKYJISIPEeH HalpaBie-
HUAM KPECTOBUHBI, TO €JIKa OyJeT CTOATH MepIeH-
IUKYJISIPHO ILJIOCKOCTHU moJia (puc. 34.6).

IIpuBesem TeopemMy, KOTOPYIO MOKHO paccma-
Puc. 34.6 TPUBATh KaK ellle OJAWH MPU3HAK MMePIeH UK YJIAD-

HOCTHU IPAMOU U IIJIOCKOCTHU.

<

Teopema 34.2. Ecau o0nHa u3 06yx napannienbHbvlX NPAMbLX
nepnenouKyaaprHa naocKocmu, mo u 0pyzas npamas nepnenoury-
aapra amou naockocmu (puc. 34.7).

a b a b
o ; / / !
| |
Ecmal|bualo,Tobla Ectma Loub lo,Toalb
Puc. 34.7 Puc. 34.8

Hanpuwmep, Ha pucynke 34.5 npsamas AA, NepPHeHANKYISAPHA ILIO-
ckoctu ABC, a npsamas CC, napamiensna npsamoi AA . CienosarenbHo,
no Teopeme 34.2 mnpsamaa CC, TakKe NEPIEHJUKYJAPHA ILJIOCKO-
crtu ABC.

ChopmyupyeM TeopeMy, ABJSIONIYIOCS HIPU3HAKOM HIapajieIbHO-
CTU JBYX NPAMBIX.

Teopema 34.3. Ecau 06e npamoie nepnendukynipus. 00HOU
u mot e naockocmu, mo oHu napanienvrst (puc. 34.8).

CropaBensuBa 1 Takas Teopema.

Teopema 34.4. Uepe3 0aHHYI0 MOUKY MONCHO NPOGECMU NPAMYIO,
nepneHoUKynApHY10 OAHHOU NAOCKOCMU, U NPUMOM MOLLKO 00HY.

Mpago ans i iapy B Mepexi IHTepHeT mae
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34. MeprneHANKYNAPHOCTb MPSAMON 1 MIOCKOCTY 185

3amaua. IlnockocTs O, mepneHAuKyaspHas Katery AC mpsmo-
yroabHOTO Tpeyroabuauka ABC, nepecexkaet xKatetr AC B Touke E, a ru-

noteHy3y AB — B Touke F (puc. 34.9). Haiinute orpesox EF, eciu
AE : EC=3:4, BC=21cwm.
Peuwenue. Ilockonbry npamas AC B C

MmeprIeHAUKYJspHa MJIOCKOCTHA O, TO
npamas AC meprneHAuUKYJIAPHA JII000i
OPSAMOII 3TOU ILJIOCKOCTH, B YACTHOCTU

npamoii EF. Ilpameie EF u BC nexar \_

B OJHOM IJIOCKOCTH U II€PIIEHIUKYJIAP- o F \ :E
Hbl npamoit AC, mostromy EF || BC. U3 \j A
9TOTO CJeNyeT, 4YTO Tpeyroabuuku AEF

u ACB nono6ubI. CiiegoBaTeIbHO, MOMK- Puc. 34.9

"o 3anucartb: EF : CB=AE : AC. Or-
cioga EF : 21 =3 :7, EF=9cwM.
Omsem: 9 cm. «

‘I) |
¢, Kakyto npsiMyto Ha3bIBaIOT NepReHAMKYNSPHOM MI0CKOCTN?

2. Kakow oTpe30oK Ha3bIBatoT NepreHANKYASPHbIM MI0CKOCTA?

3. CchopmynupyiTe NpmU3Hak nepneHaMKyIs pHOCT MPSAMON U NAOCKOCTY.

4. Cchopmynunpymnte TeopemMy O ABYX NapannenbHbIX MPAMbIX, OfHa U3 KOTOPbIX

nepneHaVKynapHa NaIocKoCTU.
5. ChopmynumpynTe TeopemMy O ABYX NPAMbIX, NePNeHANKYNAPHbLIX OOHOW 1 TOM
e NNOCKOCTU.

YMPAXKHEH/S I

34.1.° Tlpamasa a TepHeHAWKYJIAPHA IIJIocKocTu o. CyIecTBYIOT Ju
B IIOCKOCTH O, TIPSIMbIe, He MepPIeHIuKYJAAPHbIe IPAMOii a?

34.2.° Ilpamasa m NeprneHINKYJISpHA IPIMBIM a U b
miaockoctu o. CiienyeT Ju U3 9TOT0, YTO IpAMasi m

? B, G,
MePHeHIUKYISIPHA IIJIOCKOCTU O D
34.3.° BepHO JIu yTBEPIKIEHNE, YTO €CJaU IpamMas He A Y !
MePHeHAUKYJIAPHA IJIOCKOCTH, TO OHA He MePIeH- i
OUKYJASPHA HU OSHOM IIPAMOM STOM ILIOCKOCTH? sl iy d &
34.4.° Nan xy6 ABCDA B C D, (puc. 34.10). Ha- A4 - D

30BUTe I'paHU Kyba, KOTOPHIM II€PIEHANKYIAPHA
npamas: 1) AA; 2) AD. Puc. 34.10

Mpago ans i iApy B Mepexi IHTepHeT mae
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186 § 5. MepreHanKynapHOCTb B MPOCTpaHCTBe

34.5.° Nan xy6 ABCDA B C D, (puc. 34.10). Yrasxure pebpa Ky0a,
NepIeHuKYJIAPHbIe IIocKocTu rpanu: 1) AA B B; 2) A B.C D,.
34.6.° BepHO s yTBep:KIeHUE, UTO IpAMad NEPIEeHAUKYJIAPHA ILJIO-
CKOCTH, €CJI OHA MEePUEeHIUKYJIApHA:
1) cropoHe 1 MeqUaHe TPEYTOJbLHUKA, JEKAIIETO B 9TOI IJIOCKOCTH;
2) cTOpoHe U cpelHelN JUHUU TPEYyroJbHUKA, JeKaIllero B 3TOMH
ILJIOCKOCTH;
3) IBYM CTOpPOHAM Tpalleluu, JeKalleil B 9TOl IIJIOCKOCTH;
4) n@ByM auameTpaM OKDPYsKHOCTH, JieKallleil B 3TOM IIJIOCKOCTU?
34.7.° Yepes meutp O mpaBuabHOro Tpeyroabunka ABC mpoBemena mps-
mada DO, nepnengukyasapHasa miaockoctu ABC (puc. 34.11). Haiigure
otpesok DO, ecaiu AB =6 cm, DA =4 cMm.

D B, C,
M,

]
A, i
A C C '
]

Br---}-.

A D ,:f \,‘—v\ =7 C
B A D
Puc. 34.11 Puc. 34.12 Puc. 34.13

34.8.° Yepes meutp O xBaapata ABCD mpoBemena npamasa MO, mep-
HMeHINKYJASpHaA TJIOCKOCTH KBaapara (puc. 34.12). Haiigure pac-

crossHmre oT Touku M 1o BepiuHbl D, ecaiu AD = 4\/§ cMm, MO =2 cmMm.

34.9." Touka O — menTtp rpasu ABCD xyb6a ABCDA B C D,, pe6po
KoToporo paBuo a (puc. 34.13). Hatigure:
1) paccrosiaue ot Touku O no BepmuHel B, Ky0a;
2) ranrenc yruia mexay npamsiMu B.O u DD,.
34.10." Tuarosamab B D npaMOyroJbHOro  Iapajesenuiena
ABCDAlBlCID1 paBHa 17 cM, a fmaroHaab AB1 6OKOBOM TrpaHu AAlBlB
paBHa 15 cm (puc. 34.14). Haiigure pebpo AD mapasiesenuiena.

B, ,
A7 E ’
A B c A B
'I, E \‘ C A‘L(
[ BA-)C 4 D
A D

Puc. 34.14 Puc. 34.15 Puc. 34.16
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34.11." Yepes Bepmuny B pomb6a ABCD mposefeHa npsamas BE, mep-
MeHINKYJIApHAasa IIJocKocTu pomba (puc. 34.15). [Tokakure, UTO
npamaa AC meprueHAUKYJIAPHA IJaocKocTu BEO.

34.12." Yepes BepmmHYy A IpPAMOYTOJBLHOTO TpeyroiabHuka ABC
(LACB =90°) npoBenena npsamaa AF, nmepneHIUKYJIAPHAA ILJIOCKO-
ctu ABC (puc. 34.16). [Jokaxxure, uro npamada BC nepneHauKyasapHa
miockoctu AFC.

34.13.” Orpesox AB He mepeceKaeT IJIOCKOCTH 0. Uepes Touku A u B
IIPOBEJEHLI IPSAMEIE, IEePHeHANKYIIPHbIE ILIOCKOCTHA O W IIepece-
Katomue ee B Toukax C u D coorBercTBenHo. Hafinure orpesox CD,
ecau AC =34 cm, BD =18 cm, AB =20 cMm.

34.14." Orpesox AB He mepeceKaeT ILJIOCKOCTH O.. Uepes Touku A u B
IIPOBEEHEI IPAMBIE, IePIeHINKYIAPHbIE IIJIOCKOCTH O U IIepeceKaio-

mue ee B TOUKaxX A1 u B, coorsercrBeHHO. Halinure oTpesox AB,
ecau AA1 =2 cM, BB1 =12 cmM, AB1 =10 cmMm.

YMNPAXHEHWSA A1 MOBTOPEHS I

34.15. W3 TOUKM K OPAMOM IIPOBEIeHbI ABe HAKJIOHHBIE, IIPOCKIINU
KOTOPBIX HA HNPAMYI0 paBHBI b cM u 9 cm. Halimure paccrosgHue oT
ITAHHOI TOYKM OO0 9TOU IIPSAMOM, €CJM OJHA M3 HaKJOHHBIX Ha 2 CM
0oJIbIIIE APYTOM.

35. MNepneHAnKynNap N HaKJIOHHas

Ilycts urypa F, — mapasienbHas OpoeKnusa Quryps F Ha I10-
CKOCTH (. B HampasieHuu npamoii [. Ecau [ L o, To durypy F, Hassl-
BalOT OPTOTOHAJBHOM MpoeKIueil Gurypsl F Ha MJIOCKOCTH Ol.

Hanpuwmep, ocuoBanue ABCD mpsMOYTOJBHOTO HapajlieleluIiesa
ABCDA B ,C D, ABisieTcs OPTOTOHAJbHOM
npoeknueir ocuoBanusa A B C D, Ha mio-

ckoctb ABC B HampasjieHuu npamon AA, B, C,
(puc. 35.1). A, '

B panbneiinieMm, ropopsa o mpoeknuu Gu- ! D,
T'yPBI, €CJIU He OrOBOPEHO IIPOTUBHOE, OyIeM Bh oo L __Jc
UMETHh B BUJY OPTOTOHAJIBHYIO IIPOEKIIUIO. C‘}I/

IlycTh maHBI IJIOCKOCTH O. M He mpuHan- A D
Jexkaraa el touxka A. Uepes TouKky A mpo-

BejleM IPAMYIO @, IepIeHAUKYJIAPHYIO ILIO- Puc. 35.1

ckoctu o. Ilycts aNa=B (puc. 35.2).

Mpago ans i iapy B Mepexi IHTepHeT mae
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188 § 5. MepreHanKynapHOCTb B MPOCTpaHCTBe

OTpes3oxk AB HA3LIBAIOT MEPIEHIUKYIIPOM, OMYIIEHHBIM U3 TOUKU A
Ha IJIOCKOCTH O, TOUKY B — ocHOBaHueM nepneHaukKyaspa. OcHoBa-
Hue B nepneHguKyisapa AB — 9To IPOEKIUA TOUKHU A Ha IJIOCKOCTH Ol

OTMeTrM Ha IJIOCKOCTH Ol KaKyio-HUOYAL TOUKY C, OTIMUHYIO OT
Touku B. IIpoBemem orpesok AC (puc. 35.2). Orpesoxk AC HaA3LIBAIOT
HAKJIOHHOM, TPOBEIEHHON 13 TOUKU A K ILJIOCKOCTH O, TOUKY C — OCHO-
BaHMeM HakJIoHHOM. OTpe3ok BC aABisdeTcs mMpoeKiuei HakJIoHHoi AC.

M
a
A
MB/ ! ¢
o C !
B

Puc. 35.2 Puc. 35.3

Teopema 35.1. Ecnu u3 00RO moiKku npoéedensvl K NAOCKOCMU
nepneHOUKYynaAp U HAKAOHHASR, MO HAKIOHHAA O0nbUle nepneHIuKy-
aapa.

Oo—wx 3amaua 1. [lokasKkuTe, UTO €CJIU TOUKA, He MIPUHAAJIEKAIIAd
IJIOCKOCTH MHOTOYTOJIbHUKA, PaBHOyAAJeHa OT ero BepIINH, TO IIPO-
eKIlMell 9TOM TOYKM Ha MIJIOCKOCTh MHOTOYTOJBHUKA SBJSETCS IEHTP
€ro ONMMCaHHON OKPY KHOCTH.

Pewenue. IIpoBememM I0OKas3aTeJbCTBO AJSA TpeyroabHukKa. s
IPYTUX MHOTOYTOJbHUKOB [OKa3aTeJbCTBO OyAeT aHAJOTUYHBIM.

IIycts Touka M He mpuHamIeKUT miaockoctu ABC, npuuem MA =
=MB=MC. Onyctum u3 Touku M mepuneHaukyasap MO Ha mio-
cxocTh ABC (puc. 35.3). MokaskeM, uTo Touka O — IIeHTP ONUCAHHOM
OKpY:KHOCTHU Tpeyroabuuka ABC.

ITockonbry MO 1 ABC, to ZMOA=/ZMOB=/ZMOC =90°. B nipa-
MOYTOJIbHBIX Tpeyroabaukax MOA, MOB, MOC xkarer MO — o061iuii,
TUIIOTE€HY3bl PABHBI, CJIE€I0BATEJIbHO, 3TU TPEYTrOJbHUKN PABHLI IO I'M-
moreHyse um Karery. VI3 paBeHCTBa JAaHHBIX TPEYTOJBHUKOB CJENyeT,
uyro OA = OB = 0C, 10 ecTb Touka O — IEHTP OIMNCAHHONi OKPYKHOCTHU
TpeyroabHuKa ABC. <

3aMeTuM, UTO KOTJa HAAO0 ONPEAEeJUTHh PACCTOSIHUE MEKAY IBYMS
reoMeTPUUYECKUMU (PUTYyPaAMU, TO CTPEMSTCS HAUTH PACCTOAHNIE MEXKIY
ux OMmKavImuMu ToukamMu. Hampumep, n3 Kypca MJIAaHUMETPUU BBI
3HaeTe, UYTO PACCTOSHUEM OT TOUKMU, He IIPUHAIAJIEKAIIel IIPAMOM, OO
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9TOM HMPAMOM HA3BIBAIOT PACCTOAHME OT JAHHOM TOUKU M0 OGmxaiiinei
TOUYKM Ha IIPAMOIl, TO €CTh AJWHY MNEPHEeHIUKYJISIPa, ONYINEHHOrO 13
TOUYKH Ha IIPSIMYIO.

Teopema 35.1 TOKas3bIBAET, UTO I€JI€CO00PA3HO IPUHATE CIEAYIOIIEee
oIpeneieHue.

Onpenenenue. Ecau Touka He IPUHAIIEIKUT IIJIIOCKOCTH, TO PacC-
CTOAHMEM OT TOYKM A0 MIOCKOCTH HA3BIBAIOT IJIUHY IEePIIEH-
IUKYJISIPa, ONMYIIeHHOr0 M3 TOYKH Ha IJIOCKOCTh. Eciin TOuka mpuHag-
JIEKUT IJIOCKOCTH, TO CUMTAIOT, UTO PACCTOSIHHE OT TOUYKHU 10
MJIOCKOCTH PABHO HYJIIO.

O—w 3agaua 2. [JokaxuTe, 4TO ecIM IpAMAd IapaIeIbHa ILIO-
CKOCTH, TO BCE TOUKHU MPAMOUN PAaBHOYIAJIEHBI OT IJIOCKOCTH.

Pewenue. Ilycth A u B — paBe mpous-
BOJbHBIE TOUKM IPAMOU a, ImapajjejbHOU B
niockoctu o, Touku A u B, — OCHOBaHUSA a/?/r
TePIeHIUKYJIAPOB, ONYIIEHHBIX COOTBETCTBEH-

HO u3 ToueK A u B Ha miockocTs o (puc. 35.4). B
® ) / All/l /

Ioxakem, 4TO AA1 =BB,.
ITo Teopeme 34.3 AA,

HO, TOUKU A, Al, B1’ B nexxar B OgHOI ILIO-

ckocru. Ilmockocts ABB, mpOoXOAuUT uepes

IPSMYIO @, apalaeJbHYIO IJIOCKOCTH O, U IlepeceKaeT IJIOCKOCTh Ol TI0

npsimoit A B,. Torza no teopeme 30.2 mosyuaem: AB|| A B,. Takum

BB,. C -
| . CiemoBaresn Puc. 35.4

00pasom, B ueTsipexyronbHuke AA B B kask/[ble JBe IPOTUBOJIEKALTE
CTOPOHKI ITapajieabHbl. CIegoBaTeIbHO, YeThIPEXYTOJIbHIK AAIBIB —
napasienorpamm. Orciona AA, = BB,.

Tax xax Touku A m B BBIOpaHBI Ha HPAMON @ TPOMBBOJIHLHO, TO
yTBep:KIeHUe 3a7aun JoKasaHo. <

IoxasamHHOe CBOIICTBO II03BOJISIET IPUHATH CJIEAYIOIee OlIpeIeIeHue.

Onpemenenue. PaccrogaHauemM OT MPAMOM OO0 mapaajeib-
HOW el MIO0OCKOCTHY HA3BIBAIOT PACCTOSIHHME OT JIIO00M TOUKM ITOM
MPAMON 10 MIOCKOCTH.

Hcnonbays pe3yabTaT, HOJYUEHHBIN B KJIIOUEBOI 3amaue 2, MOXKHO
PeIluTh CAEAVIOIIYIO 3a1ayuy.

O—w 3apgaua 3. [lokasure, UTO €CIIH [Be ILIOCKOCTH HAPAIIEIbHbI,
TO BCE TOUKU OJHOH IIJIOCKOCTH PABHOYJAJEHBI OT APYTro#l IJIOCKOCTH.

Onpenmenenue. PaccTogsHuEeM MeJKAy ABYMS Imapaajeib-
HBIMHU MJIOCKOCTSIMY HA3BIBAIOT PACCTOSIHHE OT JIFO00I TOYKM OTHOIM
IJIOCKOCTH 0 APYro IJIOCKOCTH.
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PeSyJIBTaTBI, IIOJTYy4eHHBbI€ B KJIIOUEBBIX 3aJadax 2mu 3, qacTo uc-

MOJIB3YIOT B IPAKTUYECKON IeATEeIbHOCTH, HAIIPUMED B CTPOUTEILCTBE
(puc. 35.5).

|| ||||| A
AL

Puc. 35.5 Puc. 35.6

Teopema 35.2 (Teopema o0 Tpex mepneHgukyaapax). Ecau
npamasn, npURAdneHau,an NioCKOCmu, nepneHouUKYyLapHa nPoeKyuu
HAKLOHHOU K IMOlU NAOCKOCMU, MO OHA nepneHduKyiaipHa U camoi
HaknonHoU. H naobopom, eciu npamasn, npuHadiercau,as niocKo-
cmu, nepneHduKynipHa HAKALOHHOU K IMOU naockocmu, mo OHA
nepnenouKyniprHa U NPoeKyuu HAKAOHHOU Ha IMmY NA0CKOCMb.

Hokxasameanvcmeo. [lokakeM IIepByI0 YaCTb TeOPEMBI.

IIycTs mpsamMasa a, IpuHAIJIEKAIIAA IJIOCKOCTHY O, TIePIeHANKYJIAP-
Ha npoexnuu BC mHakmgouHoit AC (puc. 35.6). Hokaxkem, uro a L AC.

HWmeem: AB 1 o, a o, ciaegoBareabro, AB 1 a. IToxyunan, uro mnps-
Masd a IepHeHIUKYJAApPHA IBYM IlepeceKamrniuMcsa npaMmbiMm AB u BC
miaockoctu ABC; caemoBareabno, a 1. ABC. ITockoasry AC < ABC, To
a1l AC.

JloxasaTesabCTBO BTOPOM YACTU TEOPEMbBI AHAJOTUYHO JOKA3ATeJb-
CTBY IepBoi yacTtu. <«

O—w 3amaua 4. Touka M He IPUHALIEKUT ILIOCKOCTH BBIIYKJIO-
ro MHOT'OYTOJbHUKA M PABHOYAAJIEHA OT BCEX MPSAMBIX, COAEPIKAIIUX
ero ctopoubl. IIpoexiueii Touku M Ha IJIOCKOCTH MHOTOYTOJbLHUKA
saBasgeTca Touka O, IpuHAIJIeKaIasd MHOIOYTOJIbHUKY. [lokaKuTe, 4TO
Touka O — IEHTP BIMCAHHONW OKPYKHOCTU MHOTOYTOJLHUKA.

Peuwenue. IlpoBememM mOKasaTeIbCTBO IJA TpeyroabHuKa. [iaa
IPYTHUX MHOTOYTOJBHUKOB JTOKAa3aTEJIbCTBO OYIeT aHAJOTUYHBIM.

Onyctum u3 Touku O mepueHgukyasapbl ON, OK u OE cooTBer-
crBeHHO Ha npamele AB, BC u CA (puc. 35.7). Coeguaum Toury M
c roukamu E, K u N.
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Otpesok ON sBiAeTCA MPOeKIueil Ha- M
kigoHHOU MN Ha miockocts ABC. Ilo
moctpoeruio ON | AB. Torgma mo Teope-
Me O TpexX HNePHEeHIUKYIApax IOoJydaeM:
MN 1 AB.

AHaJIOTMYHO MOKHO JOKasaTh, YTO
MK 1 BC u ME 1 CA. CiemoBaTeJIbHO,
nauHbl oTpedkoB MN, MK u ME — pac-
cToAHUS OT Touku M mo npambix AB, BC
u CA coorBetrcTBeHHO. 1o yciaoBuio MN =
=MK =ME.

B npamoyronbubIX TpeyroabHukax MON, MOK, MOE karer MO
00Iuii, TUIIOTeHY3bl PABHBI; CJIEJ0BATENbHO, NJaHHBIE TPEYTOJbHUKHI
paBHBI 110 KaTeTy W rumoTenyse. V3 paBeHCTBA 3TUX TPEYTOJbHUKOB
caenyet, uro ON = OK = OE.

Hauuel orpeskoB ON, OK u OE ABAAIOTCA PAaCCTOAHUAMU OT TOU-
Ku O [0 mpaAMBIX, CONEePsKalluX CTOPOHBI TpeyroiabHuKa ABC. Mbl
TIOKAa3aJiu, UYTO 3TU PACCTOAHUA paBHBI. TaK KakK Touka O IPUHAAIEIKUT
TpeyronbHuKy ABC, To Touka O — IIeHTDP BIMCAHHOU OKPYKHOCTHU
TpeyroabaEuKa ABC. <

Puc. 35.7

‘I) B
g 1. B KaKkom cny4ae rosopar, 4To durypa F, ABNaetca opToroHanbHow npoekLumnen
durypbl F?
2. OnuwmnTe, Kakow OTpe30oK Ha3blBaloT: 1) NeprneHanKyIspoM, OnyLeHHbIM 13
TOYKM Ha MI0CKOCTb; 2) HaKMOHHOM, NPOBEAEHHOM 13 TOUKM K MNOCKOCTL.
3. ChopmMynmpymnTte Teopemy 0 nepneHanKynspe 1 HakioHHOM, NPOBeAeHHbIX
K MAOCKOCTM 13 OJHOW TOHYKM.
4. 470 Ha3bIBaOT PACCTOAHVIEM OT TOYKM A0 NAOCKOCTU? PaCCTORAHMEM OT NPSMOWN
[0 NapanfenbHOW e NNOCKOCTL? PACCTOHMEM MexXAy ABYMS NapannenbHbl-
MU MI0CKOCTAMM?
5. ChopmynumpymnTe Teopemy o Tpex NepneHanKynspax.

e B 01

YMNPAXXHEHNS I v D,
A :
35.1.° Ha  pucynke 35.8 wusobpaskeH Ky0 ' E
ABCDA,B,C,D,. Yxaure IpOEKIUIO OTpPe3Ka ]%)--- -JC
C,D Ha IJIOCKOCTD: A D

1) ABC; 3) AAB,.
2) BBIC; Puc. 35.8
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35.2.° Ha pucynuke 35.9 nsobpaskeH MPAMOYTOJLHBIIN ITapajiesemuie]
ABCDA,B,C,D,. Vraure NpoeKuuoo oTpeska DB, Ha IJIOCKOCTS:

1) AlBlcl; 2) CDD; 3) AAIDI.

B, C, A
(AN

A, : :\ D
LN
! \

/> \ W
Pl B C

A g o D

Puc. 35.9 Puc. 35.10

35.3.° /I3 TOUKYU K IJIOCKOCTU TPOBEEHBI IEPIEHANKYJIAP MINHOHN 12 c™m
U HaKJOoHHad AamHo#M 13 cm. HailimuTe mpoeKIuio 3Toii HaKJIOHHOMN
Ha JAHHYIO IJIOCKOCTD.

35.4.° I3 Touku A K IIJIOCKOCTH Ol IIPOBEJEHBI IEePIeHANKYJIIP U Ha-
KJOHHAs aamHon /7 cMm. IIpoeKnusa maHHONM HaKJOHHOM Ha ILIO-

CKOCTBh paBHa \/§ cm. Hatigure pacCTodHnEe OT TOUKHU A A0 IIJIOCKO-
CTH .

35.5.° I3 Touku A mpoBeeHbI K IIJIOCKOCTH O IeprneHauKyaap AC u Ha-
kJaoHHBIE AB 1 AD (puc. 35.10). Haiigure npoeKIuio HaKJIOHHON AD
Ha MJIOCKOCTL O, ecau LBAC =45°, AB=8cwm, AD =9 cmMm.

35.6.° I3 Touku M mIpoBedeHBI K IJIOCKOCTH O IepHIeHAuKyaap MH
u HaxkJoHHBIe MA u MB (puc. 35.11). Hatigure Hakgouuyio MA,

eciu BH = 6\/6 cM, MB=18 cm, LZMAH =60°.

O—w 35.7.° [Jokaxxure, 4TO PaBHbIE HAKJIOHHBIE, IPOBEIEHHbIE K ILIO-
CKOCTH M3 OJHOM TOYKHU, UMEIOT PaBHbIE IIPOEKIIUU.

O—w 35.8.° Joka)KuTe, UTO €CJIU MPOEKIMHU ABYX HAKJOHHBIX, IIPO-
BeIEHHBLIX K ILJIOCKOCTMA M3 ONHOM TOUYKM, PAaBHBI, TO PABHBI 1 Ha-
KJIOHHBIE.

35.9." PaccrosHIE MeKAY MapalIeTbHBIMI IPAMBIMY, IPIHALIEKAIIIH-
MU COOTBETCTBEHHO MMaPaJIJIeJIbHBIM IIIOCKOCTAM O U [3, paBHO 7 CM.
BepHo /u yTBepiKIeHNE, UTO PACCTOSHUE MEKAY IIJIOCKOCTAMHU O
u P paBuo 7 cm?

35.10." Mz Touku M IpoOBeJX K ILIOCKOCTH O. PaBHBIE HAaKJOHHBIE MA,
MB, MC u MD. Moryt squ Touku A, B, C u D ObITh BepIINHAMMU:
1) npAMOYTOJIbHUKA; 3) IPAMOYTOJBHOUN TpPaNleIuu;

2) pomba; 4) paBHOOOKOI Tpamemnuu?
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35.11." Ha pucymke 35.12 usobpasken kBazpar ABCD, npamaa NC
MePIeHANKYJIAPHA ero miIockocTu. Jlokaskure, uto npameie BD u NO
MePHeHIUKYJISIPHBL.

M N F

A 28 77
A%QB/ A A D
Puc. 35.11 Puc. 35.12 Puc. 35.13

35.12." Ha pucysuke 35.13 usobpasken pom6 ABCD. IIpamaa FC nep-
MeHJUKYJASAPHA ero mjaockoctu. Jloxamure, uto npambeie AF u BD
MePHeHIUKYISIPHBIL.

35.13." Ha pucyuke 35.14 m300paskeH PAaBHOCTOPOHHUIH TPEYTOJBbHUK
ABC, touka D — cepenusa croponbsl BC. IIpamasa AM mnepueHIUKY-
asspHa miaockoctu ABC. Hoxkakure, utro MD 1 BC.

M A
A
¢ 0
D B
B a
Puc. 35.14 Puc. 35.15

35.14." IIpamas AO HepIeHIUKYIAPHA IIJIOCKOCTH OKPY’KHOCTH C IIeH-
TpoMm O (puc. 35.15). IIpamasa a TpUHALIEIKUT IIJIOCKOCTU OKPYIK-

HOCTHM M KaCaeTCsl TaHHOM OKPYXHOCTH B TouKe B. J[oka)kuTe, 4TO
AB 1 a.

O—w 35.15." [JokaxuTe, UTO €CIM TOUKA IPUHALJIEIKAT IPIMOI, Iep-
MeHIUKYJIAPHON IJIOCKOCTH MHOTOYTOJbHUKA U MIPOXOAAIIEl yuepes
IEHTP OKPYIKHOCTH, OTIMCAHHON OKOJIO MHOTOYTOJBHUKA, TO 9Ta TOUKA
paBHOyIaJieHA OT BEPIIUMH MHOT'OYTOJbHUKA.

35.16." I3 Touku A K ILIOCKOCTH O. IIPOBeJleHbI HaKJoHHBIe AB u AC
nauHOM 25cM m 17 cm cooTBeTcTBeHHO. HaiiguTe paccTossHIE OT
TOUYKH A [0 ILIOCKOCTH (), €CJIM MPOEKIINHU JAHHBLIX HAKJOHHBIX HA
5Ty TJIOCKOCTH OTHOCATCS Kak 5 : 2.
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35.17." Iz Touku D K IJIOCKOCTHU O IIPOBeeHbI HakJIoHHBIe DA 1 DB,
cyMMa KOTOpPBLIX paBHa 28 cm. Haiigure sTM HAKJIOHHBIE, €CIM UX
IIPOEKIINH Ha ILJIOCKOCTh O, PABHBLI COOTBETCTBEHHO 9 ¢cM u 5 cM.

35.18." Toura M pacmosoKeHa Ha PACCTOSHUM 6 CM OT KasK 0 BEpIIN-
HBI IPaBUJIBHOTO TpeyroabHuKa ABC, cToOpoHa KOTOpOro pasHa 9 cm.
Haiigure paccrosauue ot Touku M nmo miaockoctu ABC.

35.19." Karersl mpamoyronbHoro tpeyroabauka ABC (LACB =90°)
paBHBI 6 cMm u 8 cm. Touka D yrameHa OT KaKIOW BepINUHBLI JaH-
HOro TpeyroJbHuka Ha 13 cm. Haligure paccrosame ot Touku D 1o
miockoctu ABC.

35.20." OTpesox BD — mepHneHANKYJIAD K ILIOCKOCTH PABHOOEIPEHHOIO
TpeyroabHuKa ABC ¢ ocuoBanueMm AC (puc. 35.16). ITocTpoiiTe mep-
HNeHIUKYJIAP, ONYINeHHbIN u3 Touku D Ha mpamyio AC.

D D E
A B B B C
C A C A D
Puc. 35.16 Puc. 35.17 Puc. 35.18

35.21." Orpesox BD — mepHneHAUKYIAP K ILIOCKOCTH IPAMOYTOIHHOTO
TpeyroabHUKa ABC ¢ mpambiM yriaom mpu Bepinute C (puc. 35.17).
ITocTpotiTe mepIEeHANKYIAD, OMYIeHHBIN U3 Touku D Ha npamyoo AC.

35.22." Orpesoxk BE — mepHeHAWKYJIAP K ILIOCKOocTH pomba ABCD
(puc. 35.18). IlocTpoiiTe MePIEHAUKYJIAD, OMYINEHHBIN U3 TOUYKU E
Ha npamyio AC.

35.23." Touka M paBHOyZaJeHA OT BCEX HPAMBIX, COIEPIKAIIUX CTOPO-
HBI npaBuJibHOro TpeyroabHuKa ABC. Ilpoexmueit Toukm M Ha
miaockocTb ABC saBasiercs Touka O, IpuHAaIIeKalas TPeyroaIbHUKY.
Haiigure paccroarue or Touku M 10 cTopoHbl AB, ecau paccTogHUE

OT BTOM TOUKH A0 IaockocTu ABC paBHO 3\/§ cMm, AB =18 cm.

35.24." Cropona pom6a paBHa 10 cMm, a ogHa u3 guaroHaieii — 16 cu.
Touka M HaxXoAUTCSA Ha PACCTOSAHUU H,2 CM OT KaXKIAOU IIPAMOM,
cozepsKaIeil cropony pomba. Hafimure paccrosarue or Touku M 10
IJIOCKOCTH poMba.

35.25." 13 Touku M K ILJIOCKOCTH O, IPOBefeHbI HaKJIoHHbIe MN u MK,
00pasyoIre co CBOMMHU IIPOEKIIUSIMU HA JaHHYIO IIJIOCKOCTb YIJIbI,
pasuble 60°. HaiimuTe paccTossHLME MEXKJIY OCHOBAHMAMU TaHHBIX
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HaKJIOHHBIX, €CJIN YyIoJI MeXAYy HAKJIOHHBIMU COCTaBJISAET 900, a pac-
cToAHME OT Touku M 0 IIJIOCKOCTH OL paBHO \/g CM.

35.26.” 113 Touku A K ILIOCKOCTHU O, IPOBeAeHBI HaKJIOHHBIe AB u AC,
o0pasyioliue cO CBOUMHU MPOEKIUAMU Ha AAHHYIO IIJOCKOCTH YTJIbI
pasusnie 30°. HaliguTe faHHble HAKJIOHHBIE M PACCTOSIHIE OT TOUKHU A
IO TIJIOCKOCTH (L, €CJIU YTOJ MEKIY ITPOEKITUIAMYU HAKJIOHHBIX COCTAB-
aser 90°, a paccTosiHIE MEXKIy OCHOBAHUAMU HAaKJIOHHBIX PaBHO 6 cM.

35.27.” Orpesox DA — NepHeHAWKYJIADP K ILIOCKOCTH TPEYTOJbHUKA
ABC, AB=10cm, AC=17 cm, BC =21 cm. HaiiguTre paccTosiHme OT
Touku D mo mpamoit BC, eciu paccTosHme OT TOUKU D 10 ILJIOCKO-
ctu ABC paBuo 15 cMm.

35.28.” Orpesok AB — puamMeTp OKDPYKHOCTH ¢ IeHTpoM O, oTpe-
30K BC — ee xopga, AB=12cm, ZABC = 30°. Orpesok AE — mep-
MEeHIUKYJIAP K ILJIOCKOCTU JaHHOU OKpy:KHocTu. Hatinure paccTosHue
oT TOUKU E [0 IIJIOCKOCTHU OKPY?KHOCTH, €CJIU PACCTOSHUIE OT TOUKU E
no mpamout BC pasuo 10 cMm.

35.29.” Orpesok MA — mepHeHAUKYJISp K ILIOCKocTH pomba ABCD.
Haiigure paccrosuue ot Touku M go npamoii CD, eciu ZBAD = 30°,
AD=10cm, MA =53 cm.

35.30.” Orpesok DA — mepHeHAMKYJIADP K ILIOCKOCTH TPEYrOJbHHUKA
ABC, ZABC = 120°, AB =14 cm. Hatigure paccTrosHue oT TOUKU D
mo miaockoctu ABC, ecam sTa ToOuKa ynxajeHa or mpamoin BC Ha

2\/@ CM.

35.31." Touxka M He IPUHALIEKUT ILIOCKOCTH TpeyroabHUKa ABC
(LACB =90°) u pacmosoxeHa Ha PaCCTOAHUU 25 cm or KaKIou us
OpAMBIX, COJepsKalux ero cTopoHsl. IIpoeknueil Touku M Ha m0-
ckocth ABC saBasercsa Touka O, mpuHamigekalas TaHHOMY Tpe-
yroabHUKY. TouKka KacaHUA I'UNIOTEeHY3HI AB C OKPY'KHOCTBIO, BIIU-
caHHOU B TpeyroabHUK ABC, meauT ee Ha OTPE3KU IJIWHOU 3 CM
u 10 cm. Haiigure paccroarue ot Touku M mo miaockoctu ABC.

O—w 35.32.” Touka M He IpUHALJIEKUT IIJIOCKOCTH MHOTOYTOJIbHUKA,
a ee MPOEKIMell Ha IJIOCKOCTh MHOTOYIOJbHUKA SABJIAETCA I[EHTP
OKPYIKHOCTHU, BIIMCAHHON B MHOTOYTOJbHUK. [[oKakure, uTo Touka M
paBHOyIaJieHA OT CTOPOH JAAHHOT'O0 MHOTI'OYTOJbHUKA.

35.33." OcuoBaHMA paBHOOOKOII Tpamenuy paBHEI 16 cm u 36 cm. Uepes
meHTp O OKPYKHOCTHM, BINCAHHON B 3TY TPAIEIUIO, K €€ IJIOCKOCTHU
upoBeneH nepueHaukyaap MO. Touka M pacmososkeHa Ha pac-
croguuu 16 cM OT mIOCKOCTU Tpamerniuu. Haiigure paccTosdHUE OT
TouKU M [0 CTOPOH Tpaleluu.
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35.34." Tourka O — IEHTD OKPYKHOCTH, BIIMCAHHOH B Tpanemuio ABCD,
BC|| AD, AB 1 AD,CD=12cm, ZADC = 45°. Orpesok MO — mep-
MeHIUKYJIAP K IJIoCKocTu Tpameruu. Touka M ynajgeHa OT IJIOCKO-
CTH Tpameluu Ha 6\/5 cm. Haiigute paccrosuume ot Touku M 1o
CTODPOH TPAIeIuu.

35.35." [lan ky0 ABCDA B C.D,. lokaxure, uro CD, 1L AB.C,.

YMNMPAXKHEHUSA AN MOBTOPEHS I

35.36. CTopoHa MPaBUJILHOT'O TPEYTOJIbHUKA, OIMMMCAHHOTO OKOJIO OKPY K-
HOCTHU, paBHa 12 cm. Halimure cTopoHy KBajgpaTa, OIUCAHHOTO OKOJIO
ITaHHON OKPY'KHOCTH.

36. Yron mexay NnpsiMmou 1 NJI0CKOCTbIO

Brur 3HaeTe, YTO B HaBHHUE BPEMEHAa IMYTEIIIEeCTBEHHUKNW OPHMEHTUPO-
BaJIMCh 110 3Be3zamM. OHU U3MEPSIN YToJ, KOTOPhIil 06PAa30BBIBA C ILIO-
CKOCTBIO TOPUBO0HTA JIYY, UAYIIUIN OT JAHHOW TOUKU K HEOECHOMY TeJIy.

Ceropiasa 4eJioOBEeKY B CBOEH JIeATEJIHLHOCTH TAKIKe BAYKHO OIIPeessaTh
YIJBI, IOJ KOTOPBIMU HAKJOHEHBI K JaHHOUN MJOCKOCTH HEKOTOPBIE
00BeKTHI (puc. 36.1).

9TH mpPUMephl MOKA3bIBAIOT, UTO I1€JIeCO00Pa3HO BBECTU MOHATUE
yriia MeKAy IPsIMOil U IJIOCKOCTHIO.

Puc. 36.1
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Onpenmenenne. Ecau npamas napajuieabHa IIOCKOCTH WM IIPH-
HAJJEKUT e, TO CUMUTAIOT, YTO yroJ MeKJAy TAKOH NpAMOU
M MJI0OCKOCThI paBeH 0°.

Ecau npsaMas nepneHANKYJIsIPHA IIOCKOCTH, TO CUUTAIOT, YTO YT 0 JI
MelKaAy TaKOW NMpAMON M mMiIocKkocThio paBeH 90°.

Ecau npamas mepecexkaeT IJIOCKOCTh M He NePNEeHIHKYJIApPHA €W,
TO yIJIOM MEJAY TaAaKOH NMPSIAMOW U IMJIOCKOCTHIO HA3bIBAIOT
YroJ MesKay IpsIMOM M ee IMPOeKIHell Ha MIOCKOCTh (puc. 36.2).

/ A, il D,

A D
Puc. 36.2 Puc. 36.3
W3 ompeneneHusa cienyer, UTO €CJU (p — YIrOJ MEXKIAY HPAMON

U IIJIOCKOCTBIO, To 0° <@ <90°.

Tak:Ke TPUHATO TOBOPUTD, UTO IIPSAMAaA 00pa3yeT yroJl () C IIOCKOCTBIO.

YraomM MeskIy OTPe3KOM M IIJIOCKOCTBI0O HA3BIBAIOT YI'OJI MEXKIY
OpsAMOIi, cOAepKalIlleil STOT OTPE30K, 1 ILIOCKOCThIO.

Hanpuwmep, paccemorpum ky6 ABCDA B ,C D, (puc. 36.3). Yrox
MexRAy auaroHainbio AB| rpanu AA B B u miockoctsio ABC paseH 45°.
HeticTBuTenbHO, IpsMasi AB — mnpoeknus npsamoil AB, Ha IJIOCKOCTh
ABC. Torga yron mexay npsmoiit AB, u miockoctsio ABC paBeH Besu-
uyune yriaa B AB. Ilockoabky deTbipexyronbHuk AA B B — kBajpar,
T0 /B AB=45°.

O—w 3apmaua. [Jokaxure, 4TO €CJIM U3 OZHON TOUKU K ILIIOCKOCTH
IPOBeIeHbI HAKJIOHHBIE, 00Pa3yIoIlle PaBHBIE YIJIBI C IIJIOCKOCTBHIO, TO
MPOEKIINA JaHHOM TOYKM Ha ILJIOCKOCTh PaBHOYAaJieHa OT OCHOBAHUIA
HAKJIOHHBIX.

Pewenue. Illyctb MA u M B — HaKJIOH-

HbIe, 00pas3yollire ¢ ILJIOCKOCTHIO (L PABHBIE M
yruibl, oTpe3ku OA u OB — OpPOeKIuN 3TUX
HaKJOHHBIX (puc. 36.4). HokaskeM, UTO

OA = OB. A;:_A A
ITpamas OA aBaseTcsa IpoeKIiueil mps- o B 0

moit MA Ha miaockocTh o.. Tax Kax yroa
MAO ocTpblii, TO OH paBeH YIJy MEXIY Puc. 36.4
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anpavmeiMu OA u MA. CirenoBaTenbHo, BeauunHa yriia MAO paBHa yriay
MeXKy HaKJOHHOU MA U ILJIOCKOCTBIO O.. AHAJIOTMYHO MOYKHO JOKa3aTh,
uyTo BesmuwmHa yriia MBO paBHa yriay MeXAy HaKJIOHHON MB u 1wjio-
cxocThio O. ITo yemoBuio L MAO = ZMBO.

ITockonbky MO L o, to LZMOA=/MOB =90°. ITonyuaem, 4TO
mpAMOyroJibHbIe TpeyroabHuku MOA u MOB paBHBI 110 KATETy U IIPO-
TUBOJEKAIIEeMy ocTpomy yray. Orciona OA = OB. <

'|) |

® 1. Yemy paBeH yron Mexay npsMou 1 MNoCKOCTbIO, eCIv MpsaMas napannenbHa
NIOCKOCTU? NpaMas nprHagiexuT niockoCcTn? npamas neprneHgukynapHa
MaocKoCTn?
2. Y70 Ha3bIBAIOT YIIOM MeXAY MPSMOW U MNOCKOCTbIO, eciv NpsaMas nepece-
KaeT MNOCKOCTb U He NeprneHAMKYNSapHa en?

YMPAXKHEH/S I

36.1.° ITan xy6 ABCDA B ,C D, touka O — mnenrp rpauu ABCD
(puc. 36.5). YKaKkuTe yroa MeKay:
1) npawmoit AB, u nnockoctsio A B C; .
2) npsimoit AC, u mockoctbio ABC; A, L
3) mpsimoit AC, u mirockocteio CDD 5 '
4) npsimoit OA, u mwirockocteio ABC; '
5) npsamoit AC u mnockocTsio ADD, .

36.2.° I3 TOUKHU IIPOBEJIEHBI K IIJIOCKOCTH IIePIIeH- A D
IUKYJIAP U HAKJOHHAs, 00pasyonias ¢ JaHHOM
ILIOCKOCTBIO yroa 50°. Uemy paBeH yIroJs Me- Puc. 36.5
Iy DAHHOM HAKJIOHHOM U IepHeHINuKYJIsapoM?

36.3.° Iz Touku M K IIJIOCKOCTH O IPOBEIEHBbI MEPHEeHIUKYIap MA
u HakJoHHas M B, obpasyioliasa ¢ IJIOCKOCThIO 0. yroa ¢. Haiigure:
1) mpoeKIuio HaKJOHHON M B Ha IJIOCKOCTH O, €CJIU PACCTOSHUE OT
TouKu M [0 9TO¥ MJIOCKOCTH paBHO d; 2) HakJOHHYI0O M B, eciu ee
IPOEKIINA Ha IIJIOCKOCTh O paBHA d.

36.4.° VI3 TouKu A K IIJIOCKOCTHU (! IIPOBeJIeHA HaKJIOHHadA. deMy paBeH
YTOJI MEXKAY 9TON HAKJOHHOM U IIJIOCKOCTHIO O, €CJIU PACCTOAHUE OT
TOYKU A [0 TJIOCKOCTU O: 1) paBHO IPOEKIINU HAKJOHHOIN Ha ILJIO-
CKOCTBH O(; 2) B IBa pasa MeHbIIle caMOil HaKJOHHOM?

36.5.° CKOJIbKO HAKJIOHHBIX, 00Pas3yIoIinx ¢ ILIOCKOCThIO o yroa 40°,
MOJKHO IIPOBECTH U3 TOUKMU A, He IPpUHAJIEKAIIeH 3TOi MIOCKOCTI?
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M M
A c ="
/
Puc. 36.6 Puc. 36.7

36.6.° Ilpamaa MA mepuenmukyaspHa miaockoctu ABC (puc. 36.6),
AB=AM=6cm, AC = 23 cm. Haiigute yroJy, KoTopbiii o6pasyer
¢ maockocThio ABC npamas: 1) MB; 2) MC.

36.7.° Touka O — 1eHTp mpaBUIbHOTO Tpeyroabuuka ABC (puc. 36.7),
cTOpoHA KoToporo paBHa 6 cm. IIpamas MA nepneHINKYJISPHA IIJIO-
cxoctu ABC. Haiigure yroua mexay npsamoit MO u miaockoctsio ABC,
eciu MA =2 cwM.

O—w 36.8." [lokaskure, 4T0 paBHbIE HAKJIOHHBIE, IPOBEAEHHbIE K ILJIO-
CKOCTH U3 OJTHOM TOUKM, 06Pa3yIOT C 3TOH IMJIOCKOCTHIO PABHBIE YIJIBI.

O—w 36.9." loka:xuTe, 4TO ecam yribl, 06PA3OBAHHBIE C IIJIOCKOCTHIO
HAKJOHHBIMM, IIPOBEIEHHBIMH K HEM M3 ONHOI TOUKM, PaBHBI, TO
PaBHBI I caMU HAKJOHHEBIE.

36.10." 3 Touky M K ILIOCKOCTH O. IIPOBEJU IepPIeHIuKyIap MB
u HakJgouHbIe MA u MC. Haiigute yroa me:xay upsamoi MC u mio-
cKocThIO O, ecaiu MA =542 e, MC=10cM, a YTOJI MeXKIy IIps-
Moit MA u MJIOCKOCTBhIO Ol paBeH 45°.

36.11." I3 TouKu A K ILIOCKOCTH O, IIPOBEJIN IepIeHauKyIap AH u Ha-
rJouHBIe AB 1 AC, 00pa3yroliie ¢ MJIOCKOCTBI0 COOTBETCTBEHHO YIJIbI
45° u 60°. Hatimute orpesok AB, eciu AC = 443 cm.

36.12." 113 Touku D K IJIOCKOCTH O. IIPOBefeHbl HaKJIoHHbIe DA u DB,
o0pasyoIire ¢ JaHHOM ILJIOCKOCThIO YIJIbI, paBHBIE 30°. YT0JI MeX Iy
OPOEKIUAMU JaHHBIX HAKJIOHHBIX Ha IJIOCKOCTh O paBeH 120°. Haii-
IUTE PacCTOSHNE MeKy OCHOBAHUAMU HAKJOHHBIX, ecau DA = 2 cMm.

36.13." Iz Touku B K IJIOCKOCTH (. IPOBeLeHbI HaKJOoHHBIe BA u BC,
o0pasyIolre ¢ JaHHOI IJIOCKOCTBLIO YIJIbI, paBHBIe 45°. Paccrosuue
MeKOy OCHOBAHHSAMU HAKJOHHBIX paBHOo 16 cm. Haiigure paccros-
HUEe OT TOYKU B J0 IIJIOCKOCTU O, €CJU YTOoJ MEXKAY HAKJIOHHBIMU
cocraBisger 60°.

36.14.” Touka A HAXOAWTCH HA PACCTOAHUU 3+/3 CM OT IJIOCKOCTH O.
Haxnouusie AB u AC 00pa3yioT C ILTOCKOCTBIO yriabl 60° m 45°
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COOTBETCTBEHHO, a YyIroJ Me:KAy HakJoHHbIMuU paBeH 90°. Hailigure
paccTosgHNEe MEXKIY OCHOBAHUSAMHU HAKJOHHBIX.

36.15.” 113 Touku M K ILIIOCKOCTH . IPOBeleHbI HaKJIOHHbIe MA 1 M B.
Haxknounas MA obGpasyeT ¢ IJIOCKOCTBIO 0L yroJa 45°, a HaKJOHHASA
MB — yron 30°. Haiigute paccTossHue MeKIy OCHOBAHUSIMHU Ha-
KJOHHBIX, ecau MA =6 cMm, a yrosl MeXIy HaKJIOHHBIMU paBeH 45°.

36.16.” Toura M HaxOqUTCA HA PACCTOAHUH 12 CM OT KaKJ0H BEPIINHBI
kBagpara ABCD, yron Mme:xay npamoii MA U IIJIOCKOCTBIO KBajapaTa
pasen 60°. Haiigute paccTosaHue oT TOUKu M 10 CTOPOHBI KBajpara.

36.17." Touka M paBHOyZaJeHa OT CTOPOH KBagpaTa ABCD, cTopoHa
KOTOpPOT'0 paBHA 96 cm, u HaxozHUTCA Ha paccToaHum 9 ¢M OT ILIO-

CcKOCTH KBajpara. Haligure yroy Mmexxay npaMmoii MA u ILIOCKOCThIO
KBazgpara.

YMNMPAXHEHNSA A1 MOBTOPEHNS IS

36.18. CTopoHBI TPEYTrOJbHUKA PABHEI 2 CM, Zﬁ cM 1 4\/§ cm. Haii-
IVTe YyTOoJ TPeyroJbHUKAa, IPOTUBOJIEKAIIIUN ero cpefHell CTOpOHe.

37. AByrpaHHbIN yros. Yron mexay niockocTamMm

Ha pucyrke 37.1 usobpaskeHa (purypa, CoCcTosInas 13 ABYX IIOJY-
IJIOCKOCTEM, MMEIOITUX OOIIYIO TPAaHUIly. ITa (PUrypa IeJuT IIPOCTPaH-
CTBO HAa JBe UaCTH, BbIAeJEHHbIe Ha PUCYHKe 37.2
pasHbBIMHU IBeTaMu. KaKayio m3 s5THUX dacTeil
BMeECTE C MOJIYILJIOCKOCTAMU Ha3bIBAIOT ABYTPaH-
HBIM yrJIoM. [10/TyIIIOCKOCTY HA3LIBAIOT TPAHAMM
JBYTPAHHOTO yIJIa, a UX OOIIYI0 TPAHUILy — pe-
OpoM ABYTPAHHOTO yTJia.
Kax BugmmM, «KeJaThIii» U «CUHUN» OBYTPaH-
HbIe yIJbl, N300paskeHHble Ha pUCYHKe 37.2,
Puc. 37.1 CYIIIECTBEHHO PA3JINYAIOTCA. OTO PA3JIUYNe BBI-
pamxaeTca cienyionmuM cBoiictBoM. Ha rpanax
IBYT'PAHHOTO yTJja BbIGepeM ITpousdBoJsibHBIE TouKu M u N (puc. 37.3).
Otrpesox M N TPUHANJIEKUT «KeJITOMY» ABYTPAHHOMY VIJIY, & «CHUHe-
My» ABYTPAHHOMY YTJIy MPUHAAJIENKAT JUIIh KOHIIBI OTPEe3Ka.
B nmanbHelem, ToBops «IBYTPAaHHBIN yTroJa», OyaeM moapasyMeBaTh
TAKOM ABYTI'PAHHBIN YIroJ, KOTOPBIN COAEPIKUT JII00OH OTPE30K C KOH-
IMaMu Ha ero IrpaHaX («KeJTBhIN» ABYTPAHHBIN yTOJ).
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Puc. 37.2 Puc. 37.3
Harnsazamoe npeacrasieHne o IByrpaHHOM yTJie AAfOT IOJYOTKPLITAS
KJIacCHafA MOCKa, IBYCKaTHAA KPBIMIa, OTKPBITHIN HOYTOYK (puc. 37.4).

Puc. 37.4

JByrpaHHbIf yroJ CYUTAIOT IPOCTPAHCTBEHHBIM aHAJIOTOM yIJa Ha
ILJIOCKOCTH.

Bol 3HaeTe, KaK oIpemeasOT BeJIWUYMHY yIrJja Ha ILIocKocTu. Ha-
YUUMCS OIPEeAeATh BeIUUYNHY ABYI'PAHHOTO yIJIAa.

Ormerum Ha pebpe M N ABYrpaHHOTO yrIJjia IPOU3-
BoJIbHYIO TOUuKy O. Uepes Touky O B rpaHAX ABYyTrpaH-
HoOro yria nposegeMm ayun OA u OB nepneHguKyJasap-
HO pebpy MN (puc. 37.5). Yron AOB, 06pa3oBaHHBIN
STUMMU JIyYaMU, Ha3bIBAIOT JIUHEHHBIM yTJIOM ABYTrpaH-
Horo yriaa. ITockonmsrky MN 1 OA u MN 1 OB, To
MN 1 AOB. Takum 00pasoM, ecau uepe3 npous3éoib-
HYI mMouKy pebpa 08YzpaHHOZO Yz2/]a NPoGecmu mnJo-
cKocmb nepneHOUKYAAPHO pebpy, Mo 3ma nioCKoCmb
nepeceuem 08YzpaHHbLiL Y20J NO €20 JUHELHOMY Yeay.

Puc. 37.5

Onpenmenenue. BeluuuHo# ABYrPaHHOTO yrJia Ha3bIBAIOT
BEJINYMHY €ro JUHEHHOro yria.

IByrpaHHbIi yros Ha3bIBAIOT OCTPBIM, MIPAMBIM, TYIIBIM WUJIA Pas-
BEPHYTHIM, €CJIN ero JUHENHBIA YyIoJ COOTBETCTBEHHO OCTPLIi, IIPSAMOIL,
TYION WJIN Pa3BEePHYTHIN.
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B, C, Hanpuwmep, paccmorpum xky6 ABCDA B,C D,
4 ' D, (puc. 37.6). [Isyrpauuseiii yron ¢ peépom DD,
1 1 rpaHyu KOTOPOTO MPUHA/JIE AT IIockocTam ADD,
' u CDD,, aBnsercsa npAMbIM. [leficTBUTENIbHO, T10-
':.---. --Jc cxonbky AD L DD, uCD 1L DD, o yron ADC —
2B JIMHERHBII yTOJI JBYIPaHHOrO yria ¢ pedbpom DD, .

A D Yron ADC npsamotii.
Puc. 37.6 IIpu mepeceueHUY ABYX IIJIOCKOCTEN 00pasyoTCs

YeThIpe JBYTIPAHHBIX YIJIa, OTJINYHBIX OT PA3BEPHY-
Toro (puc. 37.7). 3mech BOBMOYKHBI IBa CayUas:
1) Bce ueThIpe ABYIPAHHBIX yIJia nmpsambie (puc. 37.7, a);
2) 13 yeThIpex ABYTPAHHBIX YIJIOB IBA PABHBIX YIJIAa OCTPHLIE U IBa
paBHBIX yria Tymble (puc. 37.7, 0).

Puc. 37.7

B o6oux cayuasx m3 UYeThIpex ABYTPAHHBIX YIJIOB HalgeTcsA TaKoii,
BeJINUMHA KOTOPOTO He mpeBwimaer 90°.

Onpenmenenue. YrioM MeKAY ABYMS NMepPeCeKaII[UMHUCT
MJIOCKOCTSIMY HA3bIBAIOT BEJUYUHY TOTO M3 00pa30BaBUIMXCA JABY-
TPaHHBIX YIJIOB, KOTOPBI He nmpeBbimaer 90°. Yroa Meskay AByMs
mapaajgenbHBIMHU MIOCKOocTaMu pasBeH 0°.

YrioM MeKAy MHOTOYTOJBHUKOM M IIIOCKOCTHIO, KOTOPOI MHOTO-
YrOJIbHUK He IPUHAAJIEKUT, Ha3bIBAIOT YIOJ MEMKIY IJIOCKOCTBIO, CO-
Jep:kallleil MHOTOYTOJIbHUK, W JaHHOUW MIJIOCKOCTBIO.

YriaomM MeKIy ABYMSA MHOTOYTOJBHUKAMM, JIEKAIMMU B PA3HBIX
IJIOCKOCTSX, Ha3bIBAIOT YIOJI MEMKAY IJIOCKOCTAMMU, B KOTOPBIX JIEXKAT
9TU MHOTOYTOJbHUKHU.

3amaua. IIpamoyrosnsubsie Tpeyroabauku ABC (LA =90°) u ABM
(£B =90°) umetor obmiuii kater AB (puc. 37.8). Orpe3soxk M B mepiieH-
IuKyJasapes miockoctu ABC. Ms3BectHo, uto MB =4 cm, AC =6 cwm,
MC =10 cm. Hatigure yroa mexay miockoctamu ABC u AMC.
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Pewenue. Orpesox BA saBusercsa mpoek- M
nueit HakjgouHHOI MA Ha maockocts ABC.
Tak kaxk BA 1 AC, To 1o TeopeMe O Tpex
neprnenaukyaapax MA | AC. CinenoBarens- B N
HO, yros MAB — JuHEWHBIN yToJ ABYTrpaH- ‘

HOTO yrJya ¢ pebpom AC, TpaHH KOTOPOTO N C
npuHaaiaexar miockoctam ABC u AMC. Ilo-

CKOJIbKY yroJ MAB oCTpbIii, TO YyTOJI MEXIY Puc. 37.8
maockoctamMu ABC u AMC paBeH BeJIUUYUHE

yraa MAB.

Ons cropoHbl AM TpAMOYTOJbHOTO TpeyroabHuKa AMC MOXKHO

samucats: AM =+ MC? — AC*?. Orciona AM =+100-36 =8 (cm).

Hnasa yrma MAB npaAMOYTOJbHOTO TpeyroabHuka MAB samuiiem:
MB 1
sin ZMAB = m Orcioma sin ZMAB = 5 u LMAB = 30°.
Omeem: 30°. 4

HNwmeer mecTo TeopeMa, YyCTaHaBJINBaIOIIad CBA3b MEXXKAY IIJIOITAaIbIO
AaHHOI'O MHOTOYI'OJIBHHKA U ILJIOIIAAbIO €ro IIPOEKIINMU.

Teopema 37.1 (nmomanxb OPTOTOHAJNBHONW MPOEKIIUU MHO-
royroasuuxa). ITnowads npoexyuu 6bvinyKi020 MHOZOY2ONbHUKA
paéHa npou3éedenHutro ezo naou,adu U KOCUHYCA Yaara o mexndy
MHO20Y201bHUKOM U €20 npoerkyuel, 20e 0°< o < 90°.

Onpenenenue. /IBe MIOCKOCTH HA3BIBAIOT MEePIEeHIUKY JIAP-
HBIMHU, €CJIIA YTOJ MeKay HUMHU paBeH 90°.

Ecsu miockoeTu o U [ IepIeHANKYJIAPHLI, TO 3alKCchIBaOT: o L .
Takske MPUHSATO TOBOPUTH, UYTO IJIOCKOCTH O MEPIEHIUKYJIAPHA ILJIO-
CKOCTHU [3 MJIM ILJIOCKOCTH 3 MepPHeHIUKYAsPHA IIIOCKOCTH .

Harusagmoe npeacraBieHue 0 MepHeHIUKYASIPHBIX IJI0OCKOCTAX JA0T
IIJIOCKOCTY CTEHBI W MOTOJKA KOMHATHI, IIJIOCKOCTH ABEPH U I10JIa, IIJIO-
CKOCTU CeTKM UM TeHHHCHOro Koprta (puc. 37.9).

Puc. 37.9
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OueBUIHO, UTO MEPIEHAUKYJIAPHBIE IJIOCKOCTUA IIPU IIePeceuyeHunn
00pasyIoT YeThIpe IPAMBIX NBYTPaHHBIX yria (puc. 37.10).

N\

/ A/'B 7

Puc. 37.10 Puc. 37.11

Teopema 37.2 (IpU3HAK NMEePHEHAUMKYJISIPHOCTH IJIOCKO-
creii). Ecau o0na u3 déyx naockocmeil npoxodum uepe3 npamyio,
nepnenduKynapryto 0pyzol naocKoCcmu, mo 3mu nioCKOCMu nepnen-
OuKynApHbL.

Hampumep, naockocTs rpanu AAlBlB OPSIMOYTOJBHOTO IIapaJiiese-
nunena ABCDA B C D, (puc. 37.11) nepneHJuKyJIsipHA IIOCKOCTH
rpauu ABCD. [leficTBUTEJIBbHO, IIJIOCKOCTD AAIB1 IPOXOIUT Uepes IIps-
Myi0 AA,, IepueHANKYIApHYyIo niuockoctu ABC.

‘l) |

L 1. Kakyto durypy HasbIBaloOT IMHENHbBIM YrIOM [BYrPaHHOro yrna?
2. YTO Ha3bIBalOT BEINYMHOW ABYIPaHHOMO yrna?
3. YTO Ha3bIBaIOT YrfIOM MeXay ABYMS NepecekatoMMmUCs NNoCKOCTAMU?
4. YeMy paBeH yrosi Mexzay ABYMSA napanienbHbIMMU NAIOCKOCTAMN?
5. CchopmynmpynTe Teopemy O MAOLLAAN OPTOrOHANbHOW MPOEKLMI MHOTOYrOfb-
HMKa.
6. Kakue nnockoCT Ha3bIBAOT NEPreHaANKYNAPHbIMMN?
7. ChopmynumpymTe NpraHak NepneHAnNKyAapPHOCTA NAOCKOCTEN.

YMPAXKHEH/S I

37.1.° TlokaxuTe Ha OKPY/KAIOIMUX BAc IpeaMeTax MOJeJUu IBYTPAH-
HBIX YyTJIOB.
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37.2.° Tan xy6 ABCDA B,C D, (puc. 37.12).
1) Cpeau maHHBIX YIVIOB YKAMKHUTE JUHEWHBIN yroJl IBYTPAHHOTO
yria, TPaHu KOTOPOro mpuHamiesxar miuockocram ABC u AB.C:
a) /A AB; ©0) LAAB; B)/ZBDA; r1)/BAB; n)4<BDB.
2) Hafimure BeIWYUHY YKa3aHHOTO NBYTPAHHOTO yrIJIa.

L300

="
-

Puc. 37.12 Puc. 37.13 Puc. 37.14

37.3.° Orpesok AD — mepHneHAUKYJAP K IJIOCKOCTH TPaBUJILHOTO
TpeyroabHUKa ABC (puc. 37.13), Touka £ — cepenuna ctopoubs BC.
Cpenu JaHHBIX YIJIOB YKAKHUTE JUHEMHBIA yroJ ABYTPAHHOTO yIJa,
TpaHu KOTOPOTO IpuHaaiexar miaockoctam ABC u BCD:

1) ZABD; 2) ZAED; 3) Z/BAD; 4) ZACD.

37.4.° Ha omHOIl M3 rpaHeil ABYrpPaHHOTO yIJia, BeJUYHHA KOTOPOTO
paBHa 30°, ormeTusu Touky A (puc. 37.14). Paccrosuue ot Touku A
Io pebpa AByrpaHHOro yria paBHO 18 cm. UeMy paBHO paccTOsSHUIE
OT TOUKH A [0 APYTro#l rpaHu OABYTIpaHHOTO yriaa?

37.5.° Ha omHOI M3 IpaHeil OCTPOTO ABYTPAHHOTO yTJia OTMETHUJIU TOY-
Ky, paccTosiure OT KOTOPO# M0 APYroi rpaHu PaBHO 4+/3 cwm, a no

pebpa nByrpamHoro yria — 8 cMm. KaxkoBa BelnumHa JaHHOTO JBY-
rpauHoro yrua?

37.6.° Ilpamoyronbuuku ABCD u BCEF
JIe;KAT B PA3HBIX ILIOCKOCTAX (puc. 37.15),
npuuem npamad AF mepneHIuUKyJIsSpHA B C
nynockoctu ABC. Haiimure nByrpaHHBIN
yToJI, TPaHU KOTOPOTO COAEPsKaT JaHHbBIE

F E

A D
OpAMOYTOJbHUKU, ecau AF =15 cwm,

CcD =5 cwm. Puc. 37.15
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D M
A > B
C A ‘ ¢
Puc. 37.16 Puc. 37.17

37.7.° Tpeyroapuuku ABC u ACD jne:kaT B Pas3HBIX IIJIOCKOCTIX
(puc. 37.16), mpuuem npamas BD nepneHIuKyJaapHa miockoctu ABC.
Hafinute nByrpaHHBIN yroJi, rpaHu KOTODPOTO COJXep:KaT JaHHBIE
TpeyroabHUKU, ecau LACD =90°, BC=6cm, CD=12 cwMm.

37.8.° TaHbBI ILJIOCKOCTD O ¥ IapaJjiieabHada el mpamad a. CKOJIbKO TLJIO-
CKOCTEeH MOYKHO IIPOBECTU Yepes MPSIMYIO @ TaK, UTOOBI YTOJI () MEXKITY
ILJIOCKOCTBIO O I IIPOBEIEHHOM IIJIOCKOCTBIO YIOBJIETBOPSI YCIOBUIO:
1) ¢ =90°; 2) p=0°; 3) 0° < ¢ < 90°?

37.9.° Orpe3ok M B — TepIeHAUKYJIAP K IIJIOCKOCTU PABHOCTOPOHHETO
TpeyroabHuKa ABC (puc. 37.17). Hafinure yroa Me)xXay MJIOCKOCTS-
vmu ABM u CBM.

37.10.° Orpesox CE — mepuneHINKYJIAP K IJIOCKOCTH KBamapata ABCD
(puc. 37.18). Hatigure yroam mexay miaockoctramu BCE u DCE.

37.11.° Orpesok BK — mepneHAUKYJSp K IJIOocKocTu pomba ABCD
(puc. 37.19), ZABC = 100°. HaiiguTe yrou Mme:xay miaockoctamu ABK
u CBK.

37.12.° HatinuTe mioIanb MPOEKIINU MHOTOYTOJbLHUKA HA HEKOTOPYIO
TJIOCKOCTD, €CJIN ILJIOIIALb MHOTOYTOJILHUKA PaBHA 18\/5 cM?, a yrou

MEeXXIY ILIOCKOCTBI0O MHOT'OYIOJLHUKA U IIJIOCKOCTBHIO IIPOEKIIUN CO-
craBisieT 45°.

37.13.° Halimure mI0Iagb MHOTOYTOJBHUKA, €CJAU ILJIOIAAL €ro IIPo-
eKIINHU Ha HEKOTOPYIO IJIOCKOCTh paBHA 24 cM?, a yro MexAy ILIO-
CKOCTHI0O MHOTOYTOJbHUKA U IIJIOCKOCTHIO IIPOEKITNY cocTaBsgeT 30°.

E K

B C C

A D A D

Puc. 37.18 Puc. 37.19
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37.14.° TlokaKuTe Ha OKPY/KAIOINUX Bac MpeaMeTax MOMAEJNU TepPIeH-
IUKYJIAPHBIX ILJIOCKOCTEH.

37.15.° Ha pucynxe 37.20 uzobpasken kyo ABCDA B C D,. Onpenenure,
NePHeHAUKYISPHBI JIU ILJIOCKOCTH:

1) A,B.C, u CDD,; 3) AA,C, u ABC;
2) ABC u A B,C,; 4) ACC, u BDD,.
B, ¢

4 NERETN
IR = v

A D

Puc. 37.20 Puc. 37.21

37.16." Ha ofHoif TpaHK OCTPOTO ABYTPAHHOIO YIJIa OTMETHIN TOUKH A
u D (puc. 37.21). Iz Touku A onycTuiau nepneHauKyaapsl AB u AC
COOTBETCTBEHHO Ha Pedpo U APYTyIo rpaHb ABYrpaHHOro yria. U3
Touku D onmyctunu nepueHAuKyaApsl DE u DF cooTBeTCTBEHHO Ha
pebpo u Apyryio rpaHb AByrpaHHoro yria. Hailimure orpesok DE,
ecau AB =21 cm, AC = 12 ecm, DF = 20 cm.

37.17." Ha onHOI TpaHM OCTPOTO JBYIPAHHOIO YIJa OTMETHIN TOYKY A
u B, ypaneHHBIE OT Ipyroii ero rpadu Ha 14 ¢cM u 8 cM COOTBETCTBEH-
Ho. PaccTrosinue oT Touku A 10 pedpa AByrpaHHOIO yrJja paBHO 42 ¢M.
Haiinure paccrossHume oT Touku B 10 pebpa AByrpaHHOTrO yria.

37.18." OcuoBaHUA paBHOOOKO# Tpamemuu paBHB 10 cm u 18 cm,
a OoxoBas cropoHa — 8 cMm. Haiigure maoiianb IPOEKIIUU TAHHON
Tpamenuu Ha IJIOCKOCTh O, €CJU YIoJ MEKAY IIJIOCKOCTHIO TPAIeI[uu
¥ IIJIOCKOCTHIO 0. paBeH 30°.

37.19." Yepes ogHy m3 cTOpoH pomba, AMATOHAIH KOTOPOTO PaBHEI
6 cm u 12 cM, mpoBeeHa IJIOCKOCTH O, 00Pa3yOIasa C IIJIOCKOCTHIO
pomb6a yroa 30°. Haiigure miomiagb MPOEKIIMHM MTaHHOTO poMba Ha
ILJIOCKOCTH Ol.

37.20.” Touka B Je:XUT BHYTPU JBYIPAHHOIO YIJIA M yhajeHa OT ero
rpaHei Ha J2 emu /3 cM, a oT pebpa — Ha 2 cm. Haligure maHHbBIN
IBYTPAHHBIA yTOJI.

37.21." Touka C JeXNUT BHYTPH JBYIPAHHOIO yIJIa. YTOJ MEXITY Iep-
MeHIUKYJIAPaMU, ONYIeHHbIMU 13 TOuKu C Ha IpaHu ABYTPAHHOTO
yria, paBer 110°. HafiguTe mamHbId ABYTPAHHBIN yToOJI.
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D
7 E ()
B C A 7B
A D
C
Puc. 37.22 Puc. 37.23

37.22." B rpansax JBYTPAHHOTO YIJa, pABHOTO 45°, IpOBe/ileHEI IPSAMEIe,
mapaJjiieibHbIe ero pedpy u yaajieHHbIe oT pebpa Ha 242 e u 3 em

cooTBeTcTBeHHO. Haiinure paccTodHNEe MEX Ay JaHHBIMU IIapaJjljieib-
HBIMU IIPAMBIMMU.

37.23." III0CKOCTB O, IepeceKaeT I'PaHMU ABYIPAHHOTO yIJIA IIO Iapaj-
JIeJILHBIM IPAMBIM m u 1. PaccTossHue oT pedpa ABYyIpaHHOro yria 10
OpsAMOM m paBHO 3 CM, IO MPSAMOI . — 5 CM, a PACCTOSHUE MEKIY
OpAMBIMU M U n — 7 cMm. HafiguTe mamHbIA ABYTIPAHHBIN YIoJ.

37.24." Ilnockoctu npamoyronsEukos ABCD u CBFE nepreHIUKYIAD-
HbI (puc. 37.22). Hainure paccrossiume oT Touku E mo mpsamoit AD
u paccrosaHme oT Touku D mo mpsamoii BF, ecaiu AB=BF =5cwMm,
BC=12cwm.

37.25.” Il1oCcKOCTH IPaBUILHALIX TPeyroabHnKos ABC u ADC mepieH-
IurynapHael. Hafinure yron mexay npamoi BD u ninockoctso ABC.

37.26." PaBHOGepeHHbIe IPAMOYTOIbHEIEe Tpeyronbauku ABC u ADC
uMeT 001y runorenysy AC namHOi 6 cM, a UX IJIOCKOCTHU IIep-
NeHAuKYAApHbl (puc. 37.23). Halizure paccTrosaHue MeKIy TOUYKa-
mu B u D.

37.27.” KoHIBI OTpe3Ka IPUHALIEKAT ABYM IIePIeHUKYIAPHLIM ILIO-
CKOCTSIM, a PACCTOSHUS OT KOHIIOB OTPE3Ka [0 JIMHUU IIePeceueHuns
IJIoCKocTel paBHBI 15 ¢cm u 16 cm. PaccTossHme Mex 1y OCHOBAHUSIMU
MEePIeHAUKYJIAPOB, OMYIIIeHHbIX U3 KOHI[OB OTPE3Ka Ha JIUHUIO Iepe-
ceueHHnsA STUX ILJI0CKOCTel, paBHO 12 cm. HaliiuTe qaHHBIA OTPE3OK.

37.28." Touku A u B neaT B MepHeHIUKYIAPHBLIX IJIOCKOCTAX O 1
coorBeTcTBeHHO. VI3 Touek A m B omyctunu nepuneHAMKYIApsl AC
v BD Ha JIuHNIO IIepeceyeHns II0cKocTel o u 3. Haligure paccrosnme
OT TOUKY B 10 IMHWY TlepeceueHns IIOCKOCTEeH oL 1 3, ecaiu paccTos-
HUE OT TOUKU A 10 3To¥ JuHuu paBHO 9 cm, AB=17 cm, CD =12 cwm.
37.29.” IlnockocTu O U P IMepHeHAUKYIApHEI. TouKa A JeKHUT B ILIO-
CKOCTH O, TouKa B — B miockoctu . Touka A ygajeHa OT JIUHUHA
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nepecedeHns ILIOCKOCTe oL u B Ha 5 cM, a Touka B — Ha 5v2 cm.
Haiigure yrosm mexnay npamoii AB U HJIOCKOCTBIO (L, €CJAU YTOJI
MesKIy IpAMOi AB 1 mIocKocThIo 5 pasen 30°.

37.30.” KoHIIbI OoTpesKa AJMHON 6 CM IPHHAIJIEKAT IBYM II€pPIEHIH-
KYJAPHBIM IJIOCKOCTSIM, & PACCTOAHUSA OT KOHIIOB OTPe3Ka [0 JIUHUI

mepeceuyeHns IIJIOCKOCTeHl PaBHBI 3 CM U 3\/5 cm. Hafimure yrisl,
KOTOpBIe 00pasyeT 9TOT OTPE30K C JAHHBIMU IIJIOCKOCTSIMU.

37.31.” Ilmockocru Tpanernuit ABCD u AEFD c obmum ocHoBaHHeM AD
mepueHAuKyaaApHbl, L/ BAD = /EAD =90°, ZADC = ZADF = 60°,
CD =4 cm, DF = 8 cm. Hatinure paccroarue mexay: 1) npamervu BC
u EF; 2) toukamu C u F.

37.32." Ilmockoctu kBagpata ABCD u mpamoyroabauika AEFD mep-
neHAuKyAApHbl. Halinure paccrosauue me:xay npavbimu BC u EF,
ecJIH ILTOMmIaZb KBaZpaTa paBHa 25 cM’, a IJIOmafb IPAMOYTOIbHH-
Ka — 60 cm’.

37.33." Pe6po DA Terpasapa DABC nepneHANKYIAPHO mIockocTu ABC
(puc. 37.24), AB=BC=AC=8cwm, BD = 47 cm. Haiigure nByrpam-
HBIN yroj, FPaHu KOTOPOTo comep:kar TpeyroabHuku ABC u BCD.

D D
A C A B
<L
B C

Puc. 37.24 Puc. 37.25

37.34." Pe6po DB Tterpasapa DABC mepneHANKYIApHO mIockocTn ABC
(puc. 37.25), ZACB=90°, AC=BC=T7cm, AD = 7J5 cm. Haiigure

IBYTPAHHBIA yT0OJI, TPAHU KOTOPOTO cojaep:kaT TpeyroiabHuKu ABC
u ACD.

37.35." Touka M — cepenuHa pedpa CC, xyba ABCDA B C D,. Hatinure
YroJ Mexay ImockoctaMu BMD u AIBD.

YMNPAXXHEHUSA A1 MOBTOPEHS I

37.36. [IBe cTOPOHBI TPEyroJbHUKA PaBHBLI 15 cMm u 25 cM, a MeamuaHa,
poBeJleHHAaA K TpeThel cTropoHe, — 16 cm. HalimuTe TpeThio CTOPOHY
TPEeyroJbHUKA.
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' MABHOE B NMAPATPA®E 5 .
[

¥YT0J MeXKIy IMPAMBIMH B IPOCTPAHCTBE
VYriaoMm Mexay OBYyMA HEPECEKAIONIUMUCA IPAMBIMU HA3bIBAIOT Be-
JIMYUHY TOTO M3 YIJIOB, 00pPa30BABINNXCA IPU UX IIEePECEUEHUU,
KOTOpPHI# He mpeBwIimaer 90°.
Cumraior, 4To yroJa Me:KIy ABYMA MapajjieIbHBIMU NPAMBIMU Da-
BeH 0°.
VryioM MeKAy ABYMSA CKPEIUBAIOIUMUC IPAMBIMY HAa3bIBAIOT YTOJI
MEKAY IepPeceKaroluMucsa IPAMBIMU, COOTBETCTBEHHO ITapaJljieb-
HBIMU JAHHBIM CKPEIUBAIOINMCS IPAMBIM.
I Be mpsiMble B IIPOCTPAHCTBE HA3HIBAIOT MEPIEHAUKYIAPHBIMU, €CJIT
yroJ Me:xkay HumMu paseH 90°.

IleprieHAUKYAAPHOCTh MPAMOH M IJIOCKOCTH
IIpamyio Ha3BIBAIOT NEPIEHIUKYJIIPHONA IIJIOCKOCTH, €CJIM OHA IIep-
TMEeHAVKYJIAPHA JI000M IPAMOI, Je)KaIeil B 9TOU IIJIOCKOCTH.
Ecsin npsmas neprneHAUKYJISAPHA ABYM II€PECEKAOIUMCS IPAMBIM,
JIEXKAIIIUM B IIJIOCKOCTH, TO OHA IIEPIIEHANKYJISPHA CAMOU IIJIOCKOCTH.
Ecanu OoHa M3 ABYX IIapaJlIeJIbHBIX IIPAMBIX IIE€EPIEeHINKYJAPHA
IJIOCKOCTY, TO ¥ pyTas NpsAMas HepIeHJUKYIapHA 9TOHU IIJIOCKOCTH.
Ecnu nBe mpaMble IepPIEHANMKYIAPHBI OLHON U TOH Ke IJIOCKOCTH,
TO OHU TapaJljieJbHBbI.
Yepes TaHHYIO TOUKY MOYKHO IIPOBECTHU IIPSAMYIO, IIEePIEHINKYJIAP-
HYIO JAHHOI IIJIOCKOCTU, U IIPUTOM TOJIBKO OIHY.

OproroHa;apHasA MPOEKINUS (PUTYPBHI

ITycts purypa F, — mapasienbHas npoekuus Gurypsl F Ha 1LI0-
CKOCTB O B HampasyeHuu npsamon l. Ecau [ L o, To Qpurypy F, Ha-
3BIBAIOT OPTOTOHAJBHOI IpoeKIuell Gurypsl F Ha MJIOCKOCTDH Ol.

PaccTossHHEe OT TOYKHM OO0 IJIIOCKOCTH

Eciu Touka He IIPUHAOJEMKUT IIJIOCKOCTH, TO PACCTOAHNEM OT TOUKHN
A0 IIJIOCKOCTH Ha3bIBAIOT MJIMHY IIEPIIeHAUKYJIAPa, OIIYIIIeHHOI'0 13
TOUKM Ha MJOCKOCTh. Kcam Touka IIPDUHAOJIEKUT IIJIOCKOCTHU, TO
CUUTAT, YTO PACCTOAHMNE OT TOUYKHN OO IIJIOCKOCTH PaBHO HYJIIO.

PaccrosaHue oT mpsaMOii 10 MapaJIeJbHON el MIOCKOCTH
PaccrosuameM oT IpsaMoii 40 mapaJiiebHON eil IIJIOCKOCTY Ha3bIBAIOT
paccTosgHMe OT JII00OM TOYKM 9TOU MPSAMOI OO IJIOCKOCTH.
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Paccrosaaue MeXKOAy IBYMdA nmapajjieJbHbIMHU IINIOCKOCTAMM

Paccrosauem Mexxay OByMs IapajjieIbHBIMUA IIJIOCKOCTSIMU HAasbI-
BalOT pacCcTOSAHMWE OT JI000W TOUKU OJHOM IIJIOCKOCTHU IO APYrou
ILJIOCKOCTH.

Teopema o Tpex meprmeHINKYIIpPax
Ecin mpsamasi, mpuHaIIexaliasa IIJOCKOCTH, IePHeHINKYJIAPHA
MIPOEKI[NY HAKJOHHOM! K 9TOH IJIOCKOCTH, TO OHA IMEePIeHINKYIIPHA
¥ caMOl HaKJOHHOI. VI Haob0opoT, ec/iu mpsaMasi, MPUHALIeKaIasd
ILJIOCKOCTH, IEePIeHANKYJIAPHA HAKJIOHHOM K 9TOM IIJIOCKOCTU, TO
OHA MEePIEeHANKYJIAPHA U IIPOEKIINY HAKJOHHOM HA 9Ty IIJIOCKOCTD.

Yros Me:kIay MPAMOMA M ILIOCKOCTHIO

Ecau npsamas nmapaJijiesbHa IJIOCKOCTH WJIW MPUHAIJIEKUT eif, TO
CUMTAIOT, YTO YIrOJ MeXKAY TaKOU IPAMOM M ILIOCKOCThIO paBeH 0°.
Ecau npamas neprneHIUKYIAPHA IJIOCKOCTH, TO CYUTAIOT, UTO YI'OJ
MKy TaKOoW HMpPAMOI U IJIOCKOCTBHIO paBeH 90°.

Ecau nmpsamasa nepecekaeT IJIOCKOCTh U He MEPIEHIUKYIAPHA e, TO
YIJIOM MeXKIY TaKOil MPAMOI U IJIOCKOCTHIO Ha3bIBAIOT YTOJ MEXKIY
IPSAMOI U ee IMPOEKIlMell Ha MJIOCKOCTh.

BesuuuHa ABYrpaHHOTO yrJia
BesmuwnnaoO# ABYyrpaHHOTO yIja HAa3bIBAIOT BEJIUYUHY €ro JIMHEeHHOTO
yraa.

¥YT0oa Me:Kay ABYMSA IepPeceKaroIuMUCs IIOCKOCTIMH
Vriaom Mexay OBYyMs IIepPeceKaroIUMUCS IIJIOCKOCTAMU Ha3bIBAIOT
BEJIMUMHY TOTO M3 00PAsOBaBIINXCS ABYI'PAHHBIX YIJIOB, KOTOPBIH
He mpesBwIiniaer 90°.

Ilnomanas OPTOrOHAJIBLHOM MPOEKIIUHA MHOTOYTOJbHUKA
ILnomans IPOEKIUK BBHIMIYKJIOI0 MHOIOYTOJbHUKA PABHA IIPOU3BE-
IEeHUIO ero ILIOIaAN U KOCUHYCa YIJya (0 MeXIy MHOTOYT'OJbHUKOM
u ero mpoekIueii, rae 0°<o < 90°.

Hepne}mmcy.rmpﬂble IINIOCKOCTH

IIBe IJIOCKOCTH HA3BLIBAIOT MEePIEHIUKYIAPHBIMU, €CJIU YTOJI MEKIY
HUMHU paBeH 90°.

IIpuzHaK MePHEHAUKYIAPHOCTH IJIOCKOCTEI
Ecnu opHa U3 ABYX MJIOCKOCTEH TPOXOAUT Uepes MPAMYI0, IepIeH-
IUKYJIAPHYIO APYTroil IJIOCKOCTU, TO 3THU ILJIOCKOCTUA HEPIEHIUKY-
JIAPHBI.
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KOOPAUHATDI
N BEKTOPbDI § 6
B MPOCTPAHCTBE

B aToM naparpade Bbl 03HaKOMUTECH C MPSMOYTOfIbHOM CUCTEMOW
KOOPAMHAT B MPOCTPAHCTBE, Hay4MTECh HAXOAWTb KOOPAMHATbI TOHEK
B MPOCTPAHCTBE, ANIMHY OTPe3Ka 1 KOOPAMHATbI €r0 CepeamHbI.

Bbl 0600LMTe 1 paclLnpUTe CBOW 3HAHMS O BEKTOPAX.

38. [lekapTOBbl KOOPAUHATbI TOYKU
B NPOCTPaHCTBE
B mpeanIayInmux KJjaccax BbI O3HAKOMUJINCH C IIPSIMOYTOJbHOU (me-

KapTOBOI) CCTEMOI KOOPAWHAT Ha IJIOCKOCTH — 9TO [BE MePIeHANKY-
JIIpHBbIE KOOPAWHATHBIE IIPSAMBIE ¢ O0ITUM HauajsioM orcuera (puc. 38.1).

,
>

Y
3

2_

Ocv opdurnam

1 -
Ocv abcyucce

Ocv annaukam W

! ! ! ! ! 3>
T T >

-3 2-10] 1 2 3 «x Ocb opounam Y
_1__ T O >

_2 4 b
-3+ OCO

Puc. 38.1 Puc. 38.2

CucreMy KOOpPAMHAT MOYKHO BBECTU U B IIPOCTPAHCTEE.

IIpamoyrossHOi (TeKapTOBOi) CHCTEMOW KOOPAMWHAT B IIPOCTPAH-
CTBe HAa3bIBAIOT TPHU IIONAPHO NEePHEeHIUKYISIPHbIE KOOPAWHATHLIE IIPS-
MbIe ¢ 00IMM HauajaoMm orcuera (puc. 38.2). Touky, B KOTOpPOil mepe-
ceKaloTcAa TPU KOOPAMHATHBIE MpAMbIe, obosHauaioT O6ykBoi O. Ee
HA3BLIBAIOT HAYaJioM KoopauHat. KoopauHaTHbIe MpsiMble 0003HAYAIOT
OyKBaMU X, Y U 2, IX COOTBETCTBEHHO HA3BLIBAIOT OCHI0 a0CIIHCC, OCHIO
OPAUHAT U OCBHIO ANILJIMKAT.
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IlrockocTu, IPOXOnAIUe Yepe3d Hapbl KOOPAMHATHBIX IPAMBIX X
ny, XUz, Y2, HA3BIBAIOT KOOPAUHATHBIMHU IJIOCKOCTSIMHU, UX COOT-
BETCTBEHHO 0003HAYAIOT XY, X2, yz (puc. 38.3).

IIpocTpancTBO, B KOTOPOM 3ajaHa CHCTEeMa KOOPAMHAT, HAa3bIBAIOT
KOOPAMHATHBIM HpocTpaHCTBOM. Eciu ocu KoopamHAT 0003HAUEHBI
0ykBaMu X, Y, 2, TO KOOPAWHATHOE IIPOCTPAHCTBO 0003HAYAIOT XYZ.

W3 xypca naaHUMeTpPUM BbI 3HAETe, YTO KaxK a0 Touke M Koopau-
HATHOM IIJIOCKOCTU XY CTABUTCS B COOTBETCTBUE YIOPALOUEHHAA mapa
uuces (X; ), KOTOpbIe HA3BIBAIOT KoopAMHATaMu Touky M. 3anucsiBa-
oT: M (x; y).

AHajornuHo Kax a0 Touke M KOOPAMHATHOTO ITPOCTPAHCTBA CTa-
BUTCA B COOTBETCTBUE YIOPALOUEHHAA TPOUKa uuces (x; y; 2), ompene-
JsieMas ciaemyromuM oopasomM. IIpoBemem ueped Touky M TPHU IJIOCKO-
CTH O, [ ¥ Y IEPIEeHAUKYIAPHO OCAM X, Y U 2 COOTBETCTBEHHO. TOUKM
mepeceyeHnsa STUX IIJIOCKOCTeH ¢ KOOPAWHATHBIMHU OCAMU 0003HAUUM
M,, M, un M, (puc. 38.4). Koopaunary Touku M, Ha ocu X HA3bIBAIOT

ab6cuuccoit Touku M u obo3HauaT 0ykBoit x. Koopauuary Touku M y

Ha OCH J HaA3BLIBAIOT OPAUMHATOW TOuKM M u 0003HAUAIOT OYKBOM Y.
Kooppurary Touku M, Ha ocH 2z HasbIBAIOT ANILIMKATOH Touku M

u 0003HauaioT OYKBOI 2.
ITosyueHHYIO YIOPALOUYEHHYIO TPOHKY umcesd (X; y; 2) HA3LIBAIOT
KoopauHaTtaMu Touku M B mpocTpancTBe. 3anuckiBaior: M (x; y; 2).
Ecnu Touka M umeer KoopauHaTel M (x; y; 2), To uucaa | x |, | y |,
| z | paBHBI paccToaHMAM OT TOuKH M 10 KOOPAMHATHBIX IJIOCKOCTEMH
yz, xz, xy. Vcmoas3ys oToT (aKT, MOKHO JOKas3aTh, UTO, HAIIPHMED,
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214 § 6. KoopamHaTbl 11 BEKTOPbI B MPOCTPAHCTBE

zq TOUKU ¢ KoopmuHatamu M (x; y; 2) u
o M (x;y; 2) N (x; y; —2z) nexar Ha IPAMOI, IEePIEHU-
KYJIAPHOH IJIOCKOCTH XY, I PABHOY/JAJIEHEI
> oT sToi#t miaockocTu (puc. 38.5). B sTom
Y caydae TOBOpAT, uTo Touku M u N cum-
METPUYHBI OTHOCUTEJIHHO IJIOCKOCTH XY.
/ Ecnu Touka mpuHAIJIEKUT KOOPIU-
x HATHOH! IJIOCKOCTH WU KOODPAUHATHON
oCH, TO HEKOTOPbIe ee KOOPAUHATHI PaB-
SN (x5 y; —2) =Bl Hyao. Hanpumep, Touka A(x; y; 0)
Puc. 38.5 MPUHAMJIEKUT KOOPIAUHATHOM IIJIOCKOCTH
xy, a Touka B(0; 0; 2) — ocu anniaukar.

CrpaBeiuBhI CIEYIOIINe YTBePIKIEeHNUS.
Teopema 38.1. Paccmoanue mescdy 0eyma moukamu A(x; Y ; 2,)

u B(x,; y,; 2,) MOJ%HO Hallmu no ¢popmyne

AB = \/(xz %)+ Wy -y + (2, - %)’

Teopema 38.2. Kaxcdas koopdunama cepedunv. ompe3ka paéHa
noaycymme coomeemcmeyruux KoopoduHam ezo KOHY06, Mo ecmb
cepedunoi ompe3ra ¢ Konyamu 6 moukax A(x;y; z,) u B(x,; y,; 2,)
aensemcs moixa

9 9

2 2 2
HorkazarenbcTBa TeopeM 38.1 1 38.2 aHAJTOTUYHBI TOMY, KaK OBLIN
JOKa3aHbl COOTBETCTBYIOIIME TEOPEMBI B Kypce IJIaHUMETPUH.
Hanpumep, cepeguHO# oTpeskKa ¢ KOHIAMU B Toukax A(x; y; 2)
u B(—x; —y; —z) aBasgercsa Hauajgo KoopauHar — Touka O (0; 0; 0).
B Trakom ciiyuae roBopsT, UTO TOUKU A 1 B CHMMETPHYHBI OTHOCHTEIh-
HO HAYaJjia KOOPIUHAT.

M(x1+x2_yl+y2_21+22)

a - T
® 1. Kak HasbisaloT TPW NONapHO NepneHAMKYNAPHbIE KOOPAMHATHbIE NpAMble
C 0BLLMM HaYanom oTcyeTa?
2. KaK Ha3bIBaloT KOOPAMHATHYIO NpsMyto, 0603Ha4eHHyto OykBou x? BykBon y?
OykBown 2?
3. OnunwwuTe, kaknm obpaszom kaxaon Todke M KOOPAMHATHOrO NPOCTPaHCTBA
CTaBUTCS B COOTBETCTBME yNopsiaodeHHas Tporika uncen (x; y; 2).
4. B KakoMm clydae roBopsT, 4T0 ABe TOHKN CUMMETPUYHbBI OTHOCUTENIbHO KOOP-
OMHATHOM NNOCKOCTU XY ? NAOCKOCTU X27? NNOCKOCTU Y27
5. Kak Hantu pacctoaHve Mexay ABYMS TOHKaMK, eCiiv U3BECTHbI X KOOPAM-
HaTbI?
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38. [lekapToBbl KOOPAMHATbI TOYKM B MPOCTPAHCTBE 215

6. Kak HanTn KoopaMHaThbl cepenHbl OTpe3Ka, ec/ivi 3BeCTHbl KOOPAMHAaTbI ero
KOHLLOB?

7. B KakoM cny4ae roBopsT, YTO [Be TOHKU CUMMETPUYHbI OTHOCUTENBHO Havasa
KoopAmnHaT?

YMNMPAXKHEH/S I

38.1.° OmpegenuTe, JIEXKUT JU JAaHHAS TOUKA HA KOOPAMHATHOHN OCH,
¥ B CJIy4Yae YTBEPAUTEJILHOI'O OTBETA YKAYKUTE 3TY OCh:
1) A(4; —3; 0); 3) C(=6; 0; 0); 5) E(0; 0; —2);
2) B(1; 0; —5); 4) D(0; 7; 0); 6) F(3; 0; 0).

38.2.° OmpegenuTe, IPUHAIJICIKHUT JIU JaHHAS TOUKA KOOPAWHATHON ILIO-
CKOCTH, 1 B CJIyYae YTBEPAUTEIbHOI'O OTBETA YKAMKNITE 3TY IIJIOCKOCTD:
1) A(4; —3; 5); 3) C(3; 3; 0); 5) E(0; 4; 0);
2) B(0; —2; 6); 4) D(2; 0; 8); 6) F(-1; 1; 2).

38.3.° KakoBo paccrosauue ot Touku M (4; —5; 2) 10 KOOpAMHATHON
ILJIOCKOCTH:
1) xy; 2) xz; 3) yz?

38.4.° Kakme KoOpAWMHATHI MMeeT TpoeKmus Touku M (—3; 2; 4) Ha
KOOPAMHATHYIO TIJIOCKOCTh:
1) xz; 2) yz; 3) xy?

38.5.° Hailimute paccrosHue Mexay Toukamu A u B, ecau:
1) A(3; —4; 2), B(5; —6; 1); 2) A(=2; 3; 1), B(=3; 2; 0).

38.6.° Haiinure paccrosuue me:xkay Toukamu C(6; —5; —1) mu D(8; —7; 1).

38.7.° Haiimure KoopamHATHI cepequHbl orpeska CD, ecau C(—2; 6; —7),
D(4; —-10; -3).

38.8.° Haiigure KoopAmMHATHI cepequHbl orpeska EF, ecaiu E(3; —3; 10),
F(1; —4; -8).

38.9." Kakue us Touex A(—1; 6; 2), B(-1; —6; 2), C(1; 6; —2), D(1; —6; 2)
JIeKAT B OQHOM ILJIOCKOCTH, IapaJlIeIbHOMN IIJIOCKOCTH XZ?

38.10." Kakme m3 touex M (5; 10; -3), N(5; 9; 3), K(4; —9; 3),
P(4; —9; 2) nexaT B OJHOH IIJIOCKOCTHU, ITapaJLJIEIBHON IIJIOCKOCTH XY ?

38.11." Kakme KoOpAWHATHI HMEET TOUYKA, CHMMETPHYHAHA TOUKE
M (1; —5; 2) OTHOCUTEIHHO IIJIOCKOCTHU:
1) xz; 2) yz; 3) xy?

38.12." Kakue KOOpAMHATHI HMeeT TOYKA, CHMMETPHUYHAH TOUKE
N (=7; 1; 0) oTHOCHTEIHLHO HaUaJga KOOpAUHAT?

38.13." Kakwue us touex A(5; —8; 1), B(5; 8; 1), C(-5; 7; 1), D(5; —-7; —1)
JIeXKaT Ha OJHOU IPsMOIi, ImapasliejbHON ocu OpAUHAT?
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216 § 6. KoopamHaTbl 1 BEKTOPbI B MPOCTPAHCTBE

38.14." Kakme wus rouexk D(2; 3; 4), E(-2; 3; 4), K(2; 3; —4),
M (—2; —3; 4) nexaT Ha OTHOM IPAMOM, IapasIebHOi OCH alIlInKaT?
38.15." Ky6 ABCDA B C, D, pacnoyioyeH B IPAMOYTOJbHOU CUCTeMe
KOOpPAMHAT TakK, KaK IIOKasaHo Ha pucyuke 38.6. Touka A numeer Ko-
opaunartsl (1; —1; 0). HaiignTe KOOpAMHATHI OCTAJIBHBIX BEPIIUH Ky0a.

z
ZA
B C
1I 1 B, C,
! [}
A, T | Dy A, : D,
] 1 ]
] ' ]
B,',_;O.._,_ C 'O 5
BT Y. Jo ¥
A D x/ ’r'
A D
x
Puc. 38.6 Puc. 38.7

38.16." BokoBBle pedpa NIPAMOYTOJLHOTO IapajiejelHIIena
ABCDA B,C D, napannensusl ocu anmiukar (puc. 38.7), AD =3,
AB=5, AA1 = 8. Hauano xoopauuar, Touka O, ABISETCA CepeauHO
pebpa DD,. HaiinuTe KOOPAMHATHL BEPIINH [apaJiesenuesa.

38.17." Touru A(3; —2; 6) u C(-1; 2; —4) ABIAIOTCA BepUIMHAMU KBa-
apara ABCD. HaiiguTe mioiagb 9TOTO KBajpara.

38.18." Touxu A (5; —5; 4) u B(8; —3; 3) aBisA0TCA BepIITHAME PABHOCTO-
poruero tpeyroiabauka ABC. Hatigure nepuMeTp 9TOro TpeyroJabHUKA.

38.19." Touka S — cepexnuna orpeska AD, A(—1; —2; —3), S (5; —1; 0).
Haiigure KoopauHaThl TOUKHU D.

38.20." Paccrosnue mesxnay Toukamu A(1l; y; 3) u B(3; —6; 5) pasHO
2.6. Haiigure 3nauenue y.

38.21." Touka A ImpUHALJIEKUT ocu abcuucc. PaccrogHue or Touku A
mo Touku C(1; —1; —2) paBuo 3. Haiigure KoopaAMHATHEI TOUKH A.

38.22." Haiinure paccroarue or Touku M (—3; 4; 9) 10 ocu anIInKAaT.
38.23." Haiinure paccrosaue ot Touky K (12; 10; —5) 10 ocu opauHAT.

YMNMPAXHEHNSA A1 MOBTOPEHNS IS

38.24. OcHoBaHUs paBHOOOKOU Tpamernuu paBHBI 13 cm u 37 cM, a ee
IVaroHaJIM MePIeHANKYJIApHbI. HalianTe miaomanas Tpamemnnn.
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39. BekTopbl B NpOCTpaHCTBE 217

39. BekTOopbl B NpOCTPaHCTBE

B Kypce miaHuMeTpuy Bbl U3yYAIM BEKTOPHI Ha ILIOCKOCTU. Temepnb
BBl HaUMHAeTe M3yYaTh BEKTOPHI B IIPOCTPaHCcTBe. MHOTUE MOHATHUS
¥ CBOMCTBA, CBSI3AHHBIE C BEKTOPAMHU HA IIJIOCKOCTU, MOYKHO IIOUTHU IO-
CJIOBHO OTHECTH K BEKTOpaM B IIpocTpaHcTBe. [[oKasaTesbCcTBa TAKOTO
pola yTBEeP:KIEHUM O BEeKTOPaX B IIPOCTPAHCTBE AHAJIOTMUYHBI JOKAasa-
TeJIBCTBAM COOTBETCTBYIOIIUX YTBEP/KIAEHUH O BEKTOPAX Ha ILJIOCKOCTH.

Paccmorpum otpe3ok AB. Eciii MBI OTOBOPUMCS TOUKY A CUMTATH
HAYaJIOM OTPe3Ka, a TOUKYy B — ero KOHIOM, TO TaKOIi OTPe30K OymeT
XapaKTepU30BaThCSA He TOJLKO AJIUHOM, HO ¥ HAIIPABJI€HUEM OT TOUKU A
mo Ttouku B. Ecim yKasaHo, Kakas TOUKA SIBJISETCS HAYaJIOM OTPesKa,
a Kakasd TOYKa — ero KOHIIOM, TO TaKO¥ OTPe30K HA3LIBAIOT HAIIPaB-
JI€HHBIM OTPE3KOM MJII1 BEKTOPOM.

BexTop ¢ HauasioM B TouKe A 11 KOHIIOM B TOUKe B 0003Ha4YaT Tak:
AB (uurarT: «BeKTOpP AB»). [lyia 0003HAUEHUS BEKTOPOB TaKiKe HC-
TIOJIL3YIOT CTPOYHBIE OYKBHI JIATHHCKOTO aJI(baBI/ITa co CTpeJIROI/I CBEPXY.

Ha pucynke 39.1 nsobpakeHbl BEKTOPbI AB MN u p-

B orauuwme or oTpesKa, KOHIIBI KOTOPOrO — pa3JIUUYHbIE TOUKH,
Y BEKTOpa HAYaJI0O M KOHEI[ MOT'yT COBIAIATh.
JoroBopminch HA3bIBATH BEKTOP, HAYAJIO ¥ KOHEI KOTOPOr'o — OIHA U

Ta JKe TOYKAa, HyJeBBIM BEKTOPOM WM HYJIb-BEKTOPOM U o6o3Hauath 0.
Monaynem BekTopa AB mHasbIBaioT AauHY oTpeska AB. O6o3HauamoT:
|AB | Mogysis BeKTOpa @ 0003HAUAIOT TaK: |a | Cumraior, 4TO MO-

IyJib HYJIEBOT'O BEKTOPA PaBEeH HYJIIO. 3alUChIBAIOT: | 0 |= 0

Onpenenenue. [[Ba HEHYJEeBbIX BEKTOpPAa HA3BIBAIOT KO JIJI U H e-
apPHBIMU, €CJIM OHM JIEJKAT HA NaPaJlJIeJIbHBIX MPSIMbBIX HJIH Ha OTHOM
npavoii. HyjieBoii BeKTOp CUNUTAIOT KOJIJIMHEAPHBIM JII000MY BEKTOPY.

Ha pucynke 39.2 wusobparkeHa UYeThIpeXyroJibHas MOpuU3Ma
ABCDA B/ C/D,. Bekropst AO u AC, ABIAIOTCS KOJJIMHEADHBIMHU.

N
//

M .

A— />

o

Puc. 39.1 Puc. 39.2
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218 § 6. KoopamHaTbl 11 BEKTOPbI B MPOCTPAHCTBE

SanuceiBator: AO || AC,.
HewnyJieBble KOJLIMHEAPHbIE BEKTOPHI OBIBAIOT COHAIIPABJIEHHBIMH
¥ MIPOTHBOIIOJIOKHO HAIpaBJIeHHbIMU. Hampumep, Ha pucyHke 39.2 Bek-

Topsr AO u A,C, coHampaBjeHBI. 3alllCHIBAIOT: AOTT A,C,. BekTopsl

OD u D, B, IpOTHBOIIOJIOKHO HallpaBJIeHbl. 3alllChIBAIOT: oD Tl D, B,.

Onpenmenenne. [[Ba HEHYJEeBhIX BEKTOPa HA3BIBAIOT DA BHBIMH,
ecJIM MX MOJYJIM PABHBI U OHU COHAIIPABJIEHBI. JII0ObIE TBa HYJIEBBIX
BEKTOpPa PaBHBI.

Ha pucyske 39.2 AA =CC,, B B=D,D, OC, = A0, AD=BC,.
Yacro, roBOpsA 0 BEKTOPaX, Mbl He KOHKPETU3UPYeM, KaKas TOUKa
ABJAETCA HAUYaJoM BekTopa. Tak, Ha pucyHke 39.3, a n3o6pakeH BeK-

Top a. Ha pucynke 39.3, 6 nsobpaskeHbl BEKTOPHI, PAaBHbI€ BEKTO-

py a. Kaxaprit us HUX TaK/Ke MPUHATO HABHIBATH BEKTOPOM 4.

Yy

a 0 8 2
Puc. 39.3

Ha pucynke 39.3, 6 n300pakeHbl BEKTOP a4 u Touka A. ITocTpoum
BEKTOD AB, DPaBHBIN BEKTOPY a. B rakom cliydae TOBOPAT, UTO BEK-
TOp & OTJIOMEH OT TOUKH A (puc. 39.3, 2).

PaccMoTpuM B KOOPAUMHATHOM IIPOCTPAH-

Z4 crBe BeKTOp a. OT Havajia KOOpPAWHAT OT-

z =~ . -
aoxkuM BeKTOp OA, paBHBINI BEKTOPY a

(puc. 39.4). KoopaunaTamMu BeKTOpa a

Q

Ha3LIBAIOT KOOPAMHATHI TOUKH A. 3amuch
a (x;y; z) o3HayaeT, UTO BEKTOD @ WHMeeT

>  KOoOpAuWHATHL (X; Y; 2).

x Pasnvie sexmopuvl umeiom pagrnuvie coom-
semcmaeyowue KoopouHamul, U Haobopom,
ecau coomeemcemaeynujue KoopouHambvl 6€K-

Puc. 39.4 mopos pasHbwl, Mo paBHbL U CAMU BEKMOPbLL.
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Teopema 39.1. Ecau mouru A(x;;y,; z,) u B(x,; y,; 2,) — coom-
6emCmeEenHO HaAYal0 U KOHeY 6eKmopa a, mo 4Ucra X, — X, Yy, — Yy,
U 2z, ~ 2, PAGHbL COOMEEMCMEEHHO Nepeoll, 6mopol u mpembyet Ko-
opdunamam éexkmopa a.

W3 hopmMyJibl pACCTOSHUSA MEXKIY IBYMS TOUKAMU CJIEAYET, UTO eCal
6éexmop a umeem Koopdunamui (a;; a,; a,), mo

- _ 2 2 2
|a|—\/al+a2+a3.

p |

® 1. Kak o6o3HadaloT BEKTOP C Ha4yanoM B Toyke A 1 KOHL,OM B Toyke B?

. Kakow BeKTop Ha3bIBaloT HyeBbIM?

. 4YTO Ha3bIBalOT MOAYyN1eM BEKTOpa?

. Kakne BeKTOPbI Ha3bIBaOT KONNMHEAPHbIMU?

. Kakure ABa HeHyneBbIx BEKTOPa Ha3bIBAlOT PaBHbIMU?

. 4TO MOXHO CKa3aTb O KOOPAMHATaX PaBHbIX BEKTOPOB?

. 4TO MOXHO CKa3aTb O BEKTOpPax, COOTBETCTBYIOLLME KOOPAMHATbI KOTOPbIX
PaBHbI?

8. Kak HanTu KoopAmMHaTbl BEKTOPa, €CIM N3BECTHbI KOOPAMHATBLI ero Hadvana

M KOHUa?
9. Kak HanT MoLy/b BEKTOPa, eC/N M3BEeCTHbI er0 KOOPAMHATbI?

NoubhWN

YMPAXKHEH/S I

39.1.° Ha pucynke 39.5 uzobpaxena npusma ABCA B C,, ocHOBaHUEM
KOTOPOH ABJIAETCSA npaBHanmﬁ TPeyroabHUK. PaBHBI 11 BEKTODHI:

1) AC u AC,; 2) AC u AB,; 3) BB, u C,C; 4) BB, u AA?

" el
AL
I
]
E 1
]
A c \&;?-- e
B A F D
Puc. 39.5 Puc. 39.6
39.2.° Toukn E u F — cepeAuHBI COOTBETCTBEHHO pebep AA u AD

npsamoyroasHoro mnapamaenenunesa ABCDA B C D, (puc. 39.6),
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220 § 6. KoopamHaTbl 11 BEKTOPbI B MPOCTPAHCTBE

AB # AD. YKa)XuTe BEKTODPHI C HAUAJOM U KOHIIOM B BEPIINHAX
mapaJiieyenuiesia, KOTophie:

1) conanpasieHbl ¢ BekKTopoMm EF;

2) IPOTHUBOIIOJIOKHO HaIpaBIeHbl ¢ BeKTopoM ADB;;

3) UMeIOT paBHBIEe MOy ¢ BekTopoMm BC,.

39.3.° Toukmu M u K — cepenunbl coorsercTBeHHO peGep CD u CC,
npsaMoyroabHoro napasenenunesa ABCDA B C D,. YKaxure BeK-
TOPBI C HAYAJIOM ¥ KOHIIOM B BepIIMHAX ITapaJjijieienuiesa, KOTopbie:

1) coHanmpaBJIeHbI C BEKTOPOM E;

2) IPOTUBOIIOJOKHO HAIIPABJIEHBI C BEKTOPOM MK;

3) uMeIoT paBHBIE MOAYJIN C BEKTOPOM A—C1
39.4.° Hauepture Tterpasap DABC. Otioxure:

1) oT TouKu A BEKTOD, PABHBINI BEKTODY @;

2) oT TouKu B BEKTOP, PABHBLIA BEKTOPY AC;

3) or TouKu D BEKTOP, PABHBIN BEKTODPY BC.
39.5.° Haueprure ky6 ABCDA B,C D,. Otnosxure:

1) or Touku A BEeKTOp, PaBHBIIL BeKTOPY A, A;

2) ot Touku C BeKTOp, paBHEIN BeKTOPY A,C,;
3) or Trouku D, BeKTOD, paBHBIA BeKTOPY B D.

39.6.° Kakue KOOpAMHATHI UMEET HYJIeBOHi BeKTOp?

39.7.° HaiizuTe KOOPAMHATEI BEKTOpA E, ecsn:
1) A(3; 4; 2), B(1; —4; 5); 2) A(=6; 7; -1), B(2; 9; 8).

39.8.° HatinuTe KOOpAUHATHEI BEKTOPA C—D, eciu C(—1; 10; 4), D(-1; 0; 2).

39.9.° Haiimure Moayab BeKTOpa m (2;—5;ﬁ )

39.10.° Hatigure moxmysib BekTopa MK, ecou M (10; —4; 20), K(8; —2; 19).

39.11." HaiimuTe KOOPAWMHATH KOHIIA BEKTODPA I‘Dﬁ(Z; -3;6), ecau
P(3; 5; -1).

39.12." HaiiiuTe KOOpZMHATHI HAYaJa BEKTODPA ﬁ(—3; 4;-2), ecau
T(4; 2; 0).

39.13." Hamsr Touku A(-2; 3; 5), B(1; 2; 4), C(4; —3; 6). Haiigure
KOOPAWHATHI TOUKH D TAKoii, UTO AB=CD.

39.14." Mams: Touku A(5; —12; 7), B(0; y; 3), C(x; 17; 14) D(15; 0; 2).
IIpu kakux 3HAYEHUAX X, Y U 2 BEPHO PAaBEHCTBO AB=CD?
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39.15." Moxyas BeKTOpa E(—4; y;12) pasen 13. Haiinure 3HaueHwme y.

39.16." IIpy KakUxX 3HAUEHMAX E MOLYJIM BEKTOPOB 5(4; k+3;10)
u E(k; 4;k+9) paBHBI?

39.17." Ucnonbays BeKTOPHI, JOKAMKUTE, UYTO YeThIPeXyroabHuK ABCD
¢ BepmmHamMu B Toukax A(—4; 2; 5), B(-6; 3; 0), C(12; —-8; 1)
u D(14; —9; 6) aBiasercs mapajjeiorpaMMOM.

39.18." lamsl KOOpAMHATHI TPeX BepIIMH Iapajienorpamma ABCD:
A(10; -8; -1), C(—2; 4; 4) u D(11; —20; 10). Ucmonb3ysa BEKTOPHI,
HaWInuTe KOOPAMHATHI BepIINHBI B.

39.19.” Moxyap BeKTOpa m paBeu 4\/5, a ero KOoOpAMHATHI PAaBHBI.
Haiigure KoopAuHATHI BEKTOpA m.
39.20." Mogynb BekTOpa c (X;y;2) paBeH 9, ero KOODAMHATHL X U 2

PaBHBI, & KOOPAWHATEL X U iy — IPOTUBOIIOJIOKHBIE UHKCJIA. HaﬁﬂHTe
KOOpJAMHATBI BEKTOpPpa C.

YMNPAXHEHNA ANA MOBTOPEH/S I

39.21. ITo ogHY CTOPOHY OT IIeHTPa OKPYKHOCTH MIPOBEIEHLI IBE IapaJi-
JeabHbIe Xopabl anuHoi 30 cm u 48 cm. Haligure paccTroaHure MexXIy
XOpAaMu, eCJaUu PAgUyC OKPYKHOCTU paBeH 25 cM.

40. Cno)xeHWe 1 BblYNTaHNE BEKTOPOB

ITlycTh B mpocTpaHCTBe JaHbl BEKTOPLI @ U b. OTJI0XKHUM OT IIPOuU3-
BOJIbHOM TOUKU A TpocTpamcTBa BeKTOp AB, paBHBIH BEKTOPY da.

Hamee or Toukm B ormo:kuMm BeKkTop BC, paBHBINI BeKTOpy b. Bek-

Top AC Ha3BIBAIOT CYMMOH BEKTOPOB a 1 b

(puc. 40.1) u 3anucHIBAIOT: a+b=AC. b
/

OnucaHHbIN aJITOPUTM CJIOMKEHUS IBYX BEK-
TOPOB HA3BIBAIOT MPABHJIOM TPEYTrOJbHUKA. i A

MosxHO mOKasaTh, UTO cyMMa a +b He 3a-

BHUCHUT OT BBIOOpaA TOUKU A.
3ameTuM, 4TO 025 AH00bLX mpex mouek A, B B

u C evinoansemcs pagencmeo AB+ BC = AC.
Ono BbIpa’KaeT IIPaBUJIO TPEYTOJLHUKA. Puc. 40.1
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CBolicTBa CIOKEHUS BEKTOPOB aHAJIOTMYHBI CBOIICTBAM CJIOXKEHUA
quceJI.

JIna n1066Lx 6eKMoOpPos @, b U ¢ 6bLNOLHAIOMCA PABEHCMEA:
a+0=a;

a+b=b+a (nepemecmumenvHoe c60iicmeo);

(Z + 5) tc=a+ (F + E) (couemamenvHoe c80UCME0).

CymMMy Tpex u 6OJBINIEro KOJMYecTBa BEKTOPOB HAXOAAT TaK: BHAUA-
Jie CKJIAAbIBAIOT IIePBBIM 1 BTOPOU BEKTOPHI, IIOTOM K IIOJIYUYEHHOU CyM-

Me IIpuOAaBJIAIOT TPETUl BeKTop U T. A. Hampumep, a+b+c= (E + 17) te.
Hasa rerpasgpa DABC, usobpaskeHHOTO Ha pucyHKe 40.2, MOXKHO
sanucats: AC+CD+ DB=AD+ DB = AB.

D
_—
a b
A B B C
C A D
Puc. 40.2 Puc. 40.3

st caomeHUss MBYX HEKOJIMHEAPHBIX BEKTOPOB aunb yI0o0HO
OJb30BATHCA MPABUJIOM IapajiIeIorpamMma.

OTJ0KUM OT IIPOM3BOJBLHONM TOUKU A BEKTOD E, PaBHBIN BEKTO-
)% a, un BEKTOD AD, PaBHBIN BEKTODY b (puc. 40.3). ITocTpoum mapaJi-
aenorpamMm ABCD. Torga nckomas cymMa a+b paBHaA BEKTOPY AC.

PaccMoTpuM BEKTOPHI OA, OB u OC, He nexamue B OLHOI ILTO-
ckoctu (puc. 40.4). Haiizem cymMMy 9THUX BEKTODOB.

ITocTpoum mapasienenuies Tak, uroosl orpesku OA, OB u OC 6bL1u
ero peopamu (puc. 40.5). Orpesox OD sBIAseTCA AUATOHAJILIO STOTO
napasienenuiena. Jlokaxem, 4To OA + OB+0C = OD.

c Tak rak YeTHIPeXyTOJIbHUK QEKA —
napaJsaenorpamm, To OA + OB = OK.
Nwmeem: OA + OB+ OC = OK + OC.
/JO\L)B / ITockonbky ueTbipexyroabuuk OCDK —
mapaJijieJorpaMM, TO
Puc. 40.4 OK +0OC = OD.
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D
. -~ B
a
A
B
(0] A 0] B
Puc. 40.5 Puc. 40.6

OnucaHHBIHA CIIOCOO CJIOMKEHUS TpeX BEKTOPOB, OTJJIOKEHHBIX OT
OJIHOﬁ TOUYKHN 1 HE JIeKallluX B O}.IHOfI IIJIOCKOCTH, Ha3bIBAIOT IMPABUJIOM
nmapaJuiaeJsgenuiena.

Onpenenenne. PABHOCTHIO BEKTOPOB @ M b HA3BIBAIOT TAKON
BEKTOp €, CyMMa KOTODPOTO C BEKTOPOM b paBHA BEKTOPY @.

BanuceBawT: ¢ =a —b.

ITokaskeMm, KaK IMOCTPOUTH BEKTOD, PABHBIN PA3HOCTU BEKTOPOB a
ub.

Ot npousBoJabHON TOUKH O OTJIOKUM BEKTOPBI OA u @, COOTBET-
CTBEHHO pPaBHbIE BEKTOpPaAM aub (puc. 40.6). Torga OB+ BA = OA. Tlo
OIIPeZieJIEHUIO PA3HOCTHU IBYX BEKTOPOB OA-OB=BA, toectb a —b =
= BA, clle0BaTeIbHO, BEKTOD BA paBeH PasHOCTU BEKTOPOB aub.

OrmeTum, uTo 018 A100blx mpex mouex O, A u B gvinoansemcs
pasencmaeo OA - OB = BA. Ono BBIPA’KaeT IMPaBUJIO HAXOMKIEHU pas-
HOCTU ABYX BEKTOPOB, OTJIOKEHHBIX OT OJHOI TOUKMU.

Teopema 40.1. Ecau koopdunamo. 6exkmopoé a uw b pasust co-
omeéemcmeenno (a,; a,; a)) u (b; b,; b,), mo Koopdurnams. éexmopa
a+b paenv (a, +b; a,+b,; a,+ b,), a koopduramovL 6ekmopa a-b
paenbl (a, —b; a,—by,; a, —b,).

'f) -
® 1. Onuwure NpPaBuo TPeYronbHMKa ANs HAXOXAEHNS CYMMbl BEKTOPOB.
2. OnVwmTe NPaBUIo NapannenorpaMMa Afis HaxoXAeHUs CyMMbl ABYX BEKTO-
pOB.
3. OnuLwKTe NpaBUo Napannenenvnena s HaxXoXAeHVs CyMMbl TPEX BEKTOPOB.
4. Kakon BEKTOP Ha3bIBalOT Pa3HOCTbIO iBYX BEKTOPOB?
5. Yemy paBHbI KOOPAMHATBLI BEKTOPA, PABHOTO CYMME [BYX AaHHbIX BEKTOPOB?
6. Yemy paBHbI KOOPAMHATEI BEKTOPA, PABHOIO Pa3HOCTM ABYX AaHHbIX BEKTOPOB?
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YMNPAXKHEHUS I
40.1.° [Tana npusma ABCA B C, (puc. 40.7). Haiixure cymmy BeKTOPOB:

1) BC+AA;; 2) BA+ALC,.
40.2.° Tan xky6 ABCDA B ,C D,. Haiigure cymMMy BEKTOPOB:
1) A B +DD;; 2) AC + CIDI.

40.3.° Naun napannenenunen ABCDA B C D, (puc. 40.8). Haiipure
cyMMy E+DD1 +C—D+BIC1.

B
Puc. 40.7 Puc. 40.8

40.4.° Maun mapasunenenunex ABCDA B .C D, (puc. 40.9). Haiigure
cymmy AA+CD, + DB, + BC.

40.5.° JTanbl BEKTOPHI 5(3; —-6;4) u 5(—2; 4; -5). B, c,
Haiigure: *
1) KOOpAMHATHI BeKTOpa a +b; 2) | a+b | A i \ D,
40.6.° Mamsr Bextopsi  m(-T;-1;8) m Bi..3 e
E(—3; 2; —4). Haiigure: AV/ \D
1) xoopAUHATHI BEKTOpPa m+ E; 2) | m+n |
Puc. 40.9

40.7.° [laabl BEKTOPHI E(—lO; 15,-20) =u
b (2; 6; —12). Haitgure:
1) KxoopAUHATHI BEKTOpPa a-b; 2) | a-b |
40.8.° JlaHBI BEKTOPHI n—1(3; -1;2)n ;(4;—2;—3). Hatigure:
1) xoopAUHATHI BEKTOpPa m-n; 2) | m-n |
40.9.° Tana npusma ABCA B C, (puc. 40.7). Haiinute pasHOCTb BEK-

TOPOB:
1) AB-AC,; 2) AA, - BC,; 3) BA, - BC,.
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41. YMHOXeHMe BEKTOpa Ha Yo 225

40.10.° Tar xy6 ABCDA B C D,. HaiifuTe pasHOCTb BEKTODOE:
1) AB-DC;; 2) AC-DD,.

40.11." Yupocrure Beipaskerne AB-+ BM + MA + NK.

40.12." Yupocrure Boipaskerne AB+ DE + EA + FD+ BM.

40.13." au xy6 ABCDA B C D ,. Haiigure BeKTOp, DPaBHBIIL
AA +BC-C,D,.

40.14.” Jlan xy6 ABCDA B C D,. Haiigure BeKTOp, DaBHBIH
A4 - DC, + BC.

40.15." Haiizure KoOpAUHATHI TOUKH A Takoii, uto AB+ AC =0, ecan
B(4; —-2; 12), C(3; —1; 4).

40.16.” Haiimure KOOpPIWHATHI TOUKM M TaKoi, 4TO CM-MD=0,
ecau C(1; —5; 3), D(—2; 0; 6).

YMPAXHEHNA ANA MOBTOPEHNS IS

40.17. Xopast AB u AC OKPYKHOCTU MePUeHAnKYIApHbI, AB =12 cMm,
AC =16 cm. Hatigure paccrosaue or Touku A mo npsamoit BC.

41. YMHO)XXeHMe BeKTopa Ha Ymcno

Onpenenenue. [IpoussegeHneM HEHYJIEBOTO BEKTOPA @ W YHUC-
aa k, OTIMYHOrO OT HyJIS, HA3HIBAIOT TAKOHM BEKTOpP b, 4TO:

O [e]=|kllal

K

2) ecau k > 0, TO ETTE; ecau k<0, To b la.

BanmceBator: b = ka.

Ecru a =0 wmam k=0, To cumTaioT, 4TO
ka =0.

Ha pucyuke 41.1 usobpaskeH mapaJsiiese-
nunen ABCDA B,C D,. Umeem: AC =20,C,,

1— — .
0, =—_DB, AC, =-204.

W3 onpenenenus ciesyer, 4To
l'a=a. Puc. 41.1
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226 § 6. KoopamHaTbl 11 BEKTOPbI B MPOCTPAHCTBE

Teopema 41.1. Jaa ntobvtx 6ekmopoé a u b evinonnsemcsa
paserncmeo a-b=a+(-1)b.

JTa TeopeMa MO3BOJIAET CBECTU BHIYUTAHNE BEKTOPOB K CJIOYKEHUIO:
9TOGBI M3 BEKTOPA & BBHIUECTH BEKTOP b, MOXKHO K BEKTODY @ IIDH-
6aBuTh BeKTOp (—1)- b.

IIpousBemenme —-1-a 0603HAYAOT —a U HA3BIBAIOT BEKTOPOM,
IPOTHBOIIOIOKHBIM BeKTOpy a. Hampumep, 3aliCHIBAIOT:
a+(-1)-b =a+(-b).
s 3 OTIPe/IeJICHUS YMHOKEHUSA BEKTOPA Ha YUCJIO CJIEAYeT, UTO ecau
b=*ka, mo eexmopu. a U b KOLIUHEeAPHDL.

CrnenoBaTesbHO, U3 paseHcmaa OA = kOB nonyuaem, ymo mouxu O,
A u B nexcam Ha 00HOU npamoil.

Teopema 41.2. Ecau éekmopst a u b ronauneapnst u a #0,
mo cyuecmeyem makxoe wucno k, wumo b =ka.

Teopema 41.3. Ecru koopdunamul 6ekmopa a pasénbsL (al; a,; a3),
mo xoopdunamovr 6exmopa ka pasnbt (ka; kay ka,).

VMHO@KeHNe BEKTOpa Ha YMCJIO 00/IaJaeT CAeAyIOIINMU CBOMCTBAMMU.

M na nwooéovix wucen k, m u 0ns n1106vLx 6eKMOpPoO6 E, b evLnonnsa-
OMmca paéencmea:

(km)a =k (mE) (couemamenvHnoe c60iicmaeo);

(k+m)a =ka +ma (nepeéoe pacnpedenumenvrhoe c60Ucme60);

k (E + 5) =ka + kb (6mopoe pacnpedenumenvroe c60iicmeo).

OTH CBOICTBA IIO3BOJIAIOT IPE0OPa30BLIBATH BRIPAKEHU, COZEPIKa-
e CyMMY BEKTOPOB, UX PA3HOCTDb U IIPOM3BeJieHUe BEKTOpa Ha UNCJIO,
aHAJOTUYHO TOMY, KaK MBI IIpeo0pasoBhIBaeM ajredpanyecKue BbIpa-

menms. Hanpumep, 2(a —3b)+3(a +b)=2a —6b +3a +3b =5a —3b.

p -

® 1. Y70 HasbisaloT NpOV3BeLlEHNEM HEHYNIEBOro BEKTOPA @ U Yucna R, OTIMYHO-

ro oT Hyna?

2. Kakow BEKTOp Ha3bIBalOT MPOTUBOMONOXHbIM LAHHOMY BEKTOPY?

3. YT0 MOXHO CKa3aTb O BEKTOpax au 5 ecm b = kg, roe B — HekoTopoe
4yncno?

4. /13BeCTHO, 4TO BEKTOPSI anb KOSIIMHEaPHbI, Mpu4em a #0. Kak MOXHO
BbIPa3WTb BEKTOP b Yyepes BeKTop a?
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5. BekTop a vmeer KOOPAMHATLI (aw; a, ag). Yemy paBHbl KOOPAMHATLI BEKTO-
pa ka?

6. 470 MOXHO CKa3aTb O BeKTOpax, KOOPAMHATLI KOTOPbIX paBHbI (a,; a,; a,)
v (ka; ka,; ka,)?

7. 3anvilnTe coyeTaTeNlbHOE W pacnpenennTeribHble CBONCTBA YMHOXEHWSA BEK-
TOpa Ha 4Yncno.

e\

YMNMPAXKHEH/S I

41.1.° Monmysb BeKTOpa m paBeHu 4. Uemy paBeH MOAYyJb BeKTOpa ;,
ecau:

1) n =3m; 2) n =-5m?
41.2.° KakuMu BeKTOpaMU — COHAIIPABJIEHHBIMU UJIU ITPOTUBOIIOJIOMK-
HO HAIIPaBJIEHHBIMU — SBJIAIOTCS HEHYJIEBbIe BEKTOPHL @ u b, ecau:

1)5:%3; 2) a =-2b?

41.3.° TaH BEKTOP 5(4;—8;—20). KakoBBI KOOpPAMHATHI BEKTOpPa b,
ecau:
- — 3—
1) b =ba; 2)b=—Za?
41.4.° [IaHbI BEKTOPHI E(—3; 2;5) u b (—-2; —4;1). HaiiguTe KOOPAUHATHI
BEKTOpa ¢, ecam:
1) ¢ = 3a +2b; 2) ¢ =4a - 3b.
41.5.° JlaHBI BEKTOPBI ﬁ(l; 7;,-8) u r7(3; —1;6). HaligzuTe KOOpAMHATEI
BEKTOpa a, ecam:
1) a =-2m+5n; 2) a =-m—6n.
41.6.° INan napamnenenunexs ABCDA B C D, (puc. 41.2). Vraxure
BC€ BEKTODPBI, HAYAJIOM M KOHIIOM KaiKJOr'0 U3 KOTOPBIX SABJISIOTCS
BEPINUHBI ITapaJljeelunena, MpPOTUBOIO-
JIOMHEIE BEKTOPY: o B, C,
1) AD; 2) B/ D; 3) AC. '
41.7.° Nan mapannenenunes ABCDA B C D, Ay
(puc. 41.2). Ykaxute Bce BEKTODPHI, Ha-
4ajoM M KOHIIOM KayKIOro U3 KOTOPBIX
ABJSIOTCS BePIIMHLI Hapajjejenuinena, A D
IIPOTHBOIOJIOKHBIE BEKTOPY:
1) B,B; 2) CD,. Puc. 41.2

Q
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41.8.° KakoBbI KOOPAMHATHI BEKTOPA, IMPOTUBOMIOJIOKHOTO BEKTODY
a(13;-10;9)?

41.9." Haiizure MOAYIHL BeKTODPA c=-6a-Tb, e ciu E(—l; 1; 1),
b(2;2;-2).

41.10." HafizuTe MOIyJIb BEKTOPA 5 =8a —9b, ecan 5(0,5; -0,5;1,5),

5(1;_2;1),

3 39

41.11." KonnauHeapHbI JU BEKTODHI AB u @, ecau A(4; —1; —4),
B(0; 5; 6), C(0; 2; 7), D(2; —1; 2)?

41.12." KonnuHeapHbl JH BEKTODEI DE u ﬁ, eciu D(2; -3; 4),
E(-1; 6; 2), F(-2; 8; 6), K(-3; 11; 7)?

41.13." HaiinuTe 3HaUeHUA X U Y, IPU KOTOPHIX BEKTODPHI E(x; y; 2)
u 5(—2; 3;1) OyayT KoJIMHEAPHBIMU.

41.14." HaifizuTe 3HAUYEHUA X U 2, IPU KOTOPHIX BEKTODBI E(—l; 7;2)
u ;(x; 4;5) OyOyT KOJJIMHEAPHLIMMA.

41.15." Jlau BexTop a (3;2;1). HaiianTe KOJUIMHEApHBIA eMy BEKTOD

E, eciu A(1; 1; 1), a Touka B IpuHAAIEKUT IIJIOCKOCTU Y=2.
41.16." Iams! Toukn A(-3; 6; 4), B(6; —1; 2), C(0; 3; —2). Haiigure
Touky D, IpuHAaAJIEKAaIyI0 MJIOCKOCTH X2, Takyi, uro AD || BC.
41.17." Oa=n BeKTOp a( 2;6; 3). Haiimure KoopZuWHATHI BeKTOPa b,

€CIM BEKTODHl @ ¥ b IIPOTHUBOIOJIOXKHO HAIPABIEHBI, 4 MOALYJIb
BEKTODA b paseH 1.
41.18." Mano: m T n,

BeKTOpa m.

m | = 5\/8, ;(1; —1; 2). HaiiguTe KOOPAMHATHI

41.19.” JlexxaT g HA OZHOH IPAMOI TOUKH:
1) A(5; 6; —4), B(7; 8; 2) u C(3; 4; 14);
2) D(-1; —7; =8), E(0; —4; —4) u F(2; 2; 4)?

41.20." Touku A, B u C takoBel, uto AB(10;15;-5) u AC (-6; y; 2).
ITpu Kakux sHAUeHUAX Y U 2 TouKu A, B u C jieskar Ha OHOM IpaMoi?

41.21.” Touxka E — cepenuHa pe6pa CC, xry6a ABCDA B,C D,. Beipa-
31TEe BEKTOP AE yepes BEeKTOPLI AB AD u AA

41.22." Jlan napaienenuies ABCDA B C D,. Touka M — cepeauna
pebpa A B , rouka K — cepenuna peépa CC,. Boipasure BeKTOP MK
uepe3 BeKTOPel AB, AD u AA,.
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41.23." Haum xy6 ABCDA B C D,. Touka E — cepefuHA pe6pa CC,,
Touka F — cepenuHa pe6pa AD Bripasure BeKTOpP EF yepes BeK-
Topsl AB, AD u AAI.

YMPAXHEHNA ANA MOBTOPEHNS IS

41.24. OcHoBanme paBHOOEAPEHHOr0 TPEYroJbHIKA PaBHo 48 cMm, a ero
mromans — 432 cm®. Haiigure pagnyc OKPY’KHOCTH, BIMCAHHOM
B TPEYTrOJbHUK.

42. CkanspHoe nponssegeHne BeKTopoB

IIycTs a ub — gBa HEHYJIeBBIX U HECOHAIIPABJIEHHBIX BEKTODA.
OT 1pon3BOJAbHON TOUKKY O OTJIOKUM BEKTOPBI OA u O—B, paBHEBIE CO-
OTBETCTBEHHO BEKTOpaM a mb (puc. 42.1). Beauuuny yria AOB
OyzeM Ha3bIBaTh YIJIOM MEKIY BEKTOPaMu aub.

Yron Mesxay BeKTOpaME @ u b OGOZHAUAIOT TAK: 4(3, I;). Oue-

BUIHO, YTO €CJIU aTl I;, TO 4(3, b—) =180° (puc. 42.2).

N

) A B
A (—a.L’

O C
Puc. 42.1 Puc. 42.2 Puc. 42.3

A, B,

Ecou a TT 5, TO CUUTAIOT, UTO L(;, 5) =0°. Eciau xors Obl OgUH

W3 BEKTOPOB a wyu b HYJEBOH, TO TaKiKe CUMUTAIOT, UTO L(a, b) =0°.

BexTopsl @ m b Ha3LIBAIOT MEPNEHIUKYJISIPHBIMU, €CJIU YTOJ

mesxay HuMu paBed 90°. 3amucwiBaroT: alb.

Ha pucynke 42.3 mnsobpakeHa TpeyrojbHas IIPU3Ma, OCHOBAHUEM
KOTOPO# SABJISIETCA IIPABUJIbHBIA TPEYroJbHUK, a O0KOBOe pebpo Iep-
MEeHAUKYJISPHO ILJIOCKOCTA OCHOBAHUSA.
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Nmeem:
2(C4,C,B)=60°, £(BC,4,B)=120°, £(AA,, BB)=0",
2(44;, BC)=90°, «(CC,, B,B)=180°.
Onpenenenune. CKAaXTApPHBIM MpPOU3BeIeHNUEM ABYX BEKTO-

POB HA3BIBAIOT MPOU3BEIEHHE X MOIYJeldl U KOCHHYCA yria MesKXy
HUMM.

CransapHOe Ipou3BeIeHe BEKTOPOB a m b 0603HAYAIOT TAK: a4 - b.

Vmeem: a b = | a || b |cos4(3,5).

Ecsiu xoTs1 6bI OAKH U3 BEKTOPOB @ WU b HYJIeBOii, TO OYeBUAHO,
uro a b =0.

CraJsipHOe IPOM3BeJEeHNEe @ *( HA3BIBAIOT CKAJIPHBLIM KBAaIPATOM

—2
BEKTOpa a u 0003HaAUAIOT a

CransapHulii keadpam e6exkmopa paeeH keadpamy ezo Mo0YJs,
—2 —
TO €CThb a =|a| .
Teopema 42.1. Ckanapnoe npou3éedenue 06Yyx HeHYLeEbLX GeK-

mopoé pasHo HYR Mmozda u moibko mozda, K0z0a IMU 6eKmopsL
nepnenouKynsipHol.

Hanpuwmep, 11 BEKTOPOB, N300paKeHHBIX Ha PUCYHKe 42.3, mMeeM:
AA -BC=0, BA -CC=0.
Teopema 42.2. Ckanapnoe npouséedenue 6exmopos a (a,; a,; a,)

u b (b;; by; by) moscno evtuucrumb N0 Gopmyne

a-b=ab, +ab, + a,b,

Teopema 42.3. Kocunyc yzna mexndy HeHYLe6blMU 6eKMOPAMU
a(a;;a,;a3) w b(b;by; b)) mMoxnHoO 6bluucaums no opmyne

ab, +a,b, +a;b,
\/a,1 +a2+a3 \/b +b +b

cosé(a b)

HeKOTOpBIe CBOIICTBA CKaJIAPHOI'O IIPpOM3BENEHNA BEKTOPOB aHaJIO-
TMYHBI COOTBETCTBYIOIIIMM cBOiicTBaM IIPOM3BEAEHUA YKCEJI. HaHpHMep,

0na nob6vLx 6ekmopoé a, b, ¢ u 1106020 wucna k cnpasednusvt
paéencmea:
a-b=>b-a;
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(ka) b =k(a-b);

(a +b)-c =a-c+b-c.

ITHU CBOWCTBA BMECTE CO CBOMCTBAMMU CJIOKEHUS BEKTOPOB M YMHO-
JKeHUsA BEKTOPa HA YKCJIO MO3BOJIAIOT MPeo0pasOBhIBATH BBIPAYKEHUS,
coziepsKaIue CKaJasipHOe MPOou3BejeHre BEKTOPOB, IO IIPaBUJIaM IIpe-
obpasoBanusa ajaredpanuecKux BbIpaskeHuii. Haopumep,

— —\2 — — — — — — — — — —
(a +b) =(a +b)-(a +b)=a -(a +b)+b -(a +b)=
-2 - = = — —2 —2 — = =2
=a +a‘b+b-a+b =a +2a-b+b .

3amaua. OcHoBaHWEM IIPU3MBI SBJISETCS B C
paBHOOenpeHHLBIN TpeyroabHuK ABC (AB = AC). ! V !
Borosoe pebpo AA, o0pasyeT paBHbBIE YIJIbI
c peopamu AB u AC (puc. 42.4). [Toxkaxxure,

uro AA, | BC.

Pewenue. Illycte ZBAA =o. C yuerom B C
ycaoBusi MOKHO 3anucarb: LCAA = a. <D

Haiinem crkanapHoe mpousBefieHHE BEKTO- A

poB Hl u BC. Umeem: BC = AC - AB.
Sanuiiem: EIR’=H1(E—E)=
_ 44 - AC-AA - AB - | 44 |-| AC | coso—| A |-| 4B |cos
Ilockoneky |A—C|=|E

Bezenue paBHo 0. CiremoBarenpHO, AA, L BC. <«

Puc. 42.4

, TO paccMaTpmBaeMoOe CKaJIAPHOE IIPOM3-

p -

® . Yemy paBeH yron Mexay ABYyMst MPOTMNBOMONIOXKHO HanpaBeHHbIMU BeKTopa-
MW? [IByMS COHaMNpaBfieHHbIMW BEKTOPaMU?

. Yemy paBeH yron Mexay BekTopamn @ 1 b, ecnu xoTs Obl OAWH U3 HUX HY-

N

nesom?

. Kakne BekTOpbI Ha3bIBAIOT NepreHAMKYNSPHBIMN?

. 410 Ha3bIBaIOT CKaNsiPHbIM MPOM3BEEeHVEM [BYX BEKTOPOB?

. 4TO Ha3bIBalOT CKaNsAPHbLIM KBaZpaTOM BeKTopa? HYeMy OH paBeH?

. Chopmynupymte ycnoBme nepnenamKynsapHOCTM ABYX HEHYNEBbLIX BEKTOPOB.

. Kak HanT ckanspHoe npov3BefeHne BeKTOPOB, eC/iv M3BECTHbI MX KOOPAM-
HaTbl?

8. 3anuLnTe CBOMCTBA CKaNSPHOro Npon3BefeHs BEKTOPOB.

Nous~Ww

Mpago ans i iapy B Mepexi IHTepHeT mae
MinicTepcTBO OCBITH | Hayku Ykpainn http://mon.gov.ual Ta IHCTUTYT MoaepHisauii 3micTy ocsiTu https:/fimzo.gov.ua



232 § 6. KoopamHaTbl 11 BEKTOPbI B MPOCTPAHCTBE

YMPAXKHEH/S I

42.1.° lan ky6 ABCDA B C,D, (puc. 42.5), Tou- B, c,
kKa O — nentp rpauu ABCD. Yemy paBeH yroJ ' D,
MEeXX/y BEeKTOpaMu: Alu :

1) AC u AD; 5) AA, u BO; E
2) AC u CD; 6) A4, u CC,; Bljot=rc
3) AC u BO; 7) AA, u B,B; A=
4) AD u AAj; 8) BO u CD?

Puc. 42.5

42.2.° Yroa Me;xay BeKTopaMu aunb paBen 40°.

Yemy paBeH yroJ MeKIy BEKTOPaAMMU:

1) 2a u b; 2)a u-b; 3)-3a u-5b; 4)-Ta u 10b?
42.3.° Halinure cralsapHOe IPOU3BeJeHNe BEeKTOPOB a u 5, €CJIn:
=23, |b|=5 <«(a,b)=30°
b|=7, s(a,b)=135°
42.4.° HalizuTe cKalApHOe IIPOMU3BeAeHUE BEKTOPOB m u ;, ecyn
n|=1, 2(m,n)=120°.

42.5.° HalinuTe cKraJsapHOe IIPOU3BeeHe BEeKTOpPOB a u b, ecnu:

’

|m|=2,

1) a (1;-2;3), b(2;-4;3); 2) a(-9;4;5), b(3 ~1; 4).
42.6.° HaiinguTre ckaJasapHOe IIPOU3BEIeHEe BEKTOPOB a u b ecJu:
1) a(4-16), b(-7;2;8); 2) a(1;-3;9), b(-1;3;0).

42.7.° [lanbl BEKTOPHI m (3-2;4) n ;(2; 2; 2). Ilpu KaKkoM 3HAUEHUN 2
BBIIIOJIHSETCSA PABEHCTBO m-n =182

42.8.° [laubl BEKTOPHI 5(9; -1 m 5(—2; 3; ¢). Ilpu KakoM 3HAUEHUU C
BBINOJIHSIETCSA PaBEHCTBO a-b=-24?

42.9.° Cpeau BEKTOPOB E(l; 1; 2), 5(1; 2;1) u Z(—5; 3; 1) yrasKkuTe mapy
MePHeHINKYISIPHBIX BEKTOPOB.

42.10." Yroa MeXIy BEKTOPaMHI aub paBen 45°, | =3, 5| =34/2.
Haiigure:
1) (a+b)-b; 2) (24 -b)-a; 3) (@-b).

42.11." Yros Meskxy BeKTOpaMu m U n paseH 150°, | m | =2, = /3.

Haiinure:
1) (3m —4n) - m; 2) (m +n).
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42.12.° Yron mexmy sextopamu a u b pasen 120°, |5|=
Breruncianre ckansgpHOe Ipou3BefeHUe (a +3b) ( -7 I;)
42.13." YTos MexXIy BeKTOPaMHU aunb paBen 60°, | 1. BbI-

YNCJINATE CKAJAPHOE IIPOM3BeIeHIe (5a + b) . (a - 5b).

42.14." IIpu KaKoM 3HAUEHUH X BEKTODHI a—(x; -x;1) n E(x; 2;1) mep-
MEeHAUKYIAPHBI?

42.15." TIpu KaKoM 3HAUEHUHU p BeKTOPHI E(p; -2;1) mn 5(p; 1; —p) mep-
MeHAUKYJIAPHBI?

42.16." Haiizure CKalspHOE IPOUSBELEHUE (25—35)-(5—25), ecan
a(2-1;-2), b(4;-3;2).

JE— —\2 J—

42.17." HaiifuTe CKaJADHBIH KBaApaT (m —2n) , ecau m(2;1;-3),
n(4;-2;0).

42.18." Kaxnoe pe6po Terpasapa DABC paBHO a, Touka M — cepenuHa
pebpa AB. HatlimuTe cKaJispHOe IPOU3BeeHIIe BeKTOPOB:

1) CM u DC; 2) AB u CD.

42.19.” OcuoBanmem nupamunsl MABCD aBiseTca KBaApar, a KaxKoe
ee pedpo paBHO a. HaiinuTe cKalsgpHOe IIpOou3BeeHe BEKTOPOB AM
u AC.

42.20.” Haiizure yroa Mesx/1y BeKTOpaMu m=a +b u n =a —2b, ecan

b|=2, 2(a,b)=135°

|3 ]=2,

42.21." Haiizure yron MesKLy BeKTOpaMU a4 =m-n u b =m+2n,

n|=+3, z(m,n)=30°.

42.22." Hajinure KocuHyC yriia Mesxny Bektopamu AB u CD, ecau
A(3; —2; 1), B(-1; 2; 1), C(4; —1; 5), D(1; 3; 0).

42.23." BepmmHaMH TpeyrolbHUKa aABAA0TCA Touku A(l; 0; 1),
B(-5; 4; 3) u C(0; 3; —1). Haiinure yron A TpeyroJbHHUKA.

ecuu |m|:1,

YMPAXHEHNA OANA MOBTOPEH/S I

42.24. BokoBas cTOpoHA paBHOOOKOM Tpameriuu paBHa 10 cm, a panu-
yC BIHCAHHOII B Hee OKPY:KHOCTU paBeH 4 cMm. Haligure miomiangb
Tpamenuu.
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' MABHOE B NAPATPA®E 6 B
[ ]

PaccrossHue MeKIy TOUKAMU

Paccrosuue mMexxay OABYyMSA TOUKAMU A(xl; Y 21) u B(xz; Yy 22)

MOJKHO HaiiTu no (opmyne AB = \/(xz —x) + (Y, —y,) +(2,— 7).

KoopauHaTtsl cepexuHbl OTpEe3Ka

Kamnaﬂ KoopamHaTa CepearMHbl OTPpe3Ka paBHa IIOJIyCyMMe€ COOT-
BETCTBYIOIIUX KOOPAMHAT €I'0 KOHILOB.

B3aumHoe pacrosioskeHue ABYX BEKTOPOB

IIBa HeHyJIeBBIX BEKTOPA HA3BLIBAIOT KOJIJIMHEAPDHBIMU, €CJIU OHU
JeKaT Ha ImapajjiebHbIX IIPAMBIX WX Ha ogHOU npamoii. Hyaesoit
BEKTOD CUUTAIOT KOJLIMHEAPHBIM JIIOOOMY BEKTODY.

PaBeHCTBO BEKTOPOB

JlBa HeHyJIEBBIX BEKTOpa HAa3BIBAIOT PABHBIMHU, €CJAW UX MOIYJIN
PaBHLI 1 OHU COHAIIpaBJieHbI. JIFOObIe ABA HYJIEBLIX BEKTOPA PABHEI.

KoopauuaTtsr BeKTOpa

Eciau rouxku A(xl; Y 21) u B(xz; Yy 22) — COOTBETCTBEHHO HAUYAJIO
U KOHeIl BeKTOpa a, TO Yucjia X, — X, Y, — Y, U 2, — 2, PABHBI COOT-

BETCTBEHHO II1ePBOIi, BTOPOU 1 TpeThell KOOpAMHATAM BeKTOpa a.

Mopayan BekTOpa
Ec1 BeKTOp @ MMeeT KOODAMHATEI (4; 4,; @), TO | a | =a’+a; +al.

HeiicTBuA HaJ BEeKTOpaAMU

Hnast n00b1x Tpex ToueK A, B m C BBINOJHAETCS PABEHCTBO
AB+BC = AC.

PasHOCTBI0 BEKTOPOB @ U b HasBHIBAIOT TAKOIl BEKTOD c, cyMmMa
KOTOPOTO C BEKTOPOM b paBHA BEKTOPY a.

Hnasa m00six Tpex Touek O, A m B BLIDOJHAETCA PaBEHCTBO
OA - OB = BA.

IIpousBemenuemM HEHYJI€BOTO BEKTOpa a4 u ducia k, OTIUYHOTO OT

HYJS, Ha3bIBAIOT TAKOM BEKTOP 17, yro: 1) |I; | = | k || a
k>0, To ETTE; ecau k <0, To b Ta.

; 2) ecam
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Ecyu BeKTOPBI aub KOJIINHEeapHbI 1 a# 6, TO CYIIIECTBYET TaKoe
YyucJo k, 4To b=ka.

IIpousBemenue —1-a 0603HAYAIOT —a ¥ HABHIBAIOT BEKTOPOM,
IIPOTUBOIIOJJIOKHBIM BEKTOPY a.

CraJIIpHBIM ITPOU3BEIEHNEM JABYX BEKTODPOB HA3BLIBAIOT ITPOU3BEE-
HUe UX MOAyJell U KOCUHYyca yrja MeXIy HUMU.

CranapHOoe MpOM3BeJieHNe [BYX HEHYJIEBBIX BEKTOPOB PABHO HYJIIO
TOT[]a U TOJIBKO TOT/a, KOT/a 9TU BEKTOPHI MePIEeHANKYJISIPHBI.

Ecim KoopaumHATBI BEKTOPOB a mb PaBHBI COOTBETCTBEHHO
(al; a,; a3) u (b1; bz; b3), TO:

® KOODAWHATHL BeKTOopa a +b paBubl (a,+b; a,+b,; a,+ b,);

® KOOpPAMHATHEI BEKTOpa a-b PpaBHBI (a1 - bl; a, - bz; a, - ba);

°® KOOpAWHATHI BEKTOpa ka pasusl (ka; ka,; ka,);

® CKaJIIpHOE IIPOU3BeIeHIe BEKTOPOB aunb paBHO a b, +a,b, +a.b,;

a,b, +a,b, +azb,

. cosé(c?; 5)= (rZe BeKTOpPHL @ W b
\/af+a§+a§ -\/bf+b§+b§

HEHYJIEeBbIE).
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43. YnpaXXHeHUs An¢ noBTOpeHUs
Kypca reomeTpum 10 knacca

ITapannenpbHOCTHh B IPOCTPAHCTBE

43.1. Nuaronanu npsamoyroabauka ABCD mnepecexkaiorcsa B Touke O.
Touka M He nexutr B miockoctu ABC. MoXHO Ji ITPOBECTH ILJIO-
CKOCTH uepes:

1) upamyio AM u Touku O u C;
2) npavyio AC u Touku B u M?

43.2. Touka M npunagnexur rpanu BB C C ryba ABCDA B,C D,

Touka K — pedpy AD (puc. 43.1). ITocTpoiiTe TOUKY mepecedyeHUs
npsamoit MK ¢ miockoctsio ABB, .

B, c, B, c,
A, 1 D, A, + Dy
| e
Ao X e
ATF D A D
Puc. 43.1 Puc. 43.2

43.3. Toura M npunagmexur rpanu AA B B kyba ABCDA B,C D,
rourka K — rpauu AA D D (puc. 43.2). IlocrpoiiTe TOYKy nepecede-
Hus npsamoit MK ¢ nnockocrsio A B.C,.

43.4. Ha pebpax BB, CC, u DD, upusmbl ABCDA B ,C D, ormerunu
coorBeTcTBeHHO Touku M, N u K, npuuem BM # CN, BM # DK
u CN # DK. IloctpoiiTe JUHUIO TepeceueHuUsa miaockocreit ABC
u MNK.

43.5. Touka M — cepenuna pebpa A B, npusmbi ABCDA B.C D,
Touka K — cepenuua pebpa CD. ITocTpoiiTe TUHUIO IIepeceueHus
mnockocreit AMK u BB C,.

43.6. Ha pebpax AB, AD, AC u BC rerpasapa DABC oTMeTUJINA COOT-
BercTBeHHO Touku E, F, M u K. IlocTpoliTe JTUHUIO IIepeceueHus
miockocreit EFM u DAK.

43.7. Ha pebpax DA u DB terpasapa DABC oTMeTH/I COOTBETCTBEHHO TOU-
ku M u K. ITocTpoiite tuuuio mepeceuenus miaockocreit ABC u MKC.

43.8. IIpamasa MK, He JexKkalias B IIJIOCKOCTH mapaJjuiesorpamma ABCD,

nmapaJjiejJibHa HpﬂMOﬁ AD RaKOBO B3aMMHO€ PACIIOJIOMKeHMe ITPAMBIX:
1) MK u BC; 2) MK u AB?
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43.9. I3BecTHO, UTO IpAMEIe @ 1 b TTapaJiieJbHbI, a IpAMAasd ¢ IepeceKa-
eT IpAMYI0 b 1 He IepeceKaeTr IpAMYyIo a. JlokasKuTe, YTO IPAMBIE 4
U ¢ CKPeIIuBaoIlecs.

43.10. Orpesku AB u CD — puaMeTpbl OLHOII OKpysKHOCTH. ILio-
CKOCTH O, He mMeeT OOIIMX TOUeK C MAHHOHM OKPYsKHOCTHIO. Uepes
Touku A, B, C u D nposeyiu napaJijiejbHble IPIMbIe, IIepeceKarorine
ILJIOCKOCTBH Ol COOTBETCTBEHHO B TOUKAX Al, B, C1 u D,. Hafigure or-
pesox CCI, ecuan AA1 =5cmM, BB, = 9cwm, DD, = 3 cM.

43.11. Touka M He JIe:KUT B ILJIOCKOCTHU ITapaJjiiesorpamma ABCD. ITo-
Kaxkure, uro AB || CMD.

43.12. Tpeyroapauku ABC u ABD He jiexaT B OfHOII miaockocTu. Tou-
kKa M — cepenuna orpeska AC, touka N — cepenuna orpesxa BC.
Ha orpeske AD ormerunu Touky K, a Ha orpeske BD — TouKy E
Tak, uro KE || ABC. Hokaxure, uto KE || MN.

43.13. Ha pebpax DA, DB u DC terpasapa DABC oTMeTUJIN COOTBET-
cTtBeHHO Touku E, F u M Ttak, uro LABE = /FEB, /CBM = ZFMB.
Hoxaxxkure, uto miaockoctu ABC u EFM mapaJijielbHBI.

43.14. UssecTtHO, uTo 0 || B, a| b. IIpsamas a mepeceKkaeT IIOCKOCTH O

B TOUKe A, IJIOCKOCTB 3 — B TOUKe B, a mpamas b mepeceKaer ILIO-
ckocTb B B Tourke C (puc. 43.3). IlocTpoiiTe TOUKY IMepecedyeHms
OpsAMOIi b U IJIOCKOCTH L.

a b
Puc. 43.3 Puc. 43.4

43.15. aubl mapajiiesbHBIE IJIOCKOCTH O UM [ U mepeceKaoIuecs
upamele a u b. IIpamasa a nmepecekaeT IJIOCKOCTH O B Touke M, IL10-
CKOCTh 5 — B Touke N, a mpaMas b mepecekaeT IJI0CKOCTH ¢ B TouKe K
(puc. 43.4). ITocTpoiiTe TOUKY IepeCeUEHNs MPAMON b 1 IIOCKOCTH [3.

43.16. Meguaub! rpanu ADB terpasapa DABC nepecekaioTcs B TOUKe F,
a menuansl rpaHu BDC — B Touke F. [lokaxxkure, uto npamas EF
mapaJsiiaenabHa miaockoctu ABC.
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43.17. BepHO 1 yTBEepKICHUE:

1) ecsu mapaJjiaeJbHBIE TPOEKIIUU ABYX IPAMBIX Ha ILJIOCKOCThH IIa-
pajieIbHbBI, TO JaHHBIE MPAMBIE TapPaJIeJIbHEI;

2) ecsu maockas Gpurypa paBHaA CBOeI MapaiebHON IPOEKIUN, TO
ILJIOCKOCTH, B KOTOPOM JIe)KUT AaHHAA (GUTypa, U IIIOCKOCTb, B KO-
TOPOI JIEIKUT ee MPOEKI[Us, MapaslieTbHbI?

43.18. Toukn A, B, u C, ABIAIOTCA COOTBETCTBEHHO B,e °C,
usobpakenuaMu BepmuH A, B u C mapaJsuieo-

rpamma ABCD (puc. 43.5). ITocTpoiiTe u3obpa-

'KeHue napaJjiiaeaorpamma ABCD. A®

43.19. Tpeyronbuuk A B C, — n3o0paskeHre paBHO-
OeIPeHHOro IPAMOYT0JIbLHOrO Tpeyroabuuka ABC Puc. 43.5
¢ rurnoTenysoit AB, oTpe3ok A B, — nsobpakenue
runotenyssl AB. ITocTpoiiTe n3o0paskeHne KBaapaTa, KOTOPBIHA IMeeT
¢ TpeyroabHuKoM ABC o0IIuii yroJ 1 Bce BePIINHBI KOTOPOTO JIeXKaT
HA CTOPOHAX TOT0 TPEYTOJbHUKA.

IlepnieHIUKYJISIPHOCTD B IIPOCTPAHCTBE

43.20. IIpamasa m napaiienabHa cropoue AC tpeyronbauxka ABC u He
JeskuT B maockoctu ABC, ZABC = /BAC = 30°.
1) Hokakure, uTo npsamMbie m u BC cKpeluBaiomiuecs.
2) Haiigure yroa me:xnay npambimu m u BC.

43.21. I'pans ABCD upsimoyrosbHoro napasienenunena ABCDA B C D,
SIBJISIETCS KBAJpaToM, a pe6po AA, Basoe Gosbiiie pebpa AB. Haiinure
yron mexny npsimbimu: 1) AB, u CD; 2) AB u CD; 3) AB n AC,.

43.22. Yepes Bepmuny B tpeyroabauka ABC npoBeneHa mpamasa BD,
nepueHAUKyJIapHaa miuockoctu ABC (puc. 43.6). Touka M — ce-

penuna orpesxka AC. Haiimure orpesxku DA
u DM, ecitu AB=BC=10cm, AC=12cwm,

DB =24 cMm. b
43.23. Yepes mentp O kBaapara ABCD mnposene-
Ha npamas MO, nmepueHIUKYJIApHAad IIJIOCKO- B C

ctu KBagpara. Touka K — cepeiuHa OoTpe3Ka

CD, MC=6cm, ZMCK =60°.

1) Hokakure, uro npamas CD mepreHIUKY-
aspHa miockoctu MOK.

2) Haiigute orpesoxk MO.

A

Puc. 43.6

43.24. Orpe3ok AB He mepeceKaeT IIJIOCKOCTb O, a mpamas AB mepe-
cekaeT IJIOCKOCThL O B Touke C. YUepes Touku A m B IIpoBemeHBI
MIpsiMble, KOTOPbIE MEePIEeHANKYJIAPHbBI IIJIOCKOCTH (L U IEPEeCeKaroT
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ee B TOUKax A1 u B1 coOoTBeTCTBEHHO. HaliguTe OTpEe30oK BlC, ecan
AA1 =16 cmMm, BB, = 6 cMm, AIB1 =4 cMm.

43.25. Orpesox AB mepeceKaer IJIOCKOCTb 0. Yepes Touku A u B u ce-
penuny C orpeska AB mpoBeJeHbI IPsIMbIe, KOTOPbIE IEPIeHINKY-
JISIPHBL IJIOCKOCTH O M IlepeceKaioT ee B Toukax A, B, u C, coor-
BeTcTBeHHO. Halimure oTpesok CCI, ecan AA1 =18 cm, BB1 =9 cmM.

43.26. VI3 Touku M TIpoBeIeHBI K IIJIOCKO-
cTu O neprneHAuKyaap M H v paBHBIe Ha- M
KJoHHbIe MA u M B (puc. 43.7). Haiinure
paccTossHUIEe MesKAy OCHOBAHUAMU HAKJIOH-

HBIX, ecaiu LMAH =30°, ZAMB =60°, /I\
MH =5 cu. /APHQB /

43.27. Yron MexIy AUATOHAJBIO IPSIMO-
yronbauka ABCD u OgHOI 13 €ro CTOPOH Puc. 43.7
pasen 30°. Touxka M ymajieHa OT KayKIOi

BEPINUHBI IPAMOYTOJbHUKA HA 53 CM, a OT €ro IJIOCKOCTH — Ha
5v2 cm. Haiigure miomans IpsaMOYyTroJIbHIKA.

43.28. Orpes3ox MC — mnepuneHAUKYJAP K ILJIOCKOCTU TPEYTOJbLHU-
rka ABC, ZACB =90°, AC = BC =6 cm. Paccroauue ot Touku M 1o
npsamoii AB paBHO 3x/g cm. Halimure paccrosaue ot Touku M 10
mnockoctu ABC.

43.29. OTpesok M B — TUepHeHIUKYJISAP K IJIOCKOCTUA IPAMOYTOJbHU-
ka ABCD, AB =5 cm, BC =16 cm. HafinuTe paccrosguue oT TOUKu M
o mpamoit AD, eciu paccTosgsHue oT Touku M mo mpamoit CD paBHO
20 cMm.

43.30. Yepes 1meHTp O OKPYKHOCTU, BIMCAHHONU B Tpeyroabuuxk ABC
co cropoHamu 6 cm, 25 cm u 29 cm, TpoBeseH meprneHAUKYyaAp DO
K 1miaockoctu ABC. Paccrosuume ot Touku D mo miaockoctu ABC
paBHO 215 cm. Haitnure paccrosHue oT TOYKu D IO CTOPOH Tpe-
YTOJILHUKA.

43.31. Touka M, paBHOymaJileHHas OT BEePIIUH MNPAaBUJIBHOTO Tpe-
yroabHUKa ABC, HaXOAUTCA Ha PACCTOAHUU 5 CM OT €r0 ILJIOCKOCTH.
Hatinure miaomanbs TpeyroabHuka ABC, eciu yroa Memxay MIps-
Mot MA u nmockoctbio ABC pasen 60°.

43.32. Orpesox DC — MepUeHAUKYIAP K IIJIOCKOCTU IPSAMOYTOJIbHOTO
TpeyroabHuKa ABC (LACB =90°), DC =9 cm, AC =15 cm, BC = 20 cMm.
Otpesok DE — mepuneHAUKYJIApP, OMYIeHHBLIN U3 TOuKu D Ha mpd-
myio AB. Haiinure yron mexxay npsamoit DE u niockocthio ABC.
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43.33. Orpesoxk MK He mepeceKaeT IIJIOCKOCTL O.. Haligure yroa mMerx-
oy upamoii MK u mIocKoCThIO O, eciu MK =6 cm, a KOHITbI OTpe3-

ka MK ypnajieHbl OT IIJIOCKOCTU O, Ha Sx/g CM U Ha 5\/§ CcM.

43.34. Cropona BC mpaBuiabHOTO TpeyroabHuKa ABC JIE}KUT B MJIOCKO-
cTu o, BeicoTa AH 9TOTO TpeyroabHUKa 00pasyeT ¢ ILIOCKOCTBIO O
yroa @. Hafigure yron mexxngy npamoit AB M IIJIOCKOCTBIO (L.

43.35. Touka A JeXUT BHYTPU ABYTPAHHOTO yIJla, BEJIUUNHA KOTOPOTO
paBHa o. PaccTosinme OT TOUKM A [0 KaKI0¥ rpaHu 9TOr0 yrJa pas-
HO h. Haiigure paccrosgnue or Touku A 10 pebpa JByIpaHHOro yrJa.

43.36. OTpe3ox MC — MepueHAuKYIAP K ILJIOCKOCTU IPAMOYIOJbHOTO
Tpeyroabauka ABC (LACB =90°). Halinute yroia MexXay ILIOCKO-
cramu ABC u ABM, ecaiu AC =8 cm, Z/BAC = 30°, a paccTosiHue OT
Touku M mo mpsamout AB pasHo 12 cMm.

43.37. Yepes cropony AB tpeyroabHuka ABC mpoBeaeHa IIJI0CKOCTD O.
VYroa mexkay maockoctamu ABC u o paBeu 60°. Haiigure paccrosHue
ot Touxku C go miaockoctu o, ecau AC =7 em, AB=10cm, BC =13 cm.

43.38. Yron mexkny kBagpatom ABCD u mpamoyroabuukom AEFD
cocraBisger 60°. Ilmomaznp kBagpara pasHa 16 cM?, a mIomanb mpd-
MoyroiapHEKA — 32 cm’. HaliamTe paccTosHme MeKAy NPAMBIMI,
COZepIKaIlMMU IIapaJiieIbHble CTOPOHBI HAHHBIX KBajpaTa U IIpH-
MOYT'OJIbHUKA.

43.39. Ilpsamasg ¢ — JIUHUA THepecedveHus IIePHeHINKYIAPHBIX ILIO-
ckocreir o u . Touka M ypajneHa OT ILJIOCKOCTH O HA 9 cM, a OT
miockocTu B — Ha 12 cm. Haligure paccrodanmne MexIy TOUKou M
U IPAMOI C.

43.40. Yepes Bepmuny npamoro yria C Tpeyroabanka ABC mpoBemeHa
npaMas m, IeprueHaAnKyaapHas miockoctu ABC. Ha npamoit m or-
MEeTHJIU TOUKY D TaKyio, UTO yroJ Me:xay miaockoctamu ABC u ABD
pasen 30°. Haiigure mioians Tpeyroabauka ABD, eciu AB = 16 cM,
Z/BAC =45°,

43.41. IIpoekmueil Tpamenuu, IJIOINAAL KOTOPOM paBHA 402 cm?,

SABJISIETCSA PABHOOOKAS TpameIlusi ¢ OCHOBaHUAMEK ( cM 1 13 cM u 60-
KOBOI#1 cTOpoHOH 5 cM. HalifuTe yroa mMexay MJIOCKOCTAMU JaHHBIX
TpaIeIuni.

KoopauHaThl 1 BEeKTOPHI B IIPOCTPAHCTBE

43.42. Mausl Touxku A(7; 3; —1) u B(x; 5; z). IsBecTHO, uTO cepenuna C
oTpeska AB IPUHAAJIEKUT OCU OPAUHAT.
1) Haiigure KoopamuaTsl Touku C.
2) Haiigure 3sHAUeHUA X U Z2.
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43.43. Nawuwr Touku A(8; 0; 4), B(13; 4; 7), C(11; —3; 3).
1) Hokaxkure, uTo TpeyroabHUK ABC IpPAMOYTOJIbHBIN.
2) HaiiguTe mI0Iaab Kpyra, OIUCAHHOTO OK0JIO Tpeyroabuuka ABC.

43.44. Haiigure mioians paBHOOeApeHHOTO TpeyroabHuKa ABC ¢ ocHO-
BaHueMm AC, eciu msBecTHO, uTo A(1; 1; —2), C(-3; 3; 2), a Touka B
MPUHAJIEKUT OCH AlILJINKAaT.

43.45. Jausr Touxku A(—2; 1; 3), B(0; 5; 9) u C(-3; y; 6). IIpu karux
3HAUYEHUAX Y OTpe3oK AB B 2 pasa aiauHHee orpe3ra AC?

43.46. Ot Touku C(2; —3; 1) OTJIOKUIN BEKTOP @, PaBHBII BEKTO-
1904 AB. Hatimure koopauuate Touku D, eciu A(—1; 0; 5), B(0; 4; —1).

43.47. Nauwsr Touku A(1l; 0; 1), B(2; 1; —1) u C(-1; 2; 0). Haiigure
KOOPAWHATHI TOUKKU D Taxkoii, 4To AB+CD=0.

43.48. BekTOpBI E(x; 3;-4) u 5(20; —12;16) me:xaT Ha MPOTHUBOJEKA-
X CTOPOHAX IIapajijaejorpamma. Haligure sHaueHue Xx.

43.49. Tausr Touxku A(—4; 1; 2), B(—2; 0; —1) u C(1; 1; 0). Haiigure
KoopAuHATHI Touku D, mpuHaieskalieil IIJI0CKOCTU Y2, TaKoil, UTo
BEKTOPBI AB u CD KOJLJIMHEaPHBbI.

43.50. Menguausl rpanu BDC terpasapa DABC mepecexatorcs B Touke O,
Tourka M — cepenuHa pebpa AD. Brrpazure BeKTOD MO uepes BeK-
TOPBI AB, AC u AD.

43.51. Haligure KOCHHYC VyrJjia MeXJy BeKTOpaMu 5(2; 21 n
b (6; -2; -3).

43.52. HaiinuTe yroa MexXIy BEeKTOpaMU 5(3; -2;4) n 5(2; 3; 0).

43.53. Ilpu Kaxux 3HAUYEHUAX X BEKTOPBI E(x;—Z; 1) u g(x; 2x; 3)
MePIeHIUKYIAPHBI?

43.54. HaiiguTe KOOpPAWMHATHI BEeKTOpa m, KOJITMHEAPHOTO BEKTOPY
n(;-2;1), ectu m-n =-3.

43.55. Haiigure yroa Me:XIy BEeKTOPOM E(—l; 2;5) ¥ TOJIOKUTETbHBIM
HaIIpaBJeHNeM OCHU abCI[HCC.

43.56. Haiiqure yroa MeK1y BEKTOPOM 5(6; —2; —3) u oTpUIATEeIbHBIM
HaIpaBJeHUEM OCH aIlIlJINKAaT.

43.57. N3BecTHO, UTO | a | =2, | b | = 2\/5, 4(5, 5) =135°. Haiigure
a5,

43.58. Toura M — cepenuna pebpa AB ky6a ABCDA B C D,, tourka K —
cepenuna pebpa A B, . Haiigure yroa mesxny npsambivu M B, u DK.
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Paszgen 1. Anrebpa n Havyana aHanusa

§ 1. ®yukuuu, ux cpoiictea u rpaduKu

1.16. 1) 16; 2) 32. 1.17. 2500 m°. 1.22. 2; 5. 1.23. -3; —1. 1.28. 3) {-6}.
2.7.4) (}n_igl f (x)=256; maubosbiero suaueHus He cyiiectsyer. 2.11. 1) Eciau

a =6, To OOUH KOpPeHb; ecau a > 6, To 2 KopHsA; ecau a < 6, ToO KOpHeil HeT;
2) ecnu a =1 uau a = —8, TO OAUH KOpPEHb; ecau a < —8 wiu a > 1, To 2 KOpHS;
ecau —8 < a < 1, To KOpHe# HeT.
3.5. 1) (—00; 0)U(0; +0);  2) (=005 2)U (25 +00). 3.6.1) n}axf(x)=64,
¥

min f(x)=1; 2) max f(x)=64, min f(x)=1; 3) maxf(x) 1, HaMMEHBLIIIEero

Bl [ b *ﬂ [1:-3]

3HAUEHUs He CyIecTByeT. 3.7. 1) max f(x)=27, mlnf(x)—l 2) max/’(ac)——1
i e :

[{rzliflll f(x)=-1; 3) HaubGoJILIIIETO 3HAUECHUS HE CYII[EeCTBYET, (mln f (x)——zi7

4.4. 5) —1. 4.8. 6) Pemenwnii "er; 9) 5; —15. 4.9. 5) —0,5; 6) 0; 6. 4.12. 29.
4.13. -11,8. 4.14. 1) R; 2) [-1; +0); 3) (—o0; —1]U[2; +0). 4.15. 1) (—o0; 2];
2) (-0 3)U(8; +0); 3) (—o0; 1]U[8; +0). 4.16. 4) -5 u —4. 4.20. 1) —-1; 2;
2) —1; 3. 4.21. -3; 1.

5.11. 0. 5.12. 27%2. 5.13. 3) ¥128. 5.14. 3) Ya. 5.19. 1)a<0,b<0;
2)a >0, b<0; 3)aub— mpousBosbHBIE Yncaa; 4) a 1 b — TPOU3BOJILHBIE
ancaa. 5.20. 2) R. 5.21. 2) —n; 4) c¢'. 5.22. 2) 10x. 5.25. 1) [-4; +); 2) R

5.26. 2) V2 -1. 5.28. 1) m*{—m; 2) a’*¥b. 5.29. 1) —2a4/24%; 2) -5a¥—a.
5.30. 1) —W; 2) W, ecau b>0; —W, ectm b < 0; 3) —V-a'.
5.31. 1) Ya’; 2) -Y-a’. 5.32.[3; 5]. 5.34. 6) 16.

6.5. 3) ;; 6) % 6.6. 3) 4. 6.7. 3) 125. 6.8. 2) 49. 6.11. 1) 6; 2) 100;

2 11 2

3) 12f; 4) 2. 6.12. 1) 7; 2) 10; 3) 122%. 6.13. 2) a®® — 2b°5; 5) a® —a’b® +b°.

0.5b0,5 11

6.15. “7b05 6.16. 2m®n?,
Ay

1 %
2

6.14. 3) 1+
a
7.3.3)-1;1.74. 1) g; 2) %; 3) Kopwueit Her; 4) 7. 7.5. 2) Kopueii mer.
7.6.1)1; 2)3; 3)1;2; 4)5; 5)4; 6)2. 7.7.1)-5; 2)4; 3)-1; 4)5

7.8.1)4; 2)2; 3.7.9. % 7.10. 1) 1; —%; 2) 16; 3) 25; 4) 8; 5) 0; 16; 6) g
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7.11. 1) 16; 2) 1; 512; 3) —4; 11; 4) 2,8; ~1,1. 7.12. 1) 0; 5; 2) 7. 7.13. 1) 6;
2) 25 8) —1; 3; 4) ~2. 7.14. 1) 2; 2) 8. 7.15. 1) 6; 9; 2) %; 3) KopHeit Her;
4)1;-3.7.16. 1) -5; 4; 2) -1. 7.17. 1) 1; 4; 2) —11; —/6; V6; V11; 3) -1; 4;
4)-2; 5.7.18. 1) -1; 5; 2) 1; 2; 3) —6; 4. 7.19. 27. 7.20. 10. 7.22. f (x) = —2x + 1.

§ 2. Tpuronomerpuueckue GyHKIUU

8.4. 3) 10m. 8.5. 2) g?n 8.8. 8) B I uerBepru. 8.9. 4) B III uerBepTHu; 7) BO

II uerBeptu. 8.10. 3) (0; —1); 6) (1; 0). 8.11. 2) (-1; 0). 8.13. 1) 3?7:; —g;

2) 2m; —2n.  8.14. 1) g+2nk,keZ; 2)m+2mk, keZ; 3) —%+2nk,keZ.

8.15. 1) —7+2nk keZ; 2) +2nk keZ; 3) —I+2nk keZ. 8.16. 1) (\/— ;j

2) (0; —1); 3) (05 1), (05 —1); 4) (1; 0), (-1; 0). 8.19. 1) -2; 2) —g. 8.20. 80 000 xu-

Tenen.

f

9.1. 1) 5; 4) —. 9.2.1)1; 3) —. 9.3. 1) Her; 2) mer. 9.4. 1) Her; 2) Her;
3) ma. 9.5. 1) 3; —3, 3) 3; 1; 4) 1, 0. 9.6. 2) 1; -5. 9.11. Vka3zanue. Ilyctn
Touku P, u P, nosy4eHsl B pesyabTaTe IOBOPOTOB TOUKY P Ha yribl O 1 0c+g
CoOTBeTCTBeHHO. OmycTuM mepneHauKyaApsl P A u P,B Ha ocu X U Y COOT-
BeTcTBeHHO (puc. 9.3). Ilockonsky ZPOP, =g, TO MOYKHO YCTAHOBUTH, UTO

AOP,A=AOP,B. Orcona OA = OB. CnenosaressHo, abcuucca Touku P, paBHa

. s
oparHaTe TOUKU P2’ TO €CTh COS Ol =SIn (OL‘F* . I[pyI‘I/Ie cirydyaun pacIioJIOKeHUud
2

Touek P, m P, pacCMaTpUBAIOT aHAJOrn4HO. OT/JENTBbHO PacCMOTpUTE CIyvaw,
KOTJa TOUYKU P u P JIeKaT Ha KOOPAUHATHBIX OCSX.

\/_ 1 3+\/_

104.1) ——; 3) —. 10.5. s 10.6. . 10.7. 1,5. 10.8. 1) II uerBep-

tu. 10.12. 1) 2 sin o 2) -2 cos a5 3) 0. 10.13. 1) 0; 2) 0; 3) 0. 10.14. 1) YeTHnas;
2) He ABJsgeTcA HU 4deTHOUM, HU HeueTHOU. 10.15. 1) Heuernasa; 2) uerHasd.
10.16. 1) 5; 2) 2.

\/_

11.1. 2) V3; 3) —%; 5) % 11.2.1) X2, 2) 1; 4) =. 11.15. 2) cos 20° >

> cos 21°; 3) sin%>sin%. 11.16. 2) sin%>sin%. 11.19. 1) sin 58° >

> cos 58°; 2)sin 18° <cos 18°; 3) cos 80° < sin 70°. 11.21. 1) [2; +00);
2) [3; +0).
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12.1. 5) 2cos’0; 6) 2. 12.2.3) 15 4) 1. 125. 1) —5—; 2) —
CO:

—; 3) sin* oy
S o Sin o

4) 1. 126.1)1; 2)1; 3) i; 4) L 12.7. 2) cosot:—é, tgoc:—ﬁ;
cosf cosx 5 4
1 2 5 5 1
3) coso=——, sino=——. 12.8. 1) sina=—, tgo=—. 12.11. ——. Vka-
) 5 J5 ) 13 BT 2

3aHue. PaBI[eJII/ITe YHUCJIUTEJSb W 3HaMeHaTeJlb IHaHHOI';'I I[pOGI/I Ha COos .

12.12. —%. 12.13. 2; 1. 12.14. 3; —2. 12.15. 1) 125; 2) 2.

13.1. 3) 0; 4) 0. 13.2. 2) 0. 13.3. 2) %; 3) 0; 4) £ 5) sin 2p; 6) tg 15°.
13.4. 2) %; 3) g; 4) cos (o + B). 13.5. g 13.7. 2) ? 13.8. 1) J3.
13.9. 1) 2 cos a; 2) tg 20 3) cos® a; 4) sin 25°; 5) cosa+sino; 6) cos%;

7 —cos%; 8) ftg20c 13.10. 1) 2 sin 40°; 2) cos® 2B; 3) 1; 4) 1; 5) s1n4oc,

6) 2 sin 205 7) fcos2oc; 8) sin 3a.. 13.11. 1) E; 4) —?. 13.12. 1) —g;
2) £ 3) —é. 13.15. —z—z. 13.16. —%. 13.17. 2. 13.18. 5. 13.19. -0,96.

13.20. _E 13.21. g 13.22. M 13.23. @ 13.25. 1. 13.26. 1) 2;

2) tg 20; 3) sin 205 4) coszg. 13.27. 1) —4 2) tg 20 13.28. 2. 13.29. -2.

13.30. —%. 13.31. % 13.32. Ilpu x=1: 9, 6, 3; npu x=9: 41, 62, 83.
4 1

13.33. IIpu x=2: 1, -3, 9; upu x=§: 3 Ty 3

14.3. 3) —cos 38°; 4) —sin%. 14.4. 2) sml— 14.7. 1) 7; 2) 1. 14.8. -1.
14.9. 1) —cos a;; 2) 1. 14.11. 0. 14.12. 1) 1; 2) 1.

n 12nn

2
15.3.2) + nez; 6) i3arccos§+6nn, neZ. 15.4. 2) i%+10nn,

ne’z; 3) 4i‘+8”?” neZ. 15.5.3) 12+ 6n+ 12nn, neZ; 4) 7+%"+2“T” nel.

15.6. 2) +?—6+41tn, neZ. 15.7. —E 15.8. Hanpumep, —3n. 15.9. 4 KopHs.

15.10, 7%, 31m, 5T 18T 4y 441, 15,12, 1)[ )U(1;+00); 2) [-3; -2)U(~2; 3].
12 12 4 4
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)n+1 57

n | 2mn arcsing+n—n, neZ.16.4.3) (-1)""' - =+
9 8 6

163.2) ©+2" neZ; 3) C

+20, neZ 167.3) - X+T%, neZ. 169.2) (-1 Z4lemn, nel.

1
16.10. 2) (-1)"*! -%+20+5nn, nez. 16.11. 2) §—Earctg2+n?n, ne.
16.12.2) —2+ 54+ yez 1648 12F 1614 - BF 1615 I 25 T
3 18 3 12 90 2 6 6

16.16. 6 xopueii. 16.17. 4 xopHaA. 16.18. —? 16.19. 1) 5; 2) 3; 3) 7; 4) 4.
2n 2nn
17.1.1) (-1)" 7+1T.n, —5+2ﬂ:n,neZ 2) +€+21tn,neZ 3) — +T,neZ

)—7+nn, arctg 3+ nn, neZ. 17.2. 1) (-1)" 7+nn, 5+2nn neZ; 2) £

oa\:-l

1
+ mn, mn, nez; 3) Z-Hm’ —arctg1+nn, neZz; 4) i4arccosg+8nn, nez.
1
17.3.1) Z4nn,neZ; 2) ~Z+nn, neZ; 3) —arctgd+ —, neZ. 17.4.1) -~ +
4 6 2 2 4
+mn, neZ; 2) SennneZ; 3) farctgi+ ™, nez. 17.5. 1) (-1 - Zinn,
3 4 3 4 6
1 2
(—1)”arcsin§+nn,neZ; 2) i§n+2nn,neZ; 3) iarccos(l—x/i)+21tn,neZ;
1
4) 2nn, i(n—arccos§)+2nn,ne2; 5) (-1)**! ‘g+nn, g+2nn,neZ; 6) +2m +
2n 2
+6nn, neZ; 7) +§+4Tm, 2n+4nn, neZ; 8) +4+2Tm,neZ 17.6. 1) +?7c+
T .
+2nn,n € 7Z; 2) (-1)" 7+1tn —E+2nn,neZ; 3) (-1)" arcsin (2—x/§)+1tn,neZ;
4) 5+1tn, 2nn, neZ; 5) (-1)""'n+6nn,neZ; 6) (—1)”*1-§+2nn, T+ 4mn,

neZ. 177.1) =+ nez 2) +%+mn, nez. 17.8.1) 2+, nez;
18 3 3 6 2

2) gﬂm, nn, neZ. 17.10. 3) -2; 4) 1.

§ 3. IlpousBoaHass u ee MpUMeHEHHNE
18.7. 8 m/c. 18.8. 1) 20 m/c; 2) 10 m/c.

19.4. 1) g 19.5. 2) g 19.8. 1) 3; 2) i; 3) —1; 4)1. 19.9. 1) -32;
1 1 13 3 176

2) i 3) 5 4) 1 19.12.1)13,5:2) 5 3) 55 4) ©.°. 19.13. 1) 53 2

) 7 ) 7 ) ) ) 1 ) — s’ ) ) )

19.14. 1. 19.15. 7.
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20.9. 16 xr - m/c. 20.10. 400 Tx. 20.12. 1) y=4x—-8; 2) y=—4; 3)y=—x—3.
21.1. ) y=x-1;2)y=—-4x+4; 3) y=Ex+3; Hy=x;5)y=-1;6)y=x+4.

21.2.1)y=8x—-4; 2) y=—2x+2; 3) y——x+ ; )y=5x-18.21.3. y=-3x—-3.

214.y=-5x+2.215.1)y=6x—-3; 2) y=2x -2, y=2x+2. 21.6. 1) yz;x—%;

2) y=-3x+9, y=3x. 21.7. 4) [1;3)U(3;4].

22.1. 1) Bospacraer Ha [-2;+00), yObpIBaerT Ha (—o0; —2]; 2) Bo3pacraer
Ha (—o0; 0] u [1; +o0), yowiBaer Ha [0; 1]; 3) Bospacraetr Ha [—1; 7], yObIBaeT
Ha (—00;—1] m [7;+0); 4) BospacraerT Ha [2;+), yOwnIiBaeT Ha (—o0; 2].
22.2, 1) Bospacraer Ha (—0; 3], yObIBaeT Ha [3; +c0); 2) BospacTaetr Ha (—o0; —3]
u [1; +0), yobiBaet Ha [-3; 1]; 3) BospacTaer Ha [—1; +0), yObIBaer Ha (—o0; —1].
22.3. 1) Bospacraer Ha [1; +o0), y6biBaeT Ha (—o0; 1]; 2) Bospacraer Ha (—o0; 2)
u (2; +0); 3) Bodpacraer Ha [1; +o0), yOwmIiBaer Ha (—oc; 0] u (0; 1]; 4) Bospac-
Taer Ha (—o0; —3] u [3; +20), y6bIBaeT Ha [—3; 0) u (0; 3]. 22.4. 1) Bospacraet
Ha (—o0; 3], yOnrIBaer Ha [3; +o0); 2) Bodpacraer Ha (—o0; 0] u [2; +0), yObIBa-

er Ha (0; 2]. 22.9. —%.
233.1)x , =0; 2)x
234. 1) x =1, x =-1; 2) x  =-2, x___=2; 3 x . =1, x_=-T;

max min max min max

=3 3)x, =-2,x =2 4x =52z =-1

min

4) x,. =% 23.7. 1) Bospacraer Ha (—o0; —2] u [2;+0), y6biBaer Ha [-2; 0)

m(0; 2], x =-2, x  =2; 2) Bogpacraer Ha (oo 0], yOeiBaer Ha [0;+),
x, =0. 23.8.1) Bospacraer Ha (-°%;-3] u [3;+), yOwBaer ma [-3; 0)
u (0; 8], x, =-3, x , =3; 2) Bospacraer Ha [0;+), ybOwiBaer Ha (—oo; 0],

x . =0.23.9. 1) -25; 2) —13; 3) —22. 23.10. 1) 26; 2) 17; 3) —10.
24.1. 1) 4; 0; 2) 13; 4; 3) —3; —30; 4) —4; —8. 24.2. 1) 0; —?; 2)1; -2;

3) 48; —6; 4) 0; —28. 24.3. 8=2+6. 24.4. 12=8 + 4. 24.5. 180 =40+ 80 + 60.
24.6.18=8+3+T.

25.1. Cm. pucynok. 25.2. CM. pUCYHOK.
26.6. 1) —163; 2) 3. 26.14. 5) 1 26.16. 1) 4; 2) 2; 3) 3; 4) —2; 5) —2; 6) E;

3J_

2; 7) 625; 8) —25; 3. 26.19. ———. 26.20. 2; —3. 26.21. 1) 0; 2) 0. 26.22. —1.

26.24. 1) tgo; 2) 2; 3) 0; 4) 1. 26.25. 1) —%+12nk,keZ; 2) 7?n+41tk unu

I T

—n+4nk, kelZ; 3) 12+Ttk,k€Z. 26.26. 26.27. o 26.28. 2 xopHA.

\V]

26.29. 3) 7+Tck, iarccos4+2nk kelZ; 4) E+E keZ; 6) 7+Tck kel.
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N 4 yA
I
| 243 ____
| Nel |
| 3 P\1
: = — ! V3 X
-3| -2 0 x 1 i 02\5?
""" )
1) 3)
yA
16 [ __
3 1
I
I
I
i
L \2v3
0 2 x
_16
3
2)
Ao 3apauyi 25.2
1 b \/g
26.32. 3. 26.33. 1. 26.34. 3) y=—6x+13; 4) y:§x+g—7. 26.35. y=—4x

u y=4x—-16. 26.36. 3,5 c. 26.38. 2) Bospacraer Ha npoMe:xkyTKax (—oo; 0] u

[4; +o0), yOriBaeT Ha mpomexxyTke [0; 4], x, . =0, x , =4; 3) BospacraeT Ha

mpoMexyTKax (—oo; —4] u [4; +00), yOrIBaeT Ha mpomexxkyTKax [—4; 0) u (0; 4],
X =—4, x,, =4; 6) BospacTaeT Ha IpoMexyTKax (—o0; —3] u [1; +o0), yObI-
BaeT Ha IpoMmexyrkax [-3; —1) m (-1; 1], x, =-3, x, =1. 26.39. 2) 2; —2.

26.40. 32 + 32. 26.41. 2.
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Pazpen 2. CtepeomMmeTpusa

§ 4. IlapanneabHOCTh B MIPOCTPAHCTBE

27.6. Beckoneuno MHOTO Mau ogHy. 27.14. 11 cm uau 3 cm. 27.15. 10 cm.
27.16. 1 : 3.

28.15. 72°, 108°, 72°, 108°.

29.9. OgHy MJIOCKOCTh MJIU TPHU ILTOocKocTu. 29.14. 4 cm. 29.15. 9 cm.
29.16. 1 : 2.

30.12. 7,5 cm. 30.13. 8 : 3. 30.14. YVrasanue. Joraxxkure, uto AABC ~ AEBF,
1 BOCIIOJIb3YHTECHh PABEHCTBOM YIJIOB MOAOOHBIX TpeyronpHuKoB. 30.18. 156 cv?.

31.13. 2) 24 cm. 31.15. 1,5.

32.8. 9 cm. 32.14. 60°.

§ 5. IlepieHAUKYIAPHOCTH B IIPOCTPAHCTBE

33.4. 60°. 33.5. 1) 90°; 2) 40°. 33.6. 1) 0°; 2) 70°; 3) 35°. 33.7. 80°.
a2

33.8. 10 cm. 33.9. 10 cm. 33.10. . 33.11. o nm 180° — o 33.12. 90°.

Yraszanue. [loramuTe, 4TO NCKOMBIH yroJl paBeH yriay Me:xAay npameivu OB,
u AC u uto TpeyronbHuk AB,C paBroGenpernnsri. 33.13. 60°. 33.14. 52 cm.

a\/— \/—

; 2) —. 34.10. 8 cm. 34.13. 12 cm.

34.7. 2 cm. 34.8. 25 cm. 34.9. 1)
34.14. 14 cm. 34.15. 12 cwm.

35.5. Tem. 35.6. 12 cm. 35.16. 15 cm. 35.17. 15 cm, 13 em. 35.18. 3 cm.
35.19. 12 cm. 35.23. 35 cm. 35.24. 2cm. 35.25. 242 cm. 35.26. 26 cwm,
26 cv, 6 cm. 35.27. 17 cm. 35.28. 8 cm. 35.29. 10 cm. 35.30. 5 cm.
35.31. 4 cm. 35.33. 20 cm. 35.34. 34/10 cm. 35.36. 443 cm.

36.7. 30°. 36.10. 30°. 36.11. 62 cm. 36.12. 3cm. 36.13. 842 cm.
36.14. 34/10 cm. 36.15. 6 cm. 36.16. 314 cum. 36.17. 30°. 36.18. 30°.

37.6. 60°. 37.7. 60°. 37.11. 80°. 37.16. 35 cm. 37.18. 84 cnm®. 37.20. 105°.
37.21. 70°. 37.22. 5 cm. 37.23. 120°. 37.24. 52 cm, 13 cm. 37.25. 45°.
37.26. 3v2 cm. 37.27.25cm.  37.28.8cm. 37.29.45°. 37.30. 30°, 60°.
37.31. 1) 2415 cu; 2) 8 cm. 37.32. 13 cm. 37.33. 45°. 37.34. 60°. 37.35. 90°.
37.36. 26 cu.

§ 6. KoopauHaThl 1 BEKTOPHI B IIPOCTPAHCTBE

38.18. 66. 38.19. 3+/14. 38.20. y =2 mnm y = -10. 38.21. A (3; 0; 0) mim
A (~1; 0; 0). 38.22. 5. 38.23. 13. 38.24. 625 cv’.

39.10. 3. 39.13. D (7; —4; 5). 39.14. x =20, y=—29, z=—-18. 39.15. —3 mm 3.
39.16. —14 wm 2. 39.18. B (=3; 16; 7). 39.19. m (4; 4;4) mwu m (-4; —4; —4).

39.20. ¢ (3+/3;-3+/3;3+3) mmm ¢ (-3+/3;3+3; -34/3). 39.21. 13 cm.
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250 OTBETbI M YKa3aHUs K ypaXKHeHNsM

40.11. NK. 40.12. FM. 40.15. A (3,5; —1,5; 8). 40.16. M (-0,5; —2,5; 4,5).
40.17. 9,6 cm.

41.14. x:—%, z:i—s. 41.15. @(—1;—2;—5- 41.16. D (6; 0; 10).

41.17. E(%;_g;_g). 41.18. m (5;-5;10). 41.19. 1) Her; 2) 1a. 41.20. y = -9,

2=3. 4121 E=E+E+%Ey 41.22. MK:%ATBMTJ—%HI.
41.23. ﬁ:—fB—%E—%AX. 41.24. 8 cu.

42.7. 4. 42.8. -3. 42.9. a u c. 42.12. -19,5. 42.13. —12. 42.14. 1.
2

42.15. -1 unu 2. 42.16. 143. 42.17. 70. 42.18. 1) —%. Vrkasanue. Beipasure

BEKTOD CM yepe3 BEKTOPbI CA u CB; 2) 0. Vkasanue. Bripasure BEKTOP

AB uepe3 BEeKTODBI DA u DB. 42.19. a®. Yrasanue. BripasuTe BeKTOD AC

2413 7419
13

yepes BEeKTOPbI AB u AD. 42.20. 180° —arccos . 42.21. 180°—arccos o

42.22. 0,7. 42.23. 60°. 42.24. 80 cm®.
1 J10
43.10. 11 cm. 43.20. 2) 60°. 43.21. 1) arctg 2; 2) 2arctg5; 3) arccos o
43.22. 26 cm, 8410 cm. 43.23. 2) 3V2 cm. 43.24. 2,4 cm. 43.25. 4,5 cm.
43.26. 10 cm. 43.27. 2543 cm®. 43.28. 6cm.  43.29. 13cm.  43.30. 8 cm.

43.31. @ om’.  43.32. arctg % 43.33.60°. 43.34. arcsin(\/f sinq)).

43.35. L. 43.36. arccos l. 43.37. 6 cm. 43.38. 4\/5 cm. 43.39. 15 cm.
sing 3
2
43.40. 122@ o, 43.41. 45°. 43.42. 1) C (0; 4; 0); 2) x =7, z= 1. 43.43. 2) %

43.44. 9. 43.45. y=3 wm y——1. 43.46. D (3; 1; —5). 43.47. D (-2; 1; 2).
43.49. D (0; 1,5; 1,5). 43.50. VO:%E+%E—%E. 43.51. % 43.52. 90°.

43.53. x=1mm x=3. 43.54. m (-0,5;1;-0,5). 43.55. 180°—arccos \/330—0

43.56. arccos g 43.57. 2\/5. 43.58. arccos %
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NMPEOMETHbIA YKA3ATEJb

Abcmuceca 213

Axcuomsbl crepeomerpuu 146—148
Annimukara 213

Apkkocunryc 88

Apxcunyc 93

Apkraurenc 94

BexTop 217

—, IPOTUBOIIOJIOKHBIA BEKTO-
Py 226

BekTops! KossmmHeapuble 217

— MepIeHIUuKyIapHbIe 229

— IIPOTUBOIIOJIOYKHO HAIIPABJIEH-
HBbIe 218

— paBHbIe 218

— coHampaBJieHHbIe 218

Besnuuuna asyrpansoro yria 201

Bepmuna mHOrorpanauka 152

— nupamMuzasl 152

I'eomeTpuUecKuii CMBICJ ITPOM3-
BoxHOM 110

T'panb aByrpamnoro yriua 200

— MHoOrorpaHuHmika 152

— nupaMuzabl 60koBasa 152

— mpusMbl O0KoBasg 152

JlekapToBa cucTeMa KOOpPAWHAT
B mIpocTpancTBe 212
Huddepennuposanme 111

Epvauunas oKpyKHOCTH 51

KacarenbHaa K rpadury QyHK-
muu 108

Koopaunuaruasa miaockocTs 213

Koopauuaruoe npocrpanctso 213

Koopauuarer BekTopa 218

— TouKku 213

Kopeus n-it crenenu 22

— apudmMeTUUeCKUN Nn-U cTeme-
HU 24

— Kybuueckuit 23

Mpago ans

Kocunyc yriia mosopora 55
Kocunycouna 67
Ky6 153

JIMHEWHBIN yroJ ABYTPDAHHOTO
yraa 200

MexaHUYECKUI CMBICJ IIPOU3-
Boguo# 110

Muororpausuk 151

MHOTOYTOJMBHUKY TIapasiesb-
Hble 168

Mogyab BekTopa 217

Hawuboabitiee 3HaueHne QYHKITAU
Ha MHOXKecTBe 7

Hauwmenbiiiee suaueHve QyHKITUN
Ha MHOXKecTBe 7

Haxkisonnasa 188

Hauajo xkoopgurar 212

Hynab-BexkTop 217

O6sacTh ompeneeHusa QyHKIUN,
CUMMEeTPUYHAS OTHOCUTEIHHO
HavaJja KoopauHat 8

OkpecTHOCTH TOUKHU 124

Opaunara 213

OproronasbHasa TPOEKIUA GUTY-
pwr 187

OcHoBaHMe HaKJOHHOHK 188

— mnepueHAUKyasapa 188

— nupamuznsr 152

— npusMbl 152

OCHOBHOE TPUTOHOMETPUUECKOE
TOXKIECTBO 73

OcHoBHBIE MOHATUA 144

Ocp abcruce 212

— anmaukar 212

— opauHar 212

Orpesku napaJjieabHbie 158

— neprneHAUKyaApHbIe 180

— ckpemuBalomuecsa 158
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MpenMeTHbIV ykasaTenb

OTpesoK, mapaJiiebHbIN IIJI0CKO-
ctu 163

—, IEePIEeHANKYIAPHBIN IJIOCKO-
ctu 183

Ilapannenenumnen 153

— IpAMOYTroJbHBIH 153

ITapannenbHasa IPoeKIUA QUTYPHI
Ha MJIOCKOCTH 171

ITapasenbHoOe IPOEKTHUPOBA-
Hue 171

ITepuox dyurmuu 64

— — rJIaBHBII 64

Ilepuengukyasap 188

IlnockocTu mapasienbabie 167

— neprneHAUKyIApHbIe 203

— mepecekaromiuecsa 146

ITnockocts 145

Ilmomangs opTOTOHAIBHOU ITPOEK-
muu MHOTOyroJbHuKa 203

ITogkopenHoe BhIpakeHue 23

ITocToponHUIT KOPEeHb ypaBHE-
Hus 41

ITpaBuio mapaniaenenumnena 223

— mapaJjiaenorpamma 222

— TpeyroabauKa 221

IIpusma 152

IIpusnak Bo3pacTaHUA PYHK-
nuu 122

— MapaJlJeJbHOCTUA ABYX ILJIOCKO-
creit 167

— — mpaMo# u nmaockoctu 163

— TMEePIeHANKYJIAPHOCTU IIJIOCKO-
creit 204

— — mpsaMo# u maockoctu 183

— mocToAHcTBa (hyHKIUM 121

— CKpPeNIuBaOIUXCA IPA-
MbIX 159

— TOYKU MakKcuMyMa (PyHK-
nuu 126

— TOYKU MUHUMYyMa (QyHK-
nuu 126

— yObiBaHuA QyHKIUA 122

Mpago ans

ITpupamenue aprymenra 104

— ¢pyarmuu 104

ITpoeknusa HaxkiaoHHOUN 188

ITpousBomuaa 110

— mpousBenenua 116

— cyMMBI 115

— vacTHOTO 116

IIpsamasi, mexxaras B IJIOCKO-
cru 145

—, IapaJjuiejbHas miaockocTu 163

—, TepeceKanInas mJI0CKocTh 146

—, TIePIeHIUKYIApHAA ILJIOCKO-
ctu 183

ITpsamebie mapaJsienbuabie 157

— mepneHgUKyJIsapHbe 180

— cKpelrnquBawInuecs 157

Pamguan 49

Paguannas mepa 50

Panukan 23

PasnocTh BekTOpoB 223

Paccroanue Mexay OByMs Iapali-
JIeTbHBIMU ILTIOCKOCTAMU 189

— OT IPAMOM [0 mapaJjyieJbHON
el miockoctu 189

— — TOYKH [0 IIIockoctu 189

Pebpo gByrpansoro yriaa 200

— MHOTOTpPaHHUKa 152

— OCHOBaHUA nupamMugbl 152

— mupaMuasl 60KoBoe 152

— npusMbl 60K0Boe 152

Cunyc yria mosopora 55

Cunycouga 67

CranspHoe Ipou3BeieHre BeKTO-
pos 230

Cranapublil KBagpaT BekTopa 230

CruencrBue ypaBHenusa 41

CremneHb ¢ parMoOHaJbHBIM ITOKA-
3areseM 35

CymMma BekTOpoB 221

Tanreuc yrya mosopora 57
Teopema o Tpex NmepUeHINKYJIA-
pax 190
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Terpaszp 152

Touka makcumyma 124

— MmuHEMyMa 124

— sKcTpemyma 125

Touku, CUMMeTPUYHBIE OTHOCHU-
TeJbHO Hadajia KoopauHat 214

—, — — miaockoctu 214

¥Yron nByrpauubii 200

— MeXXay BeKTopamu 229

— — JABYMSA MHOI'OYI'OJIBHUKA-
mu 202

— — — TapaJjieJbHBIMHU ILJIOCKO-
cramu 202

— — — — npameiMu 180

— — — IepeceKaINMUCI
miaockoctamu 202

— — — — mupambiMu 179

— — — CKpPeIUBAIOIINMUCS
npavmeiMu 179

— — MHOTOYT'OJbHUKOM U ILJIO-
croctbio 202

— — OTPEe3KOM M IJIOCKOCThIo 197

— — TPAMO# U IIOCKOCTHIO 197

YMHOXEeHUe BeKTOpa Ha YuC-
a0 225

Vpasuenue upparuoraabaoe 40

— KacareabHoit 120

— TpocTeiilee TPUTOHOMETPUYE-
ckoe 97

— -caenctBue 41

Mpago ans

dopmysia KOCUHYCa ABOWHOTO
aprymenTa 78

— — pasHocTu 77

— — cymMmMmbI 77

— CHUHYycCa JBOMHOTO apryMeH-
Ta 78

— — pasHocTu 77

— — cymMmbI 77

— TaHTeHCa JBOWHOTO apryMeH-
Ta 78

— — pasHocTu 77

— — cymMMmbI 77

®dopMmyJIbl TOHMIKEHUA CTeIIeHu (8

— npuBeneHus 83

— caoxeHUuA 76

dyurnua nuddepeHIIpPye-
maa 111

—, nuddepernupyemasa B TOU-
ke 111

— HeueTHasa 8

— mepuoanyeckas 64

— cTelleHHAas C HATYPAJbHBIM
nmokasaresiem 13

— — — paIuoHaAJbHBLIM ITOKas3a-
TesieM 35

— — — IeJBIM IIOKasaTejgem 17

— TpUrOHOMeTpuuecKas 57

— uyeTHasa 8

danumnc 173
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CopeprxaHue
L0 11z 70 T R 3
VCAOBHDLE O00ZHAUCHUSL vuvvnriinienniiierintiieeintinteintttesintetsststesssensssssenssnnss 4

Paspmgen 1. AJITEBPA 1 HAYAJA AHAJU3A

§ 1. DyHKUMK, UX cBONCTBA U rpadukmn

1.

S O W N

I'nasHoe

. CrenerHas (PyHKIVA C HATYPAJIbHBIM IIOKAa3aTeIeM
. CreneHHAA PYHKIUA C IEJIBIM HOKABATEIIEM .uueerrreneenneenssnnssnnss
. OnpeneieHNE KOPHS M-T1 CTEIIEHM «uueunernneennsensonsenssnnsssssnssnnss
. CBOMCTBA KOPHSA M-I CTEIIEHM «eeeuureennneeennesennasenasesssseennsesansans
. OmpeneneHne u CBOMCTBA CTEIIEHU C PAIMOHAIBLHBIM
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®dop3ay 3

3Ha4YeHnss TPUroHOMETPUYECKNX
(bYHKLUMIN HEKOTOPbIX apPryMeHTOB

®dop3auy 4

DopMyJibl KOPHEN
NPOCTENLLMX TPUFOHOMETPUNYECKUX YPaBHEHN

o’ 0 | 30° | 45° | 60° | 90° [120°[135°|150°|180°|270°
coso | 1 @ g % 0 _% _g _g 11 o
tgo |0 @ 1 [ V3| — |-/3| -1 —@ 0 | —

OCHOBHbIE COOTHOLUEHUSA
MexXay TPUroHOMETPUYECKUMU (PYHKLMAMN
OLHOro 1 TOro XXe aprymMmeHTa

sina + cos’a =1; 1+tg’a = -
cos’a

dopMynbl CNOXXEHUS
cos(o+P)=cosacosP—sinasinf; cos(a—f)=cosacosp+sinasinf
sin(a +p) =sinacosf+cosasinf; sin(a—f)=sinacosfB—cosasinf

tg(a+B) _ tgattgp tg(o—P) _tga-tgp
1-tgatgp’ 1+tgatgp

®dopMmyJibl ABOMHOIO aprymeHTa
sin 2o = 2sin o cosa
cos2a = cos’a — sina = 2cos’a —1=1- 2sin’a
2tga

tg20 =218

1-tg a
PopMysbl MOHWXKEHNA CTEMEHN
1-cos 2a, 2 1+cos2a

.2
sino=———; cos o=
2 2

YpaBueHUE @dopmysa KOpHeU ypaBHEHUA
cosx=b,|b|<1 x = *arccos b + 2nn, neZ
sinx=0b,|b|<1 x = (-1)"arcsin b + nn, neZ

tgx =05 x = arctg b + nn, neZ
Dopmyra ®opmya
YpaBHeHUe KOpHeit YpaBHeHUe KOpHelt
ypaBHEHUS ypaBHEHUS
cosx =1 x = 2nn sinx =1 x=%+2nn
L 0
cosx =0 x=3+nn sinx =0 x =nn
. T
cosx=-1 | x=mn+2nn sinx =-1 |x=-5+2mn

Ecan S — nuromanbs MHOTOYroJIbHUKA,
S,, — TJIOIaJb ero OPTOrOHAIBHON IPOCKINH,
0. — YroJI MeJkJay MHOTOYI'OJBHMKOM U €ro IpoeKnuen, To
Spp =S cosa
Paccrosanue me:xay Toukamu A (xl; yl;zl) uB(x,3y,32,):

AB = \/(x2 —xl)2 +(y, - !/1)2 + (2, —21)2
KoopauHaTsl cepenuHsl OTpe3Ka,
COeTMHAIONIET0 TOUKH A (x,;Y,32,) 1 B(x,;y,32,):
M(x1+x2 ; Bty ; 21 +2,
2 2 2
Monynas BeKTOpa @ ¢ KoopauHaTamu (a,; a,; a;):
|d|=+la?+ a5+ d;

CranapHoe mpousBefeHue BeKTOPOB d (a,; a,; az)u b (by; by; by):
a-b= |Zz| |5|cos4(a,5); a-b=ab, +a,b, +ab,
Kocunyc yraa mesxny Bekropamu @ (a,3a,3a,)u b (by;b,3b,):

) a.b, +a,b, +asb,
Ja? +a? +a? -\fb? +b% +b?
YcaoBue nepneHauKyJIAPHOCTH HEHYJIEBbIX BEKTOPOB d U b :
a-b=0
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